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Preface

These lecture notes grew out of our work on the quaternionic contact Yam-
abe problem and in particular the cases of the quaternionic Heisenberg
group and the quaternionic contact sphere. Similarly to its Riemannian
and CR counterparts the complete understanding of the problem requires
a number of beautiful and powerful techniques. Unlike the Riemannian
and CR cases, the solution of the quaternionic contact Yamabe problem
has yet to be achieved. Nevertheless, our efforts have been rewarded with
a complete solution on the seven dimensional quaternionic contact sphere
and quaternionic Heisenberg group. We have also determined the quater-
nionic contact Yamabe constant of the quaternionic contact sphere of any
dimension and all functions achieving this constant. More importantly, the
quaternionic contact Yamabe problem led to some new ideas and geometric
structures that are interesting on their own. Some of these developments
will find a place in this book, such as the quaternionic contact conformal
tensor and the qc-Einstein structures since both are crucial for the solution
of the quaternionic contact Yamabe problem. The book presupposes the
paper [94] from which we borrow a number of fundamental results without
supplying their proofs. On the other hand, we leave out completely some
results of [94] concerning anti-regular, quaternionic pluriharmonic and anti-
CRF functions (see also [[54], [I56], [[38; [39], [T40], [43], [#4], [123], [1Z],
[86], [6; B; @], [§]), pseudo-Einstein strictures, and infinitesimal automor-
phisms of quaternionic contact manifolds.

The Yamabe problem arouse from two questions, one coming from the
area of geometry, the other from the area of analysis. Yamabe [[74] consid-
ered conformal transformations, i.e., transformations that preserve angles,
of a Riemannian metric on a given compact manifold M to one with a
constant scalar curvature. The existence of such conformal deformation
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is equivalent to the existence of a positive solution of a non-linear partial
differential equation - the Yamabe equation,

n

4
n

1 U
_2Au—|—5u:f Su? 1, u € C™, u >0, (0.1)

where n is the dimension of M, A is the Laplace operator of the fixed
Riemannian metric g, S and S = const are the scalar curvatures of ¢ and
§ = u? 2 g respectively, and 2* = 2n/(n —2). Any positive solution to
(Om) gives a Yamabe metric, i.e., a metric of constant scalar curvature in
the fixed conformal class [¢g]. Yamabe [[74] observed that () is (up to
a scaling) the Euler-Lagrange equation of the (Yamabe) functional defined
by

T (42—:% |Vul? + ScaluQ) dvg

(Sar v dv9)2/2*
which led him to consider the infimum of this functional thereby defining

T(u) =

the so called Yamabe constant of the conformal class
AM) L NM, [g]) = mf{L(u) : uweC®(M), u> 0}

Yamabe’s goal was to prove the existence of metrics of constant scalar cur-
vature conformal to a given metric g by showing that the Yamabe constant
is achieved, see also [I63]. We shall refer to the question of the precise value
of this constant and the metrics in the fixed conformal class for which it
is achieved as the Yamabe constant problem. As well known, in general,
there are Yamabe metrics of higher energy that do not realize the Yamabe
constant.

When the ambient space is the Euclidean space R™, G. Talenti [I5Y]
and T. Aubin [[4], [I6] described all positive solutions of a more general
equation

n
Dpu = Zaj(|Vu|p_26ju) = — [uP" "2u, wueC®R"), (0.2)
j=1
that is, the Euler-Lagrange equation associated to the functional defining
the best constant, i.e., the norm, of the L? Sobolev embedding theorem

. 1/p* 1/p
(/ fuf? dx) <, (/ Vupdx) , 0.3)

holding for any u € C2° (R™), where p* = np/(n — p) is the so-called
Sobolev conjugate to 1 < p < n. Remarkably, all of these solutions turned
the Sobolev inequality in an equality, hence we can determine the value
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of the smallest constant S, for which the equality in (IZ3) holds true. Of
course, this was Talenti’s motivation to consider (I2).

In the case of the standard sphere, using the stereographic projection -
an example of a conformal transformation, the description of all Yamabe
metrics on the round sphere is equivalent to the above question on R™ in
the L? case (p = 2). The solution of this special case is an important
step in solving the general Yamabe problem, the solution of which in the
case of a compact Riemannian manifold was completed in the 80’s after the
work of T. Aubin [[@; I5; 06; 07 and R. Schoen [(49], the latter using the
positive mass theorem of R. Schoen and S. T. Yau, see [122] for references
and history, see also [T4].

More recently the CR Yamabe problem was studied, which is the prob-
lem of obtaining and classifying all contact forms of constant Webster-
Tanaka scalar curvature within a fixed conformal class of contact forms
compatible with the given CR structure. The solution of the existence
part of the general CR problem is now complete in the case of a compact
CR manifold after the works of D. Jerison and J. Lee, [IT] - [I04], and
N. Gamara and R. Yacoub, [72], [73]. Similarly to the Riemannian case, all
contact forms conformal to the standard CR pseudo-hermitian structure on
the (2n+ 1)-dimensional sphere in C™ that are of constant Tanaka-Webster
scalar curvature turn out to be minimizers of the corresponding CR Yam-
abe functional. The latter is defined with the help of the fixed contact form
0 with Tanaka-Webster scalar curvature S as follows, [T,

[ (22 Vw2 + Su?) 6 A (df)”

(fo u% 0 A (dO))*
with Yamabe constant given by
AM) N [0]) = inf{Y(u) : ue (M), u>0}.
The case of the odd dimensional spheres equipped with the standard CR

T (u) . 2" =2n+42,

structures turns out to be equivalent to the problem of determining the best
constant in the L? Folland-Stein Sobolev type inequality on the Heisenberg
group and the functions for which equality is achieved.

Regarding the Folland-Stein inequality, it is known that on any Carnot
group G there is the following inequality, [65] and [67]. For any 1 < p <
@, where @ is the homogeneous dimension of the manifold G, define the
Sobolev conjugate exponent p* = 5—?}).
Sp(G) > 0 such that for any u € C°(G)

(/G [ulg)”” dH>1/p* < S, (LXu(g)|P dH)l/p, (0.4)

There exists a constant S, =
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where Xu denotes the horizontal gradient involving only the derivatives
along the first layer of the Lie algebra of G and dH is a Haar measure on
the group.

Very important examples of Carnot groups are given by the so-called
Heisenberg type groups. Among them there are the Iwasawa type groups,
which arise as the nilpotent part N in the Iwasawa decomposition G =
K AN associated to a simple Lie group G of real rank one. From a different
point of view the Iwasawa groups are the ideal boundaries of the symmetric
spaces of non-compact type of real rank one, see [49] and also [24] where the
geometric structure on the boundary arises as a conformal infinity of the
hyperbolic metric. In the subsequent chapters we shall focus on the case of
the quaternionic Heisenberg group, which together with the standard and
the octonionic Heisenberg gives all groups of Iwasawa type. We shall be
more explicit at the appropriate place, but for the moment it suffices to say
that the quaternionic case is the main subject of these lecture notes.

The Folland-Stein inequality is a generalization of the Sobolev inequality
for functions on R™ and thus plays a fundamental role in the analysis on
Carnot groups. Denote by .S, the smallest possible constant for which the
equality in (O2) holds. This is the so-called best constant in the Folland-
Stein inequality and the functions achieving the equality in (O4) are called
sometimes minimizers. The precise value of the best constant is unknown.
A more modest problem is to determine S5 and the minimizers in the case
of groups of Iwasawa type. The above mentioned results of Talenti, Aubin,
and Jerison and Lee solve this problem, correspondingly, in the degenerate
Iwasawa group case of Euclidean space and the Heisenberg group. In either
case, it is shown that the extremals of the L2 Sobolev type inequality give,
in fact, all non-negative solutions of the Yamabe equation on the group. On
the quaternionic Heisenberg group of dimension seven this was achieved in
[G5]. Furthermore, in [06] following the method of [70], the best constant in
the L? Folland-Stein inequality and the functions for which it is achieved
were determined on the quaternionic Heisenberg group of any dimension.
On any Carnot group, the Yamabe equation is the non-linear second order
sub-elliptic equation

Lu = —u®3,  weDY2(G), u>0, (0.5)
where L is the sub-Laplacian on the group and @ is the homogeneous di-
mension of G. It is, up to a scaling, the Euler-Lagrange equation of the
variational problem associated with Sy (i.e., the L? case), hence its positive
solutions are critical points of the natural functional. One consequence of
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[65] is that the solutions of () on the seven dimensional quaternionic
Heisenberg group have a certain symmetry, so-called cylindrical symmetry.
The classification of the cylindrically symmetric solutions of the Yamabe
equation on groups of Iwasawa type, not just on the quaternionic Heisen-
berg group, has been done in [76]. In the case of R™, the Yamabe equation
(0H) admits up to a translation only radial solutions, see [I59] and also [7X].
In the case of the Heisenberg group the solutions are known to be biradial
after a suitable translation [I03]. Proving symmetry (geometric) proper-
ties of solutions of sub-elliptic equations is currently out of reach. The
method of the so-called moving plane was used in [76] but it worked only
in directions along the center of the group. Currently the only available
method of determining the positive entire solutions of the Yamabe equation
in the setting of groups of Iwasawa type is to invoke the relevant geometry
which helps in finding a very non-trivial analogue of the divergence for-
mula first used by M. Obata [I33]. The latter exploited the Riemannian
geometry and the Levi-Civita connection of the Riemannian metric. This
was also the approach taken by D. Jerison and J. Lee [I03] who found a
divergence formula in terms of the Tanaka-Webster connection. In either
case, the divergence formula is used to see that the "new” Yamabe metric
is also Einstein, the latter notion interpreted appropriately. On the other
hand, functions for which the Sobolev inequality becomes an equality can
be found with symmetrization arguments. In the Euclidean case Talenti
[T59] used the spherical symmetric rearrangement to reduce the problem to
an ordinary differential equation, see also Aubin [@] - [B]. Very recently,
another symmetrization argument was proposed in [80] and [70] based on
Szeg6 and Hersch’s center of mass method [(58] and [RY]. This method
yields not only the best constant but also all minimizers in the Euclidean
and Heisenberg group versions of the L? Sobolev type inequality. We shall
apply this method successfully also on the quaternionic Heisenberg group in
Theorem B based on [96]. Again, we exploit the conformal nature of the
problem and reduce it to the corresponding Yamabe constant problem on
the quaternionic contact sphere where the actual symmetrization argument
is used.

In the second part of the book we consider the Yamabe problem on the
quaternionic Heisenberg group and the quaternionic contact sphere. This
problem turns out to be equivalent to the quaternionic contact Yamabe
problem on the unit (4n + 3)-dimensional sphere in the quaternion space
due to the quaternionic Cayley transform, which is a conformal quater-
nionic contact transformation. In the quaternionic setting, the relevant
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geometry was developed by O. Biquard [24]. Studying conformal bound-
aries at infinity of quaternionic hyperbolic spaces O. Biquard introduced in
[24] the notion of quaternionic contact structure. In particular, a connec-
tion, referred to as the Biquard connection, suitable for handling geometric
questions in geometries modeled on the quaternionic Heisenberg group was
defined in [24]. The quaternionic contact Yamabe problem counsists of find-
ing in the conformal class of a given quaternionic contact structure one
with a constant scalar curvature of the Biquard connection and possibly
describing all such structures. Yet again, the question is of variational na-
ture. Given a compact quaternionic contact manifold M with a fixed con-
formal class defined by a quaternionic contact form [n] and volume form
Vol, (639) the Yamabe equation characterizes the non-negative extremals
of the constrained Yamabe functional defined by (see also (E2))

T(u) = / (4”+2 |Vul? + sca1u2) Vol,, / u? Vol, = 1, u> 0.
M M

n+1
According to [I68], and similarly to the Riemannian and CR Yamabe prob-
lems, the quaternionic contact Yamabe constant

AM) A, ) = inf{ Y (u) - /M w¥ Vol, = 1, u> 0}

of a compact quaternionic contact manifold is always less or equal than that
of the standard quaternionic contact sphere. Furthermore, if the constant
is strictly less than that of the sphere the quaternionic contact Yamabe
problem has a solution, i.e., there is a global quaternionic contact con-
formal transformation sending the given quaternionic contact structure to
a quaternionic contact structure with constant quaternionic contact scalar
curvature. For the seven dimensional quaternionic contact sphere or Heisen-
berg group we are able to describe all Yamabe quaternionic contact sctruc-
tures in the conformal class of the standard quaternionic contact structure
on the seven dimensional sphere, see Theorem G12.

A natural conjecture is that the quaternionic contact Yamabe constant
of every compact locally non-flat manifold (in conformal quaternionic con-
tact sense) is strictly less than the quaternionic contact Yamabe constant
of the sphere with its standard quaternionic contact structure. Guided by
the conformal and CR cases, we expect that the conformal quaternionic
contact curvature tensor (BZ8) will be a useful tool in the analysis of the
quaternionic contact Yamabe problem.

Before giving the brief description of each chapter we should mention
that we consider 1 < p < @ rather than 1 < p < @, i.e., p = 1 is ex-
cluded. As well known, the case p = 1 (Gagliardo-Nireneberg inequality)
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is essentially the isoperimetric inequality and implies the validity of the
Sobolev (type) inequality for 1 < p < . However, when one is interested
in the value of the best constant the cases p = 1 and 1 < p < @Q are
completely different. In addition, isoperimetric inequalities and profiles on
Carnot groups will certainly take us beyond the scope of this book, but the
reader can consult [[64], [12¥], [85] and [B6] for more details and references.

Chapter 0 contains the necessary results proving the existence Theorem
22 and C*> smoothness Theorem 6 of the functions achieving the best
constant in (Id). We devote a section for the case when only functions
with partial symmetry are allowed. This is due to the limitations of the
results of Chapter B. The main results in this section come from [[76], [I65]
and [I66).

Chapter B is devoted to the groups of Heisenberg and Iwasawa types.
The latter serve as the flat models for the Carnot-Caratheodory geometries
central for the whole book. We present the definitions and properties of the
Cayley and Kelvin transforms. We end the section with an explicit solution
of the Yamabe equation on a group of Heisenberg type [I74].

In Chapter B Theorem B, following [[75], we determine the solutions of
the Yamabe equation on groups of Iwasawa type assuming a-priori that the
solutions are partially cylindrical. In addition, using [[67] in Theorem B62
we determine the extremals of some Euclidean Hardy-Sobolev inequalities
involving the distance to a (n — k)-dimensional coordinate subspace of R™.
We achieve the results as a direct consequence of [75] by relating extremals
on the Heisenberg groups to extremals in the Euclidean setting. When k =
n the above inequality becomes the Caffarelli-Kohn-Nirenberg inequality,
see [B4], for which the optimal constant was found in [77].

In Chapter B we specialize to the quaternionic Heisenberg group and
the geometry modeled on it - the quaternionic contact geometry. We start
with a definition of a quaternionic contact structure and derive the Biquard
connection in a way slightly different from [24]. Our motivation was to give
a direct approach based on the existence of Reeb vector fields rendering the
construction more explicit and accessible for the general audience. In ad-
dition, this will facilitate the numerous explicit calculation that are needed
in the subsequent sections. An immediate consequence is the characteriza-
tion Theorem BE=3T3 of quaternionic contact structures locally isomorphic
to the quaternionic Heisenberg group. We proceed with the study of qc-
Einstein structures and the quaternionc contact conformal transformations
of quaternionic contact structures. In Proposition BZ38 we derive the struc-
ture equations of a quaternionic contact manifold and in Theorems BZ2—2
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and B4 give a characterization of qc-Einstein structures using the funda-
mental four form defining the quaternionic contact structure.

In Chapter B we turn to the construction of a quaternionic contact con-
formally invariant curvature tensor, Definition 6532, characterizing quater-
nionic contact structures which are locally quaternionic contact conformally
equivalent to the standard flat quaternionic contact structure on the quater-
nionic Heisenberg group. We begin with a complete and slightly different
than [97] proof of the existence and invariance of the quaternionic contact
conformal curvature tensor discovered by the authors in [97]. We sketch the
proof of the quaternionic contact flatness Theorem B3T3 leaving out some
of the computational details, which can be found in [947].

Chapter B begins with a brief background from [94] and in particular
Theorem BEZAH which determines all qc-Einstein structures conformal to
the standard quaternionic contact structure on the quaternionic Heisen-
berg group. Then we turn to the divergence formula of [95] supplying the
final step in the proof of Theorem B2 which gives explicitly all solutions
of the quaternionic contact Yamabe equation on the seven dimensional
quaternionic Heisenberg group and seven dimensional quaternionic contact
sphere. We end the chapter with Theorem B, based on [96], where we de-
termine the sharp constant and all functions for which equality holds in the
L? Folland-Stein inequality on the quaternionic Heisenberg group of any
dimension. Equivalently, we determine all functions achieving the Yam-
abe constant of the conformal class of the standard quaternionic contact
spheres. Nevertheless, this leaves open the quaternionic contact Yamabe
problem on the standard quaternionic contact spheres of dimension greater
than seven. Naturally, we expect that there are no other solutions besides
those with lowest energy, i.e., the known functions achieving the Yamabe
constant.

In Chapter @ Theorem [Z3H we give a proof of the Cartan-Chern-Moser
result following the approach we took to derive the quaternionic contact
conformal curvature tensor thus presenting the new proof of the Cartan-
Chern-Moser theorem outlined in [89]. The reader should be aware that
the quaternionic contact case requires a considerable amount of calculations
while the details in the CR case are far less and reading of the CR case
before the quaternionic contact case might be useful.
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Chapter 1

Variational problems related to
Sobolev inequalities on Carnot groups

1.1 Introduction

This chapter contains the core of the analysis side of the subject of the book.
The main topic is the sharp form of the Sobolev type embedding theorem
(M) established by Folland and Stein on Carnot groups, [63]. Let G be a
Carnot group of homogeneous dimension ) and p a constant, 1 < p < Q.
There exists a constant S, = S,(G) > 0 such that for v € C°(G)

B} 1/p” 1/p
(/ fuf? dH) <, (/ |Xu|”dH> . (1.1)
G G

Here, the ”horizontal” gradient, |Xu|, is defined by |Xu| =
(X, (Xju)?)t/?, where X = {X1,...,X,,} is a left invariant basis of the
first layer V3 whose commutators generate the whole algebra, p* = é’—?p
and dH is a fixed Haar measure on G. Unlike the Euclidean case, [[59] and
[4], the value of the best possible constant or the non-negative functions
for which it is achieved is presently unknown.

We start the chapter with reviewing some necessary background on
Carnot groups and their sub-Rimannian geometry in Section . The fol-
lowing Section I3 is devoted to the relevant Sobolev spaces, their duals,
and weak topologies. After these two preliminary sections we turn to the
question of existence of (extremals) minimizers in (), i.e., functions for
which inequality (I) turns into an equality. The difficulty in finding such
functions stems from the fact that the considered embedding of Sobolev
spaces is not compact and, crucially, there is a (noncompact) group of dila-
tions preserving the set of extremals, see equation (I29) and the paragraph
following it. In particular, starting from an extremal we can construct a
sequence of extremals which converge to the zero function. Thus, an ar-

gument proving the existence of an extremal by taking a sequence of func-
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tions converging to an extremal will fail unless a more delicate analysis and
modification (by scaling and translating) of the sequence is performed. The
concentration-compactness principle of P. L. Lions, see [[25], [[26], will be
applied in Section I in the homogeneous setting of a Carnot group G to
prove that for any 1 < p < @ the best constant in the Folland-Stein
embedding () is achieved. This method does not allow an explicit deter-
mination of the best constant or the functions for which it is achieved, but
it allows us to see that for any 1 < p < @ the quasi-linear equation with
critical exponent,

n
Lou = Y X;(|XuP?Xu) = —u in G, (1.2)
j=1
possesses a weak non-negative solution, which is also, up to a constant, an
extremal for the following variational problem,

I it {/ | XulP | ueCP(Q), /|u|P*—1}. (1.3)
G G

Here, we used that £,(cu) = ¢~ !u to reduce the equation given by the
Euler-Lagrange multiplier to (IZ2). In general, the norm of the embedding

is achieved on the space D'?(G), which is the closure of C°(G) with

respect to the norm
1/p
Ilu|| = (/ |Xu|de> . (1.4)
D1r(G) c

We shall also consider a similar problem restricting the test functions to
these with a certain symmetry, see Section 3. We prove that the corre-
sponding infimum is achieved again.

In the last section of Chapter M we study the optimal regularity of
solutions of the relevant non-linear sub-elliptic equations. Using Moser

[l

iteration arguments in Section 61 we show that any weak solution of the
equation

Lyu = Y X;(|XuP?Xu) = = |u

j=1

P2y, (1.5)

is a bounded function. We actually will consider a more general equation
revealing the key properties that are needed in order for the proof to go
through. We proceed to show that in the case p = 2 the weak solutions are
smooth functions by employing sub-elliptic regularity estimates combined
with the Hopf Lemma or the Harnack inequality.
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As already mentioned, it is an open question to find the exact norm
of the Folland-Stein embedding. A more tractable problem is obtained by
requiring that the group be of Heisenberg (in fact Iwasawa) type. In the
particular case of the Heisenberg group this problem was solved in the L?
case, p = 2, in [03]. Later, in Chapter B, we shall find the precise value of
the norm of the embedding on any group of Iwasawa type when considering
only functions with symmetries and p = 2. The proof will require the exis-
tence result of this chapter. More recently, this result, without any a-priori
symmetry assumption, in the case of the seven dimensional quaternionic
Heisenberg group was achieved in [95], and in any dimension in [96]. We
will present the results of [U6] and [95] in Chapter B. The variational prob-
lem in this case and the associated Euler-Lagrange equation when p = 2
lead to the Yamabe type equation

Lu = —u? "1, (1.6)

where Lu = Y, X?u and L is the corresponding sub-Laplacian, cf. (ICIB).
j=1

1.2 Carnot groups

In this section we review some well known facts, see for example
[82; B65; 21; BR; [3%; 27], and set-up some of the notation we will use
throughout the book.

A Carnot group is a connected and simply connected Lie group G with
a Lie algebra g, which admits a stratification, i.e., g is a direct sum of

i
linear subspaces, g = @ V;, with commutators satisfying the conditions
=1

V1, Vj] = Vi for 1 < 5 < r, [V1,V;] = {0}, [65]. The number r is called
the step of the Carnot group. It tells us how many commutators of the first
layer are needed in order to generate the whole Lie algebra. Notice that
the ”last layer” V. is the center of the Lie algebra, while the first layer V;
generates the whole Lie algebra. Clearly, every Carnot group is trivially a
nilpotent group.

As well known, see for example [[68], Proposition 1.2] and [[Z=], Theorem
1.2.1] for proofs, we have the following

Theorem 1.2.1. If G is a connected and simply connected nilpotent Lie
group with Lie algebra g, then:

a) the exponential map exp : g — G is an analytic diffeomorphism (with
inverse denoted by log);
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b) in exponential coordinates, i.e., if G is identified with g via exp, the
group law is a polynomial map;

¢) the push-forward of the Lebesque measure on g is a bi-invariant Haar
measure on G.

The Haar measure will be denoted by dH. According to part c¢), when
we use exponential coordinates to compute integrals we need to use the
Lebesgue measure on g. These results follow essentially from the Baker-
Campbell-Hausdorff formula

expfexpn=exp({+n+1/2¢n+..), &neg,  (17)

which for nilpotent groups reduces to a finite sum.
We shall use the exponential map to define analytic maps & : G —
Vi,i=1,...,r, through the equation g = exp¢, i.e., £ = logg, with

£g)=¢&1(g9) +...+&(9), &eVi

Convention 1.2.2. We assume that on g there is a scalar product < .,. >
T
with respect to which the V;’s are mutually orthogonal, i.e., g = @ V; is
j=1
an orthogonal direct sum. We denote by ||. || the corresponding norm.
This fixed scalar product induces a left-invariant metric on G and a distance

function dg(.,.) on G called the Riemannian distance. With the help of
the exponential map the Riemannian distance on G is

dr(g, h) = [llog(™"g)ll, (1.8)

which is clearly left-invariant. However, this ”Euclidean” distance does not
preserve the homogeneous structure which we define next.

Every Carnot group is naturally equipped with a family of non-isotropic
dilations defining the so-called homogeneous structure,

dr(g) = expoA, oexp_l(g), g€ @G, (1.9)

where exp : g — G is the exponential map and Ay : g — g is defined
by Ax(&1+ ... + &) = A& + ... + A&, The topological dimension of G

T
is N = ) dimVj, whereas the homogeneous dimension of G, attached
j=1

to the automorphisms {0x}x>0, is given by @ = > jdimV;. Recalling
j=1
Theorem X, we have
dH (0x(g)) = X?dH(g), (1.10)
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so that the number @ plays the role of a dimension with respect to the
group dilations. Let Z be the infinitesimal generator of the one-parameter
group of non-isotropic dilations {d}x>o0. Such vector field is characterized
by the property that a function v : G — R is homogeneous of degree s with
respect to {dx}aso0, i.e., u(0x(z)) = Au(z) for every x € G, if and only if
Zu = su.

Finally, the above fixed norm |.|| on g (arising from the fixed inner
product on g) induces a homogeneous norm (gauge) | - |4 on g and (via the
exponential map) one on the group G in the following way. For £ € g, with
E=&6+...+&, & eV, we let

27!

Elg = (ZH&IIQ””) , (1.11)
i=1

and then define |g|g = [£|q if ¢ = exp&. In particular, for a Carnot group
of step two we have

1/4

lElg = (l&l* + 1&]%)

For simplicity of notation we shall use |.| to denote both the norm on the

(1.12)

group and on its Lie algebra with the meaning clear from the context. A ho-
mogeneous norm, see [0, [I77] or [68], adapted to the fixed homogeneous
structure is any function |.|: G — [0, 4+00) such that

|h| =0iff h=e — the group identity,

1.13
B= U ok = AL ]l eC(@), (1.13)

for any g1, g2, h € G. The above defined gauge clearly satisfies these
conditions. We shall call the balls defined with the help of () the gauge
balls and denote them with Q,(g) = Q(g,r), r > 0, thus

Q(9) =g, r)={h€G: g7 h| <7} (1.14)

The homogeneous norm is not unique and below we will see another widely
used example defined with the help of the so called Carnot-Carathéodory
distance. It is important to observe that the balls defined by a homogeneous
norm are compact in the topology defined by the Riemannian distance
on G. The proof of this fact uses only equation (II3). Indeed, since
the unit Riemannian sphere is compact and does not contain the neutral
element it follows that | .| achieves a positive minimum on the Riemannian
sphere. The homogeneity of the gauge implies then that every gauge ball
is a bounded and compact set. In particular we can integrate over gauge
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balls. Another consequence of this compactness is that in addition to the
above properties we have for some v > 1

lg192] < v (lg1] + 1g21)

for any g1, g2, h € G, see [[10] . The compactness also implies that
all homogeneous norms adapted to the fixed homogeneous structure are
equivalent, i.e., if | .|; and | . |2 are two such norms then there are constants
M, m > 0 for which

mlgli <lgla < M|gl1, g€G.

A homogeneous norm on G can be used to define a homogeneous pseudo-
distance on G, which in the case of the fixed gauge is frequently called the
gauge distance,

p(g1,92) = 195 g1le,  p(0a(g1),0x(92)) = Ap(g1, 92)
p(gl7g2) S v (p(ghh) + p(h7g2))’ 91, 92, h e G.

Notice that (CIW) has one additional property, which we shall not use,
namely, it defines a smooth function outside the identity, ie., |.| €
C(G)NC>= (G \ {e}). It is known that a smooth homogeneous norm which
is actually a distance exists on every homogeneous group [87]. We shall

(1.15)

encounter such a norm when we consider the gauge (EI2) on groups of
Heisenberg type, see [b4].

With m = dim(V;), we fix a basis X7,...,X,, of V1 and continue to
denote by the same letters the corresponding left-invariant vector fields.
The sub-Laplacian associated with X is the second-order partial differential
operator on G given by

_ * _ 2
L=->XX; =) X}, (1.16)
j=1 j=1
noting that in a Carnot group one has X7 = — X since the Haar measure

is bi-invariant under translations.

Since the left invariant vector fields {Xi,...,X,,} on G satisfy the
Hormander finite rank condition we can define also the associated Carnot-
Carathéodory distance on G. A piecewise smooth «(¢) is called a horizontal
curve when «/(t) belongs to the span of X (y(¢)), ..., Xm (y(t)), the so called
horizontal space. Given g,h € G by the Chow-Rashevsky theorem there is
a horizontal curve between them, see [46], [41]. Therefore

d(g,h) = inf {|y|: v — horizontal curve between g and h},  (1.17)
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defines a distance on G, which is the Carnot-Carathéodory distance be-
tween g and h, see also [[30]. Here |y| denotes the length of v with respect
to the fixed left invariant Riemannian metric on G. Note that only the
metric on the horizontal space is used to calculate the length of a horizon-
tal curve. Taking into account that we fixed a left invariant metric which is
homogeneous of order one on the horizontal space it follows that for every
f,9,h € G and for any A > 0

d(gf,gh) = d(f,h), d(6x(9),0x(h)) = A d(g, h). (1.18)

In particular, g — d(e, g) is a homogeneous norm on the considered Carnot
group. It is straightforward to estimate the Riemannian distance by the
Carnot-Carathéodory distance,

which, in particular, shows that d(g, h) = 0 iff ¢ = h. This can be used
to see that d(g, h) is a distance function since the other properties follow
from the definition. The estimate in the other direction can be found for
example in [[60], where a more general situation is considered. In our case
we obtain that for every ball B(g,, R) there exists a constant C = C(G, R)
such that if g, h € B(g,, R) we have

d(g, h) < C dr(g, h)"/". (1.20)

The pseudo-distance (ICIH) is equivalent to the Carnot-Carathéodory
distance d(-,-) generated by the system {Xi,...,X,,}, i.e., there exists a
constant C'= C'(G) > 0 such that

C p(g,h) <d(g,h) < C7'plg,h), ¢,heQG, (1.21)

taking into account the equivalence of all homogeneous norms. In fact the
inequalities (1Y) and (I20) can be derived for the distance defined by any
homogeneous norm and the Riemannian distance, see [B3].

We will almost exclusively work with the Carnot-Carathéodory dis-
tance d, except in few situations where we will find more convenient to
use the gauge distance (ICI3). In general, we shall work with the Carnot-
Carathéodory balls which are defined in the obvious way,

B.(z)=B(z,R)={y € G | d(z,y) <r}, r>0.

By left-translation and dilation it is easy to see that the Haar measure of
B(z,r) is proportional to r?, where @ is the homogeneous dimension of G.
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1.3 Sobolev spaces and their weak topologies

Let 1 < p < oo and € be an open set in G. We define the space S1'?(Q) of
all functions v € LP(Q2) having a distributional horizontal gradient Xu =
(X1u, ..., X;pu) € LP(2). The space SUP(2) will be endowed with the norm

l[ullsto)y = [lullor@) + [[Xullze (@),
which turns it into a Banach space using the corresponding results in Eu-
clidean space. Here ||Xullrro) = [f, [Xul? dH}l/p. It is important to
note a version of the Rellich-Kondrachov compact embedding valid in the

sub-elliptic setting which was proven in [[74], see also [69] for a proof of part
b).

Theorem 1.3.1.

a) If Q denotes a bounded X-PS domain (Poincaré-Sobolev domain) in a
Carnot-Carathéodory space and 1 < p < Q, then the embedding

ShP(Q) ¢ LYQ)

is compact provided that 1 < g < p*, where Q is the homogeneous di-
mension of the group G and p* = pQ/(Q — p) is the Sobolev exponent
relative to p.

b) The Carnot-Carathéodory balls are X-PS domains.

o
We also define the space D 'P(Q2), 1 < p < Q, by taking the completion
of the space of all smooth functions with compact support C3°(92) with
respect to the norm

1/p
_ — p
lullggy = IXullirey = | [ 1xuran|

We shall consider D 17(2) equipped with the norm ||u| |5 o)’ Notice that

o
because of the Folland-Stein’s inequality every element of D 17(£2) is in fact
* o
a function u € LP (). As usual, one can see that u € D P(£2) implies that
o
lu| € DLP(Q).
o o

The space D 1P(Q) and, in particular, D P(G) are the most important
Sobolev spaces in this book. Both are easily seen to be Banach spaces -
see the next Proposition. Given a Banach space B we consider the dual

space B* of all continuous linear functionals on B equipped with the norm
[l = supgen,juy<1 ()], A € B*. As well known B* is also a Banach
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space with this topology, see for example [I45] for details. The space B
is called reflexive if its second dual B** = (B*)* equals B. Of course,
B C B** is an isometric injection [[I75], p.113, Theorem 2|, which might
not be a surjection. The latter happens exactly when B is reflexive. It
is known that LP spaces are reflexive for p > 1 and L' is not reflexive.
In fact for 1 < p < oo we have (LP)* = Lp',% + ﬁ = 1. In particular,
(Ll(G))* = L*°(@G), where the latter space is equipped with the norm

ull L= (a) = essgup | = inf{M : |u(g)| < M for dH a.e. g € G}.

(1.22)
On the other hand, the dual of L (G) is the space of all absolutely contin-
uous (w.r.t. the Haar measure), finitely additive set functions of bounded
total variation on G, see [[[75], Chapter IV.9]. The dual Banach space of

D Lr(Q) will be denoted by D ~1#'(Q) and is identified in the next Proposi-

o
tion. Notice that the density of C3°(Q2) in D P(Q) implies that a continuous
linear functional on the latter space is determined by its action on C5°(€2).

Proposition 1.3.2. Let Q be an open set in a Carnot group whose first
layer is of dimension m. Let 1 < p < oo and p’ be the Holder conjugate to
1 1 _ 1
Pyt =1L
o
a) The space D1P(Q) is a separable Banach space, which is reflexive if
1<p<oo.

b) The dual space D *P(S2) is isometric to the Banach space of distribu-
tions

D)= (T T=Y X,fy, fre ), (123)

Jj=1

with the pairing between o function uw € C (Q) and a distribution Ty =
Z;nzl X, f; given in the usual fashion

The corresponding norm is
HTHD*LP'(Q) = inf|| ][ L» Q) (1.25)

where the inf is taken over all f = (fi,...,fm) € L¥ (0 : R™) for
which the representation T = 377", X;f; holds true and ||f|10 o) =
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p'/2 1/p
[fQ ( i1 |5 ) dH] for p’ < oo, and the corresponding sup norm

when p’ = co. Furthermore, D ’l’i‘"(Q) is a separable Banach space, which
is reflexive if 1 < p < 0.

Proof. a) By definition the map X : 2071’1)(9) — LP(Q2 : R™) given by
X)) = (Xiu,...,Xpu) is an isometry. If {u,} is a Cauchy sequence
in 109171’((2) it follows from the completeness of L1(Q2), 1 < ¢, for every
j =1,...,m we have X;u, — f; in LP(Q2), while Folland and Stein’s
embedding theorem implies u,, — uin LP" (). For any function ¢ € C° ()
we have then

n— oo

/fjgodH: lim [ (Xju,)pdH
Q Q

n— oo

=~ lim [ u,(X;p)dH = —/ u(X;p) dH,
Q

o
taking into account X7 = —Xj, hence X;u = f;, i.e., u € D Lr(Q).

In particular, 2071’1’ (Q) embeds isometrically in LP(Q : R™) as a sub-
space, i.e., the image is a closed subspace. Since LP(Q2 : R™) is a separable
Banach space, which is reflexive if 1 < p < oo, the same remains true for
every closed subspace.

b) The proofs are analogous to the Euclidean case, see for example ]
and [(28]. The fact that every distribution of the described type defines

a linear bounded functional on YOD Lp(Q) follows from the Cauchy-Schwarz
and Holder’s inequalities,

w)| = / S 1 (Xju) dH| < / Xl dH < |F] ey 1 Xl o,
=1

_ . 2\ 1/2
where [f] = (352, 11%)
The other direction, i.e., that every linear bounded functional T on

o ’
D 1P(Q) can be written in the form T = — 37", X f;, f; € LP () can be

seen as follows. Let X be the image of D Lp(Q) under the isometry X. The
linear functional 7" on X defined by T"(Xu) = T'(u) is clearly bounded and
IT"|| = ||IT||. By the Hahn-Banach theorem there exists a norm preserving
extension of T” to a bounded linear functional on LP(Q2 : R™), which by
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the Riesz representation theorem is a unique element f € L' (Q: R™) and
has the form T'(g) = Z;nzl Jo fi9; dH. Thus

T(w) = T'(Xw =Y [ (X0,

which shows T = — Y7, X;f; and ||T|| = | T']| = [[fll (). Let us
observe that any other f* € L? (Q : R™) for which T' = — Z;nzl X;f; cor-
responds to another extension of 7" from X to LP(2 : R™), which in general
will increase its norm. In fact, the vector f we found above corresponds to
the unique norm preserving extension at least when 1 < p < oco. Finally,
the completeness of D12 (Q) follows from the isometry |T|| = ||T"|| =

||fHLp’(sz)~
The last claim of the Proposition follows from the fact that X is a
subspace of the Banach space LP() : R™) which has the listed properties.
O

Given a Banach space B with dual B* we define the weak topology,
denoted by — on B, see for example [[45], as the weakest topology on B
for which all elements of B* are continuous functionals on B. In particular,
xn € B—x e Bifl(x,) — l(x) for every | € B*.

We shall also make use of the weak-* topology on B* that is the weakest
topology on B* in which for all © € B the functionals | € B* — I(x) are
continuous. Thus, a sequence [l,, € B* converges to | € B* in weak-* sense
if I,(z) — l(x) for every x € B. Notice that this implies that the weak-x
convergence on B* is even weaker than the weak convergence on B* since
the topology of the former is defined by using only the elements of B C B**,
while the latter topology is determined by all elements of B**. In particular,
for a reflexive space B we can regard B as the dual of X = B*, B = A", and
thus the weak-* topology of B is determined by the elements of X, while the
weak topology of B is determined by the elements of B*. Since B* = X, the
two naturally defined weak topologies on a reflexive Banach space coincide.
On the other hand, if we consider the non reflexive space L' (G) we have
that its dual is L™ (G), and thus for a sequence u, € L* (G) we have
u, — f in the weak-* topology of L™ (G) when for each v € L' (G) we
have

/u,ﬂ)dH—)/fUdH.

G G
A basic fact in the theory is the Banach-Alaoglu theorem [I45]. It says
that in the dual space B* (of a Banach space!) equipped with the weak-
* topology the closed unit ball is compact. Furthermore, if a sequence
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l, € B* — | € B* in the weak-* topology, then {l,} is a bounded sequence
and the norm is sequentially lower semi-continuous [[T75], p.125, Theorem
9],

2] < limin€|L,.

For our goals, we are actually interested in sequential compactness, i.e.,
in the possibility of extracting a convergent subsequence from a bounded
sequence. Very often it is useful to use a weaker version of the Banach-
Alaoglu’s theorem, namely Helly’s theorem, which is the fact that if B is a
separable Banach space then the closed unit ball of B* is weak-* sequen-
tially compact. With the help of this general results, Proposition =32
and the Folland-Stein embedding theorem we obtain the following weak
compactness result.

Proposition 1.3.3. Let Q be an open subset of G. If {u,} is a bounded

o
sequence in DYP(Q), p > 1, then it has a subsequence v, which converges
to a function v in:
o
i) weak sense in D VP (Q), i) weak sense in LP" ().
Furthermore, by the sequentially lower semi-continuity of the nmorms we
have

< liminf||u,]| o

lull £ 0y < liminfllen | o gye uls b1y

DLr(Q) —

For our needs we shall also need to consider the weak-* topology in
the space M(G) of all bounded regular Borel measures on G. Recall that
M(G) can be considered as the dual space of the Banach space Co(G) of all
continuous functions on G which vanish at infinity. A continuous function
¢ on G is said to vanish at infinity if for every e > there is a compact K C G
such that |¢(g)| < €, g € G\ K. Alternatively, since G is a locally compact
Hausdorff space, starting with the space of all continuous functions on G
with compact support C,(G) we have that Coo(G) is the completion of the
space Co(G) in the L*> (G) norm. The proofs of these facts can be found
in [[T46], Chapter 3]. By the Riesz representation theorem [[I[46], Chapter
6], the space M(G) is the dual of C.(G) and in particular for a sequence
of measures dv,, (bounded regular Borel measures on G) to converge to a
measure dv in the weak-* topology of M(G) it is necessary and sufficient
that for every ¢ € C,(G) we have

/G¢dz/n—>/c¢du.
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The following results will play an important role in the study of the varia-
tional problem (I=3).

o
Proposition 1.3.4. If {u,} is a bounded sequence in D*P(G), p > 1,
then it has a subsequence vy, for which in addition to the convergence of
Proposition -3 the following convergence to the function v take place:

i) dpn = |Xva|PdH — dp and dv, = |v,|P" dH — dv in the weak-*

topology of M(G) for some du, dv € M(G);
ii) a.e. point-wise on G;

Proof. By the Folland-Stein embedding theorem both |Xu,|? and |u, [P
are bounded sequences in L! (G), hence bounded sequences in M(G) con-
sidered with the weak-* topology, as for f € L' (G) we have | [, ¢f dH| <
9]z @) Ifllr (@), @ € Co(G). The claim in i) follows then from the
Banach-Alaoglou theorem.

The a.e. convergence follows from the Rellich-Kondrachov Theorem
31 applied to an increasing sequence of Carnot-Carathéodory balls Bpg,
centered at the identity e € G with radius Ry — oo so that Bg, C Bg,,, C
G, UBR, = G. Notice that 2071’1’(9) C L? (£2) being compact embedding
when € is an open bounded X-PS domain implies that weakly convergent

o
sequences in D 1P(Q) are convergent in LP (£2). O

Let us observe that dv # |v|P"dH in general! This is because the mea-
sure |v, — v[P"dH can concentrate on a set of measure zero. Nevertheless,
even when v, fails to converge to v in L?” (Q) we have the following result
of Brézis-Lieb [8Z], frequently called the Brézis-Lieb lemma, which will be
used in the proof of Lemma [Z3.

Theorem 1.3.5. Let 0 < ¢ < oo. Ifu, — u a.e. and ||un|pe (@) < C < o0
for all n € N, then the limit lim,,_ o {HuanLq @) — llun — ul|f, (G)} exists
and we have the equality
Tim {funl? ) = lun = ol @)} = Il -

In particular we obtain
Corollary 1.3.6. Under the conditions of the above Theorem I—3A we have

|un|TdH — |u|"dH = |u, — u|TdH — o(1), (1.26)
where o(1) = 0 weak-+ in M(G).
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Proof. For ¢ € Coo(G) consider the sequence ¢u,,, which has the properties
Pun — ¢u a.e. and sup,||¢unllLqa (@) < oo. By the Brézis-Lieb lemma we
have

Ltoltuntrat ~ [ folttun, ittt = [ |oftlurrdtt, 0 oc.
G G G

This implies equation (I"28) as every function in Co (G) can be written as
the difference of its positive and negative parts, which are also in Coo (G).
O

1.4 The best constant in the Folland-Stein inequality

In this section we turn to the existence of minimizers of the problem (I3),
i.e., we shall prove the main result on existence of global minimizers, [I66].
Before stating the main Theorem A2 we define the relevant spaces of
functions. As before X = {Xj,..., X,,} is the fixed left-invariant basis
of the first layer V7 generating the whole Lie algebra and also, with abuse
of notation, the corresponding system of sections on G. Correspondingly,

1/2
m

for a function v on G we shall use the notation |Xu| = Z(Xju)2
j=1

for the length of the horizontal gradient. Two crucial aspects of equation
(2) and variational problem (IZ3) are their invariance with respect to the
group translations and dilations, which are the cause of such concentration
phenomenon. The invariance with respect to translations is obvious, since
the vector fields X; are left-invariant. The invariance with respect to scaling
must be suitably interpreted and follows from the observation that

Lp(uody) = A dyoLyu. (1.27)

If we then define, for a solution u of () and for A > 0, the rescaled
function uy = A%u o 4y, it is clear that wu) satisfies (I22) if and only if
a = Q/p* = (Q — p)/p. These considerations suggest the introduction of
two new functions. For a function u € C5°(G) we let

ThU =4 wo Th, heGqG, (1.28)
where 7, : G — G is the operator of left-translation 7,(g) = hg, and also
uy = AP Sy def e/ %0 dy, A>0. (1.29)

It is easy to see that the norms in the Folland-Stein inequality and the func-
tionals in the variational problem (IZ3) are invariant under the translations



Sobolev inequalities on Carnot groups 17

(28) and the rescaling (C29). Only the second part requires a small com-
putation since the measure dH is bi-invariant with respect to translations.
Now,

ol ey = [ b atio)

= [Ju@PaCante) = APl
hence [[uxll 1o (o) = ||ull Lo+ (- Similarly
p
[[oxull BLr@) = [[AaXul’ (@

—_ \P P p—Q p
= Vi Xulg = Wy,

Taking into account p* = é’—? we obtain the claimed invariance

1Xuallg,, ) = XUl

At this point we are ready to turn to the main result of this section,
Theorem O[22, which is based on an adaptation of the concentration-
compactness principle of P.L. Lions to the case of a Carnot group G with
its homogeneous structure and Carnot-Carathéodory distance. An impor-
tant tool in the analysis is the concentration function of a measure, which
is given in the next definition.

Definition 1.4.1.

a) For a non-negative measure dv on G define the concentration function
Q on [0,00) by

o) < sup(/Bl(g) du). (1.30)

geG

b) For a function f € L] O* . (G) on G we will call concentration function of
f the concentration function of the measure |f|P"dH.

Following Lions’ work, the crucial ingredients in the solution of the
variational problem of Theorem 22 are Lemmas A3 and 43, which
follow its proof.

Theorem 1.4.2.

o
a) Let G be a Carnot group. Every minimizing sequence u,, € D P(G) of
the variational problem (IZ3),

/ | Xw,|PdH — 1T, / lun|P” dH =1, (1.31)
G G
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o
has a convergent subsequence in D1P(G), after possibly translating and
dilating each of its elements using (CZ8) and (C23).
b) The infimum in (IR) is achieved by a non-negative function u €

o
DLYP(G) which is a (weak) solution of the equation
Lou = —ul L (1.32

)
Proof. The claim in part b) of the Theorem follows trivially from part a)
)

together with the fact that for any u € D LP(Q) we have that |u| € D Lp(Q
and |Xu| = |X|u|| a.e.. Thus it is enough to show the existence of a
minimizer.

Consider the variational problem (I3), p > 1, and a minimizing se-
quence u, € C°(G) as in (IZ30). By the weak compactness, Proposition

o o
373, we can assume that u,, — u in D1P(G) for some u € D1P(G) and

also weakly in LP"(G). The sequentially lower semi-continuity of the norms
shows that

[ull Lo (@) < lminf|lun || Loe (@) = 1,
and

< lim inf||uy]| o Bre) — —Ji/p

Thus, it is enough to prove that fG|u|p* = 1, since by the above and the
Folland-Stein inequality (1), noting that I = (1/S,)” (S, is the optimal
constant in (X)), we have

I>/|Xu|p>[ /W’ g when/\u|f’*:1, (1.33)
G

which would give that u is a minimizer of problem (I=3). In other words,
we reduce to showing that u, — u in LP*(G) as for 1 < p < oo weak
convergence and convergence of the norms to the norm of the weak limit
imply strong convergence.

D1p(G)

Due to the translation and dilation invariance, all the above properties
hold if we replace the sequence {u,} with any translated and rescaled se-
quence {v, } with corresponding weak limit denoted by v. We will consider
the following measures,

def def

dvp = ||V dH  and  dp, < | Xv,|PdH, (1.34)

where v,, is a suitable translation and dilation of u,, that is to be defined in
a moment. From the weak-* compactness of the unit ball without loss of
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generality we can assume dv,, — dv and du, — dp in the weak-* topology
of all bounded, nonnegative measures, cf. Proposition [E34. In addition,
again by Proposition [C34, we can also assume v,, — v a.e. with respect to
the Haar measure.

The desired convergence i.e. the fact that fG|v|p* = 1 will be obtained
by applying the concentration compactness principle exactly as in [I25]
(see also [IhH]). We shall see that v is a probability measure and also
dv = [g|v|P".

Let Qn(r) be the concentration function of u,,, i.e.,

Onlr) sup(/B (h)\un|P*dH). (1.35)

heG
Clearly, Q,, (0) =0, lim @,(r) =1 and Q., is a continuous non-decreasing
T—00

function. Therefore, for every n we can find an r,, > 0 such that
Qn(ry) = 1/2. (1.36)

Since the integral in (I=38) is absolutely continuous, it defines a continuous
function of h, which tends to zero when d(h,e) — oo as u, € LP*(G).
Consequently, the sup is achieved, i.e., for every n there exist a h, € G,
such that

Qulra) = [ Junlg)l" dH (o). (137)
By, (hn)
The concentration functions, @,,, of the dilated and translated sequence
Un ief R ZE TR Tt O Oy, = (Th;1u) (1.38)
satisfy
1
Qn(1) = / dvy, and Qn(l) ==, (1.39)
Bl (e) 2

which follows easily from (I2R), (I"29), (IIX) and (IIM).

At this point we are ready to apply the key lemmas and we proceed
the proof by considering the function v,,. Notice that the vanishing case in
Lemma 273 is ruled out by the normalization @,(1) = 1/2. Following
Lions, let us embed our variational problem in the family

I def inf {/ | XulP : uweCr(Q), /|up*_)\}' (1.40)
G G
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Since Iy = A?/P" I, where I was defined in (IZ31), we see that I is strictly
sub-additive i.e.

L <Io+ 1, forevery 0 < a < 1. (1.41)

Assume, first, the compactness case of Lemma 273 holds when applied to
the sequence dv,,, which was defined in (IZ3). Let g,, be a sequence of
points given in the compactness case of Lemma IZ3. For ¢ > 0 choose
R = R(e) such that

/ dv, > 1 —¢, for every n. (1.42)
Br(gn)

If € < 1/2 then fBR(g )dz/n > 1/2 and since by construction fBl(e) dv, =
1/2 while [, dv, = 1 we see that Bj(e) and Br(gn) have a non-empty
intersection and thus by the triangle inequality Br(g,) C Bagr+1(e). This
implies

/ dvy, > / dv, > 1 —€, for every n, (1.43)
Bar+1(e) Br(gn)

and therefore the conclusions in the compactness case of Lemma 43 holds
with g, = e for every n. By taking ¢ — 0 we see that

/Gdy =1. (1.44)

If we now look at the sequence {dpu,}, we have dp, — dp and [ dp, — I,
and thus fG dp < I. On the other hand, Lemma 273 gives

vy, — dv =[v[”" + Z v;jby,
J

(1.45)
dpn = dp > Xv[PdH + " 10,
J
for certain v;, p; > 0 satisfying

We shall prove that all v;’s are zero and thus [ P dH = 1. Let a def

Ja lw[P"dH < 1. Since Jgdv = 1wehave ) v; = 1—a. From [odp < I
we have [ |Xv|"dH < I—3% p;. Now (IZB) gives

I = 112/ I Xo[PdH +> p; > To + Y Iv?P" > Iu+ Y I,
G
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From the strict sub-additivity (IZZ) of I we conclude that exactly one of
the numbers a and v; is different from zero. We claim that o = 1 (and
thus all v;’s are zero). Suppose that there is a v; = 1 and dv = §,.
From the normalization @, (1) = 1/2 and hence

1/2 > / lon [P dH — dv = 1, (1.47)
Bi(g;) Bi(g;)
which is a contradiction. Thus, we proved [|v[| Lo+ () = a =1 and v, — v
in LP"(G), which shows that v is a solution of the variational problem, see
Suppose the dichotomy case of Lemma =3 holds when applied to the
sequence dv,. We will reach a contradiction. By Remark ™24 there exists
a sequence of positive numbers R,, > 0 such that

suppdv. C Br, (gn), suppdv? C G~ Bag, (gn) (1.48)
and
lim (A—/ dv: +‘(1—A)—/ 42| =o. (1.49)
Let us fix a number ¢, such that,
0<e< N/P" 4 (1—\P/P" 1, (1.50)

Such a choice of € is possible as for 0 < A < 1 and p/p* < 1 we have \*/P" +
(L—X)P/P" —1> 0. Let ¢ be a cut-off function 0 < ¢ € C§°(Ba(e)), ¢ = 1
on Bj(e). Such smooth cut-off function can be constructed explicitly in
the usual manner for the gauge balls and hence by the equivalence (IZ21)
also for the Carnot-Carathéodory balls. Let ¢, = (74,9), /R, Cf (=29),
so that each ¢, is a smooth function with compact support, 0 < ¢ €
C§°(B2r,(€)),¢ =1 on Bg, (g,) . Then we have

/ | Xvn[PdH = / X (vn)PAH + / IX(1— bn)on[PdH + 6.
G G G
Note that the remainder term e, is expressed by an integral over an annuli

A, = Bag, (9n) ~ Bg, (gn)- (1.51)

Furthermore, we claim that
€n > 0(1) — e/ | Xv,|PdH, where o(1) — 0 as n — oo. (1.52)
G

Indeed, using the inequality
(la + [0))" < (1 + €)]al” + Cep|b]”,
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which holds for any 0 < € < 1, p > 1 and a suitable constant C ;, depending
on € and p, we have

€n :/ | Xv,[PdH — / X (¢pvn)[PdH — / (1 = pn)vn)["dH

> / | X0, [P (1 — ¢pF — (1 — ¢p)P)dH — 206,1,/ |on|P| X ¢ |PdH
A An

— 6/ | X v, |PdH.
An
Since p > 1 and 0 < ¢ < 1 it follows 1 > ¢,” + (1 — ¢,,)? and thus

€n > —C'/ |Un|p|X¢n\de—e/ | Xv,|PdH.
G

n

First we use |X¢,| < Rgn and then we apply Holder’s inequality on A,

_ _ 11
R lvnll oa,) < Byt Anl? ™7 vnll o 4,

Since % — pi* = % and from the paragraph above (ICIR)
|A,| ~ RY, (1.53)
we obtain
Rt onll rany < Clloall Lo (a,)- (1.54)

The last term in the above inequality can be estimated as follows.

anH’fp*(An) = / dv, = /dun—/ dv,
A, G G\A,
< /dunf/ durllf/ dv?
G G\A, G\A,

= / dv, —/ dllflb —/ dVTZL.
G G G
Hence the claim (IT532) follows from
<C

( 1 2\ /P
dv, — [ dv, — dz/n) — 0 as n — oo.
G G G

From the definition of I and the above inequalities we have

Un po =||PnUn po +|(1 = @n)vn po + €n
lonlly,, o ol NG = ol

> 1(16wvnll e ) + 10 = Gn)valle o)) +en  (155)

> I((/ dl/’ﬂ)p/p* + (/ dyn)p/p*) +€n
Br,, (9n) G~ Br,, (gn)

(1.56)
2[((/Gdu ) +(/Gdu2)p/p*>+en.

R Hvnl 2o,
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Letting n — co we obtain

I = lim [|o,", > I(W" 4 (L= apt) — e
n— o0 ’Dl

?(G)
=I+1i_\—el,
which is a contradiction with the choice of € in (IZ50) and hence the di-

chotomy case of Lemma A3 cannot occur. The proof of the theorem is
finished. O

We end the section with the Lemmas that provide key steps in Lions’
method of concentration compactness.

Lemma 1.4.3. Suppose dv, is a sequence of probability measures on G.
There exists a subsequence, which we still denote by dv,, such that exactly
one of the following three cases holds.

e (compactness) There is a sequence g, € G, n € N, such that for
every € > 0 there exists R > 0 for which, for every n,

/ dv, > 1 — e
B(gn,R)

o (vanishing) For all R > 0 we have
lim (sup/ dun) =0.
n—oo\geG JB(g,R)

o (dichotomy) There exists A,0 < X\ < 1 such that for every e > 0
there exist R > 0 and a sequence (gp) with the following property:
Given R’ > R there exist non-negative measures dv), and dv2 for
which for every n we have

0 < dv} + dv2 <dv, (1.57)
supp dv: C B(gn, R), supp dv: C G~ B(gn, R)) (1.58)

A - /du,ll + ‘(1—)\) - /dyg

Proof. Let @, be the concentration function of dv,. Since {@,} is a
sequence of non- decreasing, non-negative bounded functions on [0, o) with
lim @, (r) = 1 it is a locally bounded sequence in the space of functions
T—>00

<e (1.59)

of bounded variation on [0, c0) and thus by Helly’s selection theorem there
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exist a subsequence, which we also denote by @,, and a non-decreasing
function @ on [0, c0) such that

lim Q,(r) = Q(r)

n—oo
for r on [0,00). Let A def li_>m Q(r). Clearly 0 < A < 1. If A = 0 we

have the vanishing case. Suppose A = 1. Then there exist Ry such that
Q(Ry) > 1/2. For every n let g, be such that

Qn(Ro) < / dvy, + % (1.60)

BRO (gn)

For 0 < e <1 fix R > 0 with Q(R) > 1 — ¢ >  and take h, € G, such
that

Qn(R) < / dvy, + % (1.61)

BR(hn)

Then for n sufficiently large we have

/ dvy, +/ dv, > 1= / dvy, (1.62)
Br(hn) BRO(gn) G

Therefore, from the triangle inequality, Br(h,) C Bayr+r,(9n) and hence

1
/ dvy, > / dvn, > Qn(R) — — — Q(R) for a.e. R. (1.63)
Bavyrt R (9n) Br(hn) n

This shows that for n > ng and for a.e. R,

/ dv, > 1 —e.
BayR+Rg (9n)

Taking a possibly larger R, we can achieve that the above holds for every
n. This shows that the compactness case holds.

Finally suppose 0 < A < 1. Given € > 0 there exists R > 0 such that
Q(R) > X\ —e. Let be an arbitrary fixed sequence R,, — co. We can find a
subsequence of Q,,, which we also denote by @Q,,, such that kl;rgo Qn(Ry) =

A. This is trivial since ILm Qn(R,) = Q(R,) and klim Q(R,) = A, and we
n oo — 00
can take for example @, sauch that |Q(Ry)— Qn, (Ri)| < 1/k and ny, > k.

Working from now on with this subsequence, there exists ng = ng(e) such
that

A—e<Qn(R) < A+e n > ne.
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The definition of @,, implies we can find a sequence (g,) C G such that

)\—6</ dv, < A+ e.
BR(gn)

Let
av, < dvalpagony, A dvala s, - (1.64)

Obviously 0 < dl/% + dz/g < dv, and given R’ > R for large n’s we also
have the condition on the supports of dv! and dv2. Finally for n > ng(e)

we have
‘A—/dy;Jr‘(l—A)—/dug:‘A—/ dvy,
G G Br(gn)

+‘(—)\) +/ dv,
BR/ (gn)

The proof of the lemma is complete.

< 2e. (1.65)

O

Remark 1.4.4. By setting ¢, — 0 in the above proof and taking diagonal
subsequences we can also achieve

supp du}b C Bg, (gn), supp dl/TQL C G\ Bag, (gn) (1.66)

lim ‘A—/ dv} +‘(1—/\)—/ 2| =0, (1.67)
Lemma 1.4.5. Suppose u,, — u in DYP(G), while du, = |Xu,|PdH —
dp and dv, = \un\p*dH — dv weak-* in measure, where du and dv are
bounded, non-negative measures on G. There exist points g; € G and real

numbers v; > 0, u; > 0, at most countably many different from zero,
such that

*
dl/: |u‘p +Zyj69ja

J
dp > | XuPdH + ) pjdg,, Tv?/P" < py,
j

(1.68)

where I is the constant in (I=3). In particular,

>y < o, (1.69)
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Proof. Using the Rellich-Kondrachov type compactness, see Proposition
o

332 we can assume u,, — u a.e. on G. Let v, def Up —u — 0in DP(Q)

and v, — 0 a.e. on G. By Corollary 38, which is a consequence of the

Brézis-Lieb lemma, we have

du,  (JunP" = [ul™)dH = o, |”"dH + o(1), (1.70)

where o(1) — 0 in measure. Define also d\, = | Xv,|PdH. Invoking

Proposition 234 we can assume, by passing to a subsequence if necessary,
that d\, — d\, while dw,, — dw = dv — |u[P"dH weakly in the sense of
measures for some non-negative measures dA and dw. For ¢ € C§°(G) we
have

/|¢|p*dw: lim/\¢|p*dwn: lim /|vn¢|p*dH

* p*/p
s lim / |X(vn¢)|de)

n—oo

. p/
= 1777 1im ( /|¢|p|X vn)|de) "

— [P*/p (/ ‘¢|pdA>p*/p7
G

using that [ |v,|P|X(¢)[PdH — 0, which follows either from Hélder’s in-
equality and v, — 0 in L?" (G),

(f |vn|p|X<¢>|de)l/p <(f Ivn|p*|X(¢)”dH>l/p* )

or from Rellich-Kondrachov compact embedding Theorem [Z31. Thus, we
come to the following reverse Holder inequality

1/p* 1/p
( / |¢”*dw) < ( / |¢|pdA) .
G G

Now, by Lemma 28 we obtain

dv = |u[”"dH + Zvjégj and d\ > ]Zyjp/p*.
jed =y

From the weak convergence u,, — u in DVP(G) it follows du, — d\, =
| Xu|P dH +0(1) which combined with the inequality above gives the desired
estimate for du. O
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We end the section with a technical lemma involving a reverse Holder
inequality, which was used at the end of the above proof of Lemma 3.

Lemma 1.4.6. Let d)\ and dw be two non-negative measures on G satisfy-
ing for some Cy and 1 <p < q < o0

1/q 1/p
(/ |¢\qdw) < Cy (/ |¢\pd)\) , for every ¢ € C§°(G). (1.71)
G G

Then there exist an at most countable set J s.t.

dw :ZVjégj, d\ > CJPZVjp/qégj

jeJ jeJ
for some numbers v; >0 and g; € G, j € J. In particular Vjp/q < 00.
jeJ

Proof. Clearly dw is absolutely continuous w.r.t. dA and thus dw = fd\,
where f € L'(d\),f > 0. Furthermore f is bounded since w(E) <
CoM(E)4/? and ¢/p > 1. Decomposing d\ = gdw + o with o L w, it is

enough to prove (IZAD) for dA def gdw since do is a non-negative mea-
sure. Let dwy = 9 1fg<pydw with « = ﬁ. We are going to prove
that dwy is given by a finite number of Dirac measures. This will prove
that 1;,<pydw = g~ %dwy is a sum of finite number of Dirac measures
for all k£ < oo and letting k — oo the claim on dw will be proved since
w({g = 00}) =0 as g € L'(dw) Take ¢ = gﬁl{ggk}ﬂ/}, 1 an arbitrary

bounded measurable function. Then we have

/|¢|qdw:/ gﬁl{ggk}|¢|qdw:/|¢|qdwk.
G G lel
On the other hand

/G 6]7dA = /G T /G 07551 (s 0[P dus

:/GW|pdwk-

In other words we showed that (IZZ0) holds also for dwy on both sides of
the inequality. Thus for any Borel set A we have
duwi (A1 < Coduwr (A)MP

and therefore either dwy(A) = 0 or dwi(A) > C’O_ﬁ > 0. In particular
for any g € G we have either dwy ({g}) > C’O_ﬁ or there exists an ¢ >
0 such that dwy(Be(g)) = 0 since dwy({g}) = Eli{&dwk(Be(g)). From
the boundedness of the measures we conclude that dwy is a sum of at
most finite number of Dirac measures. The proof is finished since the
second part follows trivially from the first having in mind the reverse Holder
inequality. O
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1.5 The best constant in the presence of symmetries

We consider here the variational problem (IZ3), but we restrict the class of
test functions.

Definition 1.5.1. Let G be a Carnot group with Lie algebra g = V; &
Vo--- ®V,. We say that a function U : G — R has partial symmetry
with respect to g, if there exist an element g, € G such that for every
g=-exp(& +&+ -+ &) € G one has

U(gog) = u(l§1(9)‘? ‘52(9)'7 R ﬂg’ﬂ(g>)a

for some function u : [0,00) x [0,00)...[0,00) X V,, = R.
A function U is said to have cylindrical symmetry if there exist g, € G
and ¢ : [0,00) x [0,00) -+ X [0,00) = R for which

U(gog) = ¢(|§1(9)\7 ‘52(9)'7 o 1€nl9)))s
for every g € G.

We define also the spaces of partially symmetric and cylindrically symmetric
o o
function Dy M?(G) and Dy, VP (G), respectively, as follows

Dy 7(G) Y {u e D2(G) : ulg) = u(lE1(9)], -, [En-1(9)],n(9))},

(1.72)

and

Doy () Y (u e DP(G) :ulg) = u(&(9),- ., |6}, (1.73)

The effect of the symmetries, see also [126], is manifested in the fact that
if the limit measure given by Lemma 23 concentrates at a point, then it
must concentrates on the whole orbit of the group of symmetries. Therefore,
in the cylindrical case there could be no points of concentration except at
the origin, while in the partially-symmetric case the points of concentration
lie in the center of the group.

Theorem 1.5.2.
a) The norm of the embedding ﬁps LP(@) ¢ LPY(G) is achieved.
b) The norm of the embedding Zo?cyl Lr(@) C LPY(G) is achieved.

In order to rule out the dichotomy case in the first part of the theorem we
prove the following lemma.

Lemma 1.5.3. Under the conditions of Lemma [[Z2-3, the points g, in the
dichotomy part can be taken from the center of the group.
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Proof. Define the concentration function of v, by

Qrs def sup (/ dun). (1.74)
hec(G) N\ B, (h)

The rest of the proof is identical to the proof of Lemma [Z=3, with the
remark that in the dichotomy part, the definition of QP° shows that the
points g, can be taken to belong to the center. O

We turn to proof of Theorem [Ca2.

Proof. We argue as in Theorem [Z72.
a) Finding the norm of the embedding D,s '?(G) C D'P(QG) leads to

the following variational problem,

def

=17 = inf(/ | XulP:ue 51)3 1”’(G),/ JulP* = 1). (1.75)
G

Let us take a minimizing sequence (u,,),
/|un|1’ —1and/|Xun|p oo (1.76)

o
It is clear that D, MP(G) is invariant under the dilations ( 79). Using the

Baker-Campbell-Hausdorff formula it is easy to see that Dps P(G) is in-
variant, also, under the translations (I"28) by elements in the center, C(G),
of G. In order to extract a suitable dilated and translated subsequence of
{u,} we have to make sure that we translate always by elements belonging
to C(G). In order to achieve this we define the concentration function of
Uy 8S

Qe(r) € sup (/ Iunlp*dH). (1.77)
heC(G) M B, (h
We can fix r, > 0 and h, € C(G), such that (I=38), and (I=37) hold.

Define the sequence {v,} as in (I=38), hence v, € lo?ps LP(@). Using the
translations and scaling as before we obtain (IZ39). At this point we can
apply Lemma IT573. The case of vanishing is ruled out from the normaliza-
tion (I=39) of the sequence {v,}. Suppose we have dichotomy. Let us take
a sequence R, > 0 such that (IZ8) and (C29) hold. We choose a cut-off

function, ¢, from the space Zo)ps Lr(@), satisfying also
supp ¢ C Qa(e), and o =1 on Q4 (e), (1.78)
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where 2,.(¢g) denotes a gauge ball centered at g and radius r, i.e.,

Q.(9) = {heG: N(h'g) < r}. (1.79)
This can be done by setting ¢ = 1(N(g)), where n(t) is a smooth function
on the real line, supported in |t| < 2andn = 1lon |t < 1. We
define the cut off functions ¢, as before, ¢, = (74,¢)1/r,. From the

Baker-Campbell-Hausdorff they have partial symmetry with respect to the
identity since g, € C(G), see Lemma 53, and the gauge is a function
with partial symmetry G. By letting

An = Qr,(9n) ~ Qr, (gn) (1.80)
and noting that
|An| ~ RZ, (1.81)

we see that (C532) holds. Now, from the definition of I,,s, having in mind
that ¢, and v, have partial symmetry with respect to the identity, we
obtain

Un po =||PmUn pu +|(1 = @n)vn po + €n
lonlly,, o =Nomnlly, | (= 62)unly

e (@)

> Ly (I6mtnll e ) + 11 = Sl ) + n

Ips((/ dvn)p/p* + (/ dl/n)p/p*) + €n
BRn(gn) G\BRn (gn)

Ips((/G dui)p/p* + (/G dz/fl)p/p*) + €

> I ()\p/p* +(1— )\)p/p*> + €.

v

Y

Letting n — oo we come to

i P p/p* — \)p/P*
S flonlfy 2 (W =2 ) > (1.82)
since 0 < A < 1 and £ < 1 This contradicts ||v,||%, — IP% as n — o0,
P D1r(Q)

which shows that the dichotomy case of Lemma ICh=3 cannot occur. Hence
the compactness case holds. As in Theorem 23 we see that

/du:l.
G

Next, we apply Lemma 23, with I replaced by I,;. The important fact
here is that the partial symmetry of the sequence {v, } implies the points
of concentration of dv must be in the center of the group if they occur.
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Having this in mind and also the definitions of the concnetration functions,
we can justify the validity of (CZ7), and finish the proof of part a).

b) The vanishing case is ruled out by using the dilation (but not transla-
tion because of the symmetries) invariance and normalizing the minimizing
sequence with the condition Q,(1) = 1/2, see (I=39).

Suppose that the dichotomy case occurs. We shall see that this leads
to a contradiction. The points {g, } in the dichotomy part of Lemma 223
must be a bounded sequence. If not, let ¢ = A/2 and R be the as in the
Lemma. Due to the invariance by rotations in the layers of the functions
v, and the Haar measure dH, which is just the Lebesgue measure, for any
arbitrarily fixed natural number, N,, we can find a point g, and N, points
on the orbit of g, under rotations in one of the layers, such that the balls
with radius R centered at all these points do not intersect. This leads to a
contradiction since the integral of the probability measure dv,, over each of
these balls is greater than A/2. Thus, {g,} is a bounded sequence. This is
however impossible since dv,, are probability measures.

Therefore, the compactness case holds. Exactly as in the dichotomy
part we see that the sequence {g,} is a bounded sequence. This amounts
to saying, using the triangle inequality, that we can take all of them at the
identity. We conclude that

/ dv = 1.
G

We can finish the proof as in Theorem [Z=2. O

1.6 Global regularity of weak solutions

1.6.1 Global boundedness of weak solutions

Let 1 < p < @ and denote by p* the Sobolev conjugate p* = 5—?}7 and by

p’ the Holder conjugate p’ = Ll Let u € D?(Q) be a weak solution in
p—

an open set, not necessarily bounded, 2 C G of the equation (IH). Weak
solution means that for every ¢ € C°(€2) we have

/\XU\H < Xu,X¢ > dH = /|u|p**2u¢dH. (1.83)
Q Q

Note that u?" ! € Lﬁ(ﬂ) = L®"". From the definition of Zo)l’p(Q) we

obtain that (I83) holds for every ¢ € D 1P(Q2). The main result of this sec-
tion is that weak solutions as above are bounded functions. In the following
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Theorem we prove a more general result. For the ordinary Laplacian in a
bounded domain, Brezis and Kato [B1] established a result similar to part
a) of Theorem B, see [33] for b). The proofs rely on a suitable modifica-
tion of the test function and truncation ideas introduced in [I52] and [C3T].
We note that in all these results the solution is assumed a-priori to be in
the space LP(£2) since this is part of the definition of the considered Sobolev

spaces. This is not true in the Sobolev spaces ZODLP (©) we consider, since
we include only the LP norm of the horizontal gradient in our definition.
Therefore, the results here are not exactly the same, besides that we are
working on a Carnot group. Subsequently Serrin’s ideas were generalized
to the subelliptic setting in [38], and also in different forms in [91], [62],
9], (73],

o
Theorem 1.6.1. Let u € DYP(Q) be a weak solution to the equation

SX(IXuf X)) =~V [ufPu e Q, (1.84)
=1

i.e., for every ¢ € C°(Q)) we have
/|Xu|p_2 < Xu,X¢>dH = /V\u|P—2u¢dH. (1.85)
Q Q

a) If V € LR/P(Q), then u € LI(Q) for every p* < q < oo.
b) If Ve LY(Q) N LP(Q) for somet > 2, then u € Lo(Q).

Proof. The assumption V € L9/P(Q) together with the Folland-Stein in-
equality shows that (IC83) holds true for any ¢ € DP(2). This follows
from the density of the space C°(Q) in the space D 1'P(Q), which will al-

low to put the limit in D LP(Q) of a sequence ¢, € C°(Q) in the left-hand
side of (C83). On the other hand, the Folland-Stein inequality implies that

. to
on — ¢ in LP (Q). Set t, = Q and its Holder conjugate ¢, =
p

to—1

An easy computation gives ’

1 -1
L P

1 1
* :1_7* = *\/°
to P p (p*)

Holder’s inequality shows that V|u[P=2u € L®")'(Q), which allows to pass
to the limit in the right-hand side of (IZ8F). We turn to the proofs of a)
and b).
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a) It is enough to prove that v € DP(Q) N LY(N), ¢ > p* implies

p

u € L" with k = — > 1. Let G(t) be a Lipschitz function on the real
p

line, and set

Flu) = /O e (1.86)

Clearly, F' is a differentiable function with bounded and continuous deriva-

o
tive. From the chain rule, see for ex. [7], F(u) € D(Q) is a le-
gitimate test function in (IR3). The left-hand side, taking into account
F'(u) = |G'(u)|P, can be rewritten as

/|Xu|f’*2 < Xu,XF(u) > dH = /|XG(u)|p.
Q Q

The Folland-Stein inequality () gives

9 «\ /D"
/|Xu|p < Xu,XF(u)> dH > sp(/\a(u)p> . (187
Q Q

Let us choose G(¢) in the following way,

sign (t) |t|? ifo < |t <1,
G(t): a_1q .
I»=t ifl < |t

From the power growth of G, besides the above properties, this function
satisfies also

[P~ Fw)| < C@|G)lP < Clg)lul. (1.88)

The constant C(q) depends also on p, but this is a fixed quantity for us.
At this moment the value of C(g) is not important, but an easy calculation
shows that C(q) < C¢P~! with C depending on p. We will use this in
part b). Note that pt, = p*. Let M > 0 to be fixed in a moment and
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estimate the integral in the right-hand side of (IZX3) as follows.

/ V{uP~2uF (u) dH
Q

- / ViuP~2uF(u) dH + / V{u[P~2uF (u) dH
(IVI<M) (IV|>M)

1

gM/ (P~ F (w)dH + (/ V) (/(|u|P*1F(u))t@dH)t;
(IVIM) (IV|>M) Q

< C’(q)M/ G(u)l? dH + (/ Vi) (/ G am)" .
Q (IV|>M) Q
(1.89)
At this point we fix an M sufficiently large, so that
1
%o S,
C(q) / vibam)” < 22,
( (V]3> ) ) 2
which can be done because V' € L. Putting together (I87) and (I=89) we
come to our main inequality

2 [Icwr an)” < clom [ (GwPdn < Ca [ Jup .
2 Q Q Q

By the Fatou and Lebesgue dominated convergence theorems we can let [
in the definition of G to infinity and obtain

i(/ \u|%QdH) "< (M [ |ul?dH.

2 \Va Q
The proof of a) is finished.

b) It is enough to prove that the L?(€2) norms of u are uniformly
bounded by some sufficiently large but fixed L% norm of u, ¢, > p*,
which is finite from a). We shall do this by iterations [[31]. We use the
function F(u) from part a) in the weak form (IC=H) of our equation. The
left-hand side is estimated from below as before, see (IC87). This time,
though, we use Holder’s inequality to estimate from above the right-hand
side,

/V|“|p_2uF(U)dH < AVlle Mul"=F (@)l
Q

< VI IC@IG@)Pll < Cl@IV]Ie l[ullg,.  (1.90)
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With the estimate from below we come to
SpllG)llp- < C(@) IV [|¢ flulld, -
Letting I — oo we obtain

C( )
a5 < IV Ile llullger- (1.91)
Let § = pt" The assumption ¢ > % implies § > 1, since the latter is
p
equivalent to ' < LA t from t, = Q With this notation we can
p
rewrite () as
Cl@)a 4
Jullsoe <[5 IV o (192)
P
Recall that C(qg) < Cg¢P~!. At this point we define q, = p*t' and
g = 6%q,, and after a simple induction we obtain
k—1 1
1 =0
lullg < H [Cq B VI ull,. (1.93)

Let us observe that the rlght hand side is finite,
I 1 — log g;
Z— —Z§<oo and ZM < 00, (1.94)
=0 q; 4o =1 i=1 a;
because § > 1. Letting j — oo we obtain
lllee < € lully,.
O

Remark 1.6.2. When € is a bounded open set we have trivially V €
LO/P(Q) when V € LY(Q), t > %. Also, in this case one can obtain

a uniform estimate of the L>(2) norm of u by its L? () norm, which
does not depend on the distribution function of V', as we have in the above
Theorem. This can be achieved even in the unbounded case, assuming only
V € L9/P(Q) if we required though u € LP(9).

With the above Theorem we turn to our original equation (ICH).

Theorem 1.6.3. Let 1 < p < Q and Q. C G be an open set. If u € D1P(L)
is a weak solution to equation

Lou = ZXj(\Xu\p_QXju) = — |ul”" "%u in Q,
1

j=
then u € L>®(Q).
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Proof. We define V. = |u/P" ~P. From the Folland-Stein inequality we

*

have u € LP (Q) and thus V € Lpfifp(Q) Since p*p = %, part

(a) of Theorem LB shows that u € L% () for p* < ¢ < co. Therefore
Ve Lﬁ(Q) for any such ¢ and thus by part (b) of the same Theorem
we conclude u € L™>(9Q). O

1.6.2 The Yamabe equation - C* regularity of weak
solutions

In this section we explain how one obtains the C*° smoothness of the ex-
tremals of the L? Folland-Stein embedding, i.e., we prove the C> smooth-
ness of the non-negative weak solutions of the Yamabe equation.

Thus, given a Carnot group G we consider the sub-Laplacian associated
with the system { X1, ..., X, }, which is the second-order partial differential
operator given by

L=-3XX; = iXi
j=1

see (IIM). By the assumption on the Lie algebra the system {X1,..., X}
satisfies the well-known finite rank condition, therefore thanks to
Hérmander’s theorem [03] the operator £ is hypoelliptic, see also [i44].
However, it fails to be elliptic, and the loss of regularity is measured in
a precise way, which becomes apparent in the corresponding sub-elliptic
regularity estimates, by the number of layers r in the stratification of g.

On a stratified group G we have the analogues of Sobolev and Lips-
chitz spaces, the so called non-isotropic Sobolev and Lipschitz spaces [67],
[65], defined as follows. Using BC for the space of all bounded continuous
functions and |h| for the homogeneous norm of h € G we let

SPP(G) = {f € LP(G,dH) : X;f € LP(G,dH) for |I| <k},

ke NuU{0},
I'n(G)={feBC: sup M<oo}, 0<a<l,
g,he€G, h#e |h|a (1 95)
Fl(G) :{fEBC sup |f(gh)+f(gh71)72f(g)| <OO},
9,h€G, h#e |R]

Tiia(G)={f € BC: X1f €To(G) forevery |I| <k},
0<a<l1, keN.
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As usual, in the above definition we used the notation X; to denote
X, Xi, ... X5, 1 < i; < m, where I is the multi-index I = (i1,...,%)
with |I| = 1. In other words, X f is obtained by differentiating f along the
first layer |I] times. We equip the above spaces with norms turning them
into Banach spaces, for example, for 0 < o < 1,

f(gh) — f(g)]

e
The local versions of the above spaces are defined in the obvious way. It
is possible to define non-isotropic Sobolev spaces for non-integer k’s using
fractional powers of the sub-Laplacian [65], but we will not do this.

I fllr.@) = I fllz=(@) + sup
g,heG

The non-isotropic spaces are known to satisfy the following inclusion
properties when related to the corresponding isotropic spaces in Euclidean
space.

Theorem 1.6.4. [67] Let G be a Carnot group of step r and Wllf)’cp(G),
and Aq 1oc(G) denote correspondingly the isotropic (the “usual”) Sobolev
and Lipschitz spaces on the Fuclidean space g. The following embeddings
hold true.

WEP(G) € SEP(G) € WETP(G) for 1 <p < oo, k€N

(1.96)
Aaioc(G) CTo(G) C Aoyrioc(G), a > 0.

Sometimes it is useful to have in mind the following characterization of the
non-isotropic Lipschitz spaces on Carnot groups.

Theorem 1.6.5. [178] f € T (G) if and only if f(gt) € Ay for every
horizontal curve gy starting from any go € G.

A curve is called horizontal if %gt e span{Xy,..., X }.
For completeness, we also state the generalization of the Sobolev em-
bedding theorem relating the non-isotropic spaces.

Theorem 1.6.6. [67]
a) SEP(Q) € SH9(G) foranyl <p<qg<ooandl=k—Q(1/p—1/q) >

loc loc

0.
b) SIP(G) C To(G) when o =k — (Q/p) > 0.

loc

The main regularity result concerning the sub-Laplacian acting on non-
isotropic Sobolev or Lipschitz spaces is the following Theorem.

Theorem 1.6.7. [67; B3] Let G be a Carnot group of step r. If Lu is in
one of the spaces Slko’f(G) or Mo 1oc(G) for some a >0, 1 < p < co and
k e NU{0}, then u is in Sk+2’p(G) or Moy (2/r),10c(G), Tespectively.

loc
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Remark 1.6.8. The above theorem is valid for any system of vector fields
that satisfy the Hormander condition of order r, see [66] for a general
overview and further details.

The Holder regularity of weak solutions of equation (IZI2) follows from
a suitable adaptation of the classical De Giorgi-Nash-Moser result. The
higher regularity when p = 2 follows by an iteration argument based on
Theorem I577.

Theorem 1.6.9. Let € be an open set in a Carnot group G.

o
a) If u € DYP(Q) is a non-negative weak solution to the equation

S Xi(IXuPXu) = =Vt in Q (1.97)
i=1
andV € LY(Q) for somet > %, then u satisfies the Harnack inequality:
for any Carnot-Carathédory (or gauge) ball Br,(go) C § there exists a
constant Cy > 0 such that
esssup u < Cyessinf u, (1.98)
BR BR
for any Carnot-Carathédory (or gauge) ball Br(g) such that Byg(g) C
Br, (902)-
b) If u € DYP(Q) is a weak solution to (CIA) and V € LY(Q) N LE/P(Q),
then u € T'o(Q) for some 0 < a < 1.
¢) If u € DY2(Q) is a non-negative weak solution, which does not vanish
identically, of the Yamabe equation on the domain €2,

Lu = —u? 71 (1.99)
then u > 0 and u € C* (Q).

Part a) is a particular case of the Harnack inequality of [[38], Theorem
3.1], where the result is proven for more general Hérmander type vector
fields and a non-linear sub-elliptic equation modeled on (IC47). Notice that

[B8] uses the Sobolev spaces S1P(Q) rather than Zo)l’p(Q). In particular
the Harnack inequality is proven for solutions which are locally in S*?().
The first step in the proof of the Harnack inequality is the establishment
of the local boundedness of weak solutions (without the non-negativity
assumption). Under the assumption V' € LY(Q) N LR/P(Q), t > %, we
have even global boundedness u € L (2), a detailed proof of which was
given in Theorem B
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The claim of part b) is contained in [[BR], Theorem 3.35] as a special
case.

For the proof of part c) we observe first that by part b) u is Holder
continuous, while part a) gives that u > 0. Furthermore, by Theorem 63
there exists M > 0 such that u < M < oo. Thus, if we define f(u) = u® 1,
the fact that 0 < u < M allows us to use that f € C ((0,+0)). A
bootstrap argument using the Lipschitz case of Theorem B4 proves the
claim in part c).

In the case of a group of Heisenberg type, cf. Definition 2221, parts
b) and ¢) can be proved also with the help of the Hopf boundary Lemma
B3 in a manner independent of the Harnack inequality. Since this is the
most important case in this book, we present the argument. By Theorem
60 u is a bounded function, thus u € S\°?(G) = LP. (G) for any p > 0.

loc loc

Now, Theorem 64 shows u € Sfo’f(G) for any p > 0. By the embedding
Theorem THA it follows u is a Lipschit continuous function in the sense
of non-isotropic Lipschit spaces, u € I'4(G) when a = 2 — (Q/p) > 0. In
particular, u is a continuous function by Theorem 64 since the Heisenberg
type groups are Carnot groups. Thus, the set {u > 0} is an open subset
of G. Tterating this argument and using Theorem TG4 we see that u €
C* smooth function on the set where it is positive, while being of class
FZQ(;S(G) on the whole group using that the Heisenberg type groups are
two-step Carnot groups. Again, by Theorem G4 we conclude that u is
a continuously differentiable function. Applying the Hopf Lemma B=Z2 on
the set where u is positive shows that u cannot vanish, i.e., v > 0 and
u € C* (). The existence of an interior gauge ball needed to apply Hopf’s

lemma can be seen as in Corollary BZ2Z3.
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Chapter 2

Groups of Heisenberg and Iwasawa
types explicit solutions to the
Yamabe equation

2.1 Introduction

In this section we consider a special class of Carnot groups, those so-called
of Heisenberg type. Such groups were introduced by Kaplan [[05] and have
been subsequently intensively studied by several authors, with [#9] and [50]
being of crucial importance for the problems considered in this book. We
shall construct a family of explicit entire solutions to the Yamabe equation
(™) on such groups. The second part of the section consists of proving
various properties of the Kelvin transform. Such properties are particularly
far reaching in the context of Iwasawa groups, where we show that the

Kelvin transform is an isometry between the spaces D12 (©) and D L2(O¥),
where Q* denotes the image of Q under a suitably defined inversion. This
will be a useful fact when we consider equations on unbounded domains. In
particular, we can obtain the precise asymptotic behavior at infinity of finite
energy solutions to the Yamabe equation. It is worth mentioning that this
behavior can be obtained also without the use of the Kelvin transform, see
[T9], which is useful when studying finite energy solutions on non-compact
Riemannian and sub-Riemannian manifolds, see also [(67].

2.2  Groups of Heisenberg and Iwasawa types

In this section we give the definitions of groups of Heisenberg and Iwasawa
types. In addition, we shall include a background, albeit incomplete, which
nevertheless points to the importance of these groups in analysis and ge-
ometry. In this section it will be convenient to use the established notation
N for groups of Heisenberg or Iwasawa type rather than G as we do in the
rest of the book.

41
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Let n be a 2-step nilpotent Lie algebra equipped with a scalar product
< .,. > for which n = V; @ V5-an orthogonal direct sum, V5 is the center of
n. Consider the map J : Vo — End(V;) defined by

< J(&)&, & > = < &, [€1,&]] >, for & € Vo and &1,/ e Vi (2.1)

By definition we have that J(&3) is skew-symmetric. Adding the additional
condition that it is actually an almost complex structure on V; when & is
of unit length [I05] brings about the next definition.

Definition 2.2.1.

a) A 2-step nilpotent Lie algebra n is said to be of Heisenberg type if for
every & € Vi, with [€2| = 1, the map J(&3) : V3 — V] is orthogonal.

b) A simply connected connected Lie group N is called of Heisenberg type
(or H-type) if its Lie algebra n is of Heisenberg type.

We stress that the scalar product needs to be compatible with the linear
operator J in order to have a group of H-type, see the discussion below
concerning the ”standard” Heisenberg groups (224). We shall continue to
use the exponential coordinates and regard N = exp n, so that the product
of two elements of N is

(€.6) (€.6) = (6 +&.6+ 84+ (6.8, (22)

taking into account the Baker-Campbell-Hausdorff formula (IZ2). In [I05]
Kaplan found the explicit form of the fundamental solution of the sub-
Laplacian (II8) on every group of H-type. We note that when working
with agroup of Heisenberg type we shall consider the sub-Laplacian the
operator

m m
L=-)X;X; = Y X}, (2.3)
j=1 j=1
where the vector fields X;, j = 1,...,m are an orthonormal basis of V;.

In a subsequent paper [I06], exploiting the Clifford module structure of V7,
he studied the left invariant Riemannian structure and the associated com-
pact nil-manifolds induced by the fixed scalar product on n. In particular,
Kaplan showed that the group of isometries of N is the semidirect product
product A(N)x N (with N acting by left translations). Here, A(N) denotes
the group of automorphisms of N (or n) that preserve the left-invariant met-
ric, see also [143]. In particular A(N) preserves the decomposition V; & Va.
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Remark 2.2.2. In regards to the above group of isometries, the reader
might want to recall the construction of the Euclidean group I(R*) =
O(k) x R* with I,(R*) = SO(k) x R™ the connected component of the
identity. The semidirect product becomes apparent by recalling that the
product of two isometries (A,b) € O(k) x R™ and (A’,V') € O(n) x R”
representing, respectively, y — Ay + b and z — A’z + V' = y, is given by
(A,b) o (A1) = (AA',b+ AV) in agreement with the composition rule.
The Euclidean space R* can be regarded as the degenerate case of groups of
Heisenberg type when V; is trivial and the groups is Abelian. We shall not
consider explicitly this case in what is to follow since some of the formulas
need to be adjusted for this special case.

The definition of J and the orthogonality assumption respectively imply
< J(&)6,& > = 0, |J(&2)61] = &2 [€al- (2.4)

It is easy to see that we have in addition

J(&)? = —|¢)? Idv,, < J(&)&, (&) > = < &, & > |4,
J(&2) T (&5) + J(£5) T (€2) = =2 < &2,&5 > Idy;,

for any & € V7 and &,&, € Vs.
Shortly after the introduction of groups of Heisenberg type Kaplan and

(2.5)

Putz [I0R], see also [[[1H], Proposition 1.1], observed that the nilpotent
part N in the Iwasawa decomposition G = NAK of every semisimple Lie
group G of real rank one is of Heisenberg type. We shall refer to such a
group as lwasawa group and call the corresponding Lie algebra [wasawa
algebra. Specifically, by the Iwasawa decomposition we have g=n® ad ¢
with n = g_, ® g_a2, a direct sum of the (restricted) negative root spaces.
Letting Vi = g_q, Vo = g_24, a scalar product turning N into an H-type
group and the almost complex structures J are given by
1 !/ !

—BE0E). & en, 26

J(&2) = ad(&2)0, &2 € Vo,

where B and 6 are the killing form and the Cartan involution, and
m =dimg_,, k = dim g_s, are the dimensions of the negative (restricted)
root spaces. Very often the notation n is used for the space generated by the
positive roots g, @ g2, and it = #(n) is the standard notation for the space
we defined above. From a geometrical point of view, the above Iwasawa
groups can be seen as the nilpotent part in the Iwasawa decomposition of
the isometry group of the non-compact symmetric spaces M of rank one.

<&t >=
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Such a space can be expressed as a homogeneous space G/K where G is
the identity component of the isometry group of M, i.e., one of the simple
Lorentz groups SO,(n, 1), SU(n, 1), Sp(n,1) or Fy_sp), and K is a max-
imal compact subgroup of G, see [88]. Thus, K = SO(n), S(U(n)U(1)),
Sp(n)Sp(1), or Spin(9), respectively, see for example [T71] or [8R]. In this
way M becomes one of the hyperbolic spaces over the real, complex, quater-
nion or Cayley (octonion) numbers, respectively. Writing G = NAK and
letting S = N A, A-one-dimensional Abelian subalgebra, we have that S is
a closed subgroup of G, which is isometric with the hyperbolic space M,
thus giving the corresponding hyperbolic space a Lie group structure. The
nilpotent part N is isometrically isomorphic to R™ in the degenerate case
when the Iwasawa group is Abelian, see Remark 222, or to one of the
Heisenberg groups G (K) = K" x ImK with the group law given by

(qo;wo) © (Q>w) = (QO + qw + w, + 21Imq, (,7)7 (2.7)
where ¢, ¢, € K" and w, w, € ImK. Here, K denotes one of the real division
algebras: the real numbers R, the complex numbers C, the quaternions H,
or the octonions O, see Section B=34 for further details in the quaternion
case. In particular, in the non-Euclidean case the Lie algebra n of N has
center of dimension dim V5 = 1, 3, or 7. On the other hand, there exist non-
Euclidean H-type groups with centers of arbitrary dimensions as shown in
[T05], hence the Iwasawa groups are a proper subset of the set of all H-type
groups.

Iwasawa groups are distinguished also by the properties of the sphere
product S (R1) x Sa(R2) where S;(R;) is the sphere of radius R; in Vj,
7 =1,2. In fact, for a group of Iwasawa type the Kostant double-transitivity
theorem shows that the action of A(N) is transitive, where as before A(N)
stands for the orthogonal automorphisms of N, see [[60], Proposition 6.1].
This fact points to the importance of the bi-radial or cylindrically sym-
metric functions, see Definition BT. Notice that both the fundamental
solution (Z13) of the sub-Laplacian and the solution (EZR) of the Yamabe
equation posses such symmetry.

Given the ubiquitous role of the Heisenberg group G (C) in analysis, we
give some explicit formulas in this special setting. These formulas will also
be made explicit in Part 2 for quaternionic contact structures in which case
the quaternionic Heisenberg group will play the role of the flat model space,
see B34. G (C) arises as the nilpotent part in the Iwasawa decomposition
of the complex hyperbolic space. Specifically, G (C) is a Lie group whose
underlying manifold is C" x R with group law

(z,t) (2,t) = (242, t+t' +2Im(2-7)), (2.8)
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where for 2,2’ € C" we have let z- 2" = 37", 2;z]. In real coordinates a
basis for the Lie algebra of left-invariant vector fields on G (C) is given by

0 0 0 0 0
Xj = 37j+2?/j§7 Xnyj =Y = 873/]-_2%5’ Er

Here, we have identified z = z + iy € C", with the real vector (z,y) € R*".
Since [X;,Y:] = 46]k6t’ the Lie algebra is generated by the system X =

{X1,...,Xon}. The relative sub-Laplacian £ = 22" X2 is the real part
of the Kohn complex Laplacian. In this case the exponential map is the

j=1,..n (2.9

identity and, as for any group of step two, the dilations are the parabolic
ones 0x(z,t) = (Az,A%t). The corresponding homogeneous dimension is
@ = 2n + 2. A little care has to be taken when defining the scalar product
which turns G (C) into a group of Heisenberg type. For example, the
standard inner product of C"™ x R, i.e., the inner product in which the basis
of left invariant vector fields given in (239) is an orthonormal basis will not
make the Heisenberg group G (C) a group of Heisenberg type. For example,
if this were the case, we would have J(£)X; = Z] L <J(E)X X > =

—4Y;, i =1,...,n, which contradicts the orthogonality of J(at)' However,
this calculation shows that an orthonormal basis of an H-type compatible
metric is given by, j =1,...,n,

1

Xj:aaxj—l—Qngt, XnHEYj:@cZ/j_2xjgt’ T:Z%. (2.10)
To compute the corresponding homogeneous gauge (II2) we let X =
2521 a; X ;40T be an element of the Lie algebra and use the orthonormality

condition to derive the standard formula
2

IX[* =D ad | +160° ie., [(z8)] = (l2*+ 1664, (2.11)

the latter equation written for the corresponding gauge on the group using
1/2
|z| = (2;21(95? + y?)) - the Euclidean norm.
On a group N of Heisenberg type there is a very important homogeneous
norm (gauge) given by

N(g) = (lz(g)|* + 16]y(g)?) """, (2.12)

which induces a left-invariant distance, cf. (ITIH). Kaplan proved in [(05]
that in a group of Heisenberg type the fundamental solution I' of the sub-
Laplacian L, see (23), is given by the formula

I(g,h) = Cq N(h™'g)~ (@7, g.heN,g#h,  (213)
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where Cg is a suitable constant. Equation (27I3) will play a key role in
Definition =32 below.

Remark 2.2.3. It is known that the distance induced by the gauge (212)
is the Gromov limit of a one parameter family of Riemannian metrics on
the group N [[1H], see also [Z1] and [36].

It should be noted that frequently when working exclusively with the
Heisenberg group G (C) one uses the gauge

(0] = (=" + )%, (2.14)

which may be the cause for a difference in some constants. Similar conven-
tion is also used in the quaternionic setting.

Motivated by the way the Iwasawa type groups appear as ”boundaries”
of the hyperbolic spaces, Damek [b6] introduced a generalization of the hy-
perbolic spaces by starting with a group N of H-type and taking a semidi-
rect product with a one dimensional Abelian group. Specifically, consider
the multiplicative group A = RT acting on an H-type group by dilations
given in exponential coordinates by the formula 6,(£1,&) = (a'/2&1, a&y)
and define S = NA as the corresponding semidirect product. Thus, the
Lie algebra of Siss =V, @ Vo @ a, n =V, @ V,, with the bracket extending
the one on n by adding the rules

[(,&] = %517 [(,&] =& &eVi, (2.15)

where ( is a unit vector in a, so that S is the connected simply connected
Lie group with Lie algebra s. In the coordinates (£1,&2,a) = exp(& +
&9) exp(log a€), a > 0, which parameterize S = exps, the product rule of S
is given by the formula

(61,6,0) - (6,6,0) = (61 + 07}, & +agh + 30" ?[61,€1], aa'), (216)

for all (&1,82,a), (&§),&,a") € n x RT. Notice that S is a solvable group.
We equip the Lie algebra s with the inner product

< (51,52,@), (5175276“) > =< (51752)’ (51752) > +aa (217)

using the fixed inner product on n and then define a corresponding trans-
lation invariant Riemannian metric on S. The main result of [586] is then
that the group of isometries ITsom(S) of S is as small as it can be and
equals A(S) x S with S acting by left translations, unless N is one of the
Heisenberg groups (E74), i.e., S is one of the classical hyperbolic spaces.
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Here, A(S) denotes the group of automorphisms of S (or s) that preserve
the left-invariant metric on S. The spaces constructed in this manner be-
came known as Damek-Ricci spaces, see [22] for more details. It is worth
recalling [57] where it is shown that the just described solvable extension of
H-type groups, which are not of Iwasawa type, provide noncompact counter-
examples to a conjecture of Lichnerowicz, which asserted that harmonic
Riemannian spaces must be rank one symmetric spaces.

The Heisenberg type groups allowed for the generalization of many im-
portant concepts in harmonic analysis and geometry, see [I08], [T09], [IT5],
[68] and the references therein, in addition to the above cited papers. An-
other milestone was achieved in [29], which allowed for avoiding the classifi-
cation rank one symmetric spaces and the heavy machinery of the semisim-
ple Lie group theory, when studying the non-compact symmetric spaces
of real rank one. Specifically, in [49] the authors considered the H-type
algebras satisfying the so called J? condition defined in [29], see also [60].

Definition 2.2.4. We say that the H-type algebra g satisfies the J?2
condition if for every &»,&, € V, which are orthogonal to each other,
< &,8, > =0, there exists & € V5 such that

J(§2)J(&2) = J(&5)- (2.18)

The key result here is the following Theorem of [#9], see also [A7], which can
be used to show that if N is an H-type group, then the Riemannian space
S = NA is symmetric iff the Lie algebra n of N satisfies the J? condition,
see [[29], Theorem 6.1].

Theorem 2.2.5. Ifn is an H-type algebra satisfying the J?-condition, then
n is an Iwasawa type algebra. In other words, the H-type groups N whose
Lie algebras satisfy the J? condition are precisely the groups that arise as
the nilpotent component in the Iwasawa decomposition of a semisimple Lie
group of real rank one.

This fundamental result has many consequences in allowing a unified proof
of some classical results on symmetric spaces, in addition to some beautiful
properties of extensions of the classical Cayley transform, inversion and
Kelvin transform, which are of a particular importance for our goals.
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2.3 The Cayley transform, inversion and Kelvin transform

2.3.1 The Cayley transform

In this section we focus on the Cayley transform, of which we shall make
use later in Example B2 in the case of the quaternionic Heisenberg group.
Starting from an H-type group, its solvable extension S has the following
realizations, [568], [49] and [b0].

First, it can be viewed as a ”Siegel domain” or an upper-half plane
model of the hyperbolic space

1
D={p=(&,&,a)es=VidVoaDa: a>1|§1|2}. (2.19)
Consider the map © : S — 5,
1
9(5175270‘) = (6176270: + Z|£1|2)7 (220)

which is injective map of .S into itself. Here we use a to denote the element
aC € A, ¢ defined after (E715), and we regard D as a subset of S using the
exponential coordinates. Thus, the group S acts simply transitively on D
by conjugating left multiplication in the group S by ©, s-p = Os- (0~ 1p)
for s € S and p € D, while N acts simply transitively on the level sets of
h = a — 3|&[% In particular, we can define an invariant metric on D by
pulling via © the left-invariant metric (214) of S to D, thus making © an
isometry, cf. [[B0], (3.3)]. It is very instructive to see this explicitly in the
case of the Heisenberg group G (C) for which the reader can consult [[I53],
Chapter XII].
Second, there is the ”ball” model of S,

B={(&,6,0)es=Vi®Vada: [&)7 +|&*+d® <1},  (221)

equipped with the metric obtained from D via the inverse of the so-called
Cayley transform C : B — D defined by C(&1,&2,a) = (£1/,&/,d’), where

! 2 —a
61 - (1 — a)2 n |£2|2 ((1 )61 + J(§2)§1)a
) el (2.22)
5/ 627 CL, =

P00t ef (1—a)® + &l
The inverse map C~' : D — B is given by C71(&/, &', a’) = (&1,&2,a),
where

2 N ! Ne !
élzm((l+0)§l_*](§2)gl)v 5

, | e (2.23)
& = 5 &2, a=

(14 a)? +1&'| (1+a)?+ &>
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The proof of the above formulas is elementary. For example, we can see
that C(¢1,&2,a) € D, ie., a’ > 1[¢]|? from the computation

PR B [ GO 31
(1-ap+&f = (1-a)®+ &
p 4
aF = (1-a)?+ |§2|2)2 (1~ a)t + J(&)&P (2.24)
_ A -G +1GPIG?) _ el
(1= ) + &) (1—a)? + &>

using equations () in the next to last equality. For other versions of
the Cayley transform see [[63], Chapter X]. The Jacobian of C and its
determinant were computed in [6R]. The latter is given by the formula

Qet (61, 62,0) = 27 (1= )+ feo?) "2,

where, as before, m = dim V1, k = dim V5.

It is very important and we shall make use of the fact that the Cayley
transform can be extended by continuity to a bijection (denoted by the
same letter!)

(2.25)

C: 0B\ {(0,0,1)} — 0D, (2.26)

where (0,0,1) (referred to as ”¢” for short) is the point on the sphere where
& = & = 0 and the third component is { in agreement without notation
set after equation (E220). The boundaries of the ball and Siegel domain
models are, respectively,

S=0D={p=(£,&,d)es=VidVada: d = £|51|2} (2.27)
and

OB={(&,&,0)es=Vi@aVada: |&P+ &P +a® =1} (2.28)
The group of Heisenberg type N can be identified with ¥ via the map

1

With this identification we obtain the form of the Cayley transform (stere-
ographic projection) identifying the sphere minus the point ”¢” and the
H_type group, C:0B \ {(0703 1)} — N defined by C(fla'ﬁ?aa) = (51/752/)7
where

2
= 573 (1—a)d +J(&)&),
(- G)Z‘F |€2]? (2.30)
& &o.

2T 1 —a)? + 6P
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Later, we shall encounter the "boundary” Cayley transform, also called
(generalized) stereographic projection, in the case of the quaternionic
Heisenberg group. At that place we shall give some other explicit formulas
valid in the quaternionic contact setting, see Section BZl. In particular,
we shall see that the Cayley transform is a quaternionic contact conformal
transformation. We shall exploit this fact in the solution of the quaternionic
contact Yamabe problem on the seven dimensional quaternionic Heisen-
berg group and sphere Theorem BT and in the determination of the best
constant in the Folland-Stein embedding inequality on any quaternionic
Heisenberg group Theorem BI. However, it is worth noting that, in fact,
given any Iwasawa group IV the Cayley transform preserves the horizontal
space, i.e., the Cayley transform is a multicontact transformation. This fact
should allow for the generalization of Theorem B and the earlier result
on the Heisenberg group [[70] in the unified setting of groups of Iwasawa
type. The Cayley transform is also a 1-quasiconformal map [20], see also
[[3]. The definition of the "horizontal” space in the tangent bundle of the
sphere and the distance function on the sphere require a few more details
for which we refer to [60] and [P0]. Multicontact maps and their rigidity in
Carnot groups have been studied recently in [[37], [I42], [16], [62], [63],
[35], [6Y].

2.3.2 Inversion on groups of Heisenberg type

In [T4] Kordnyi introduced an inversion on the Heisenberg group and used
it to define an analogue of the Kelvin transform in such setting. Sub-
sequently, such inversion formula, as well as the Kelvin transform, were
generalized in [51] and [49] to all groups of Heisenberg type.

Similarly to the Cayley transform, the inversion on groups of Heisen-
berg type can be seen as the restriction to the boundary of an inversion
transformation on the ball (E22I) or Siegel domain (E19) models. On the
latter space the inversion is defined by the formula

(1,62, a) (ma+J(&)) &, —&2,a). (2.31)

6] +a?
The formula on the ball B is obtained by transporting the above inversion
to B via the Cayley transform, i.e., conjugating with C. Remarkably, it
was proven in [[@9], Theorem 6.1], see also [[60], Theorem 4.1], that o is an
isometry of D if and only if the J? condition holds on the Heisenberg type
group N. This happens exactly when S is a symmetric space.
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We turn to the definition of the inversion as a map on a group of Heisen-
berg type.

Definition 2.3.1. Let G be a group of Heisenberg type with Lie algebra
g=Vi@®Va. For g =exp(§) € G, with £ = & + &, the inversion o : G* —
G”, where G* = G\ {e} is defined by

&
EOESTOEL

~1
o(9) = (= (@) Idv, + 4J(&) "1, - 2.32)
where the map J is as in (1), and Idy, denotes the identity map on V.
One easily verifies that

a*(9) = g, geG".
As before, see (ZI2), N (g) will be the gauge N(g) = (|z(g)|*+16|y(g)[?) Ve
Writing o(g) = exp (1), with n = 11 +mn2, for the image of g, we easily obtain
from Definition P23 and (E34) that

1] [$1
= d = 2.33
|771| N(g)g) an |772| N(g)4 ( )
An immediate consequence of (EZ33) is the identity
N(a(g)) = N(9)™", geG”. (2.34)

A direct verification using (EI) and the definition of the group dilations
shows that the inversion anti-commutes with the group dilations (), i.e.,

a(0x(9)) = x-1(o(9)), geG. (2.35)

We finish this sub-section by writing the formulas for the inversion on
G (C), see [I14]. Let A = |z|2 + it so that AA = |(z,¢)[4, cf. (ZZTA). The
inversion of a point (z, ¢) is given by

def z t
s = 7t = - =, = —/=).
(w,7) = o5 ) (- 2, - )
The expression of the inversion in the real variables is
e |2y + ta t
- _ ’ - _AJsr™ = - — (2.36
u EEERE 2]t + 2 T 2]* + 2 (2.36)

where w = u + .
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2.3.3 The Kelvin transform

The purpose of this section is to recall the relevant definitions and establish
some more properties of the Kelvin transform, [61] and [@9]. Such properties
are particularly far reaching in the context of Iwasawa groups, where we

o
show that the Kelvin transform is an isometry between the spaces D 1'2(Q)

and D 12(Q*), where Q* denotes the image of {2 under the inversion (Z=32)
on the group. This will be a useful fact when considering the Yamabe
equation on unbounded domains.

Definition 2.3.2. Let G be a group of Heisenberg type, and consider a
function w on G. The Kelvin transform of u is defined by the equation

u*(g) = N(9)" @ u(a(g)), geG, (2.37)
where o is the inversion on the group and N(g) is the gauge (212).

When G is a group of Iwasawa type, then it was proved in [A9] that the
inversion and the Kelvin transform possess various properties generalizing
those of the well-known Kelvin transform of functions defined on the Eu-
clidean space. In the following theorem we collect the two which will be
used in this book.

Theorem 2.3.3 (see [@9]). Let G be a group of Iwasawa type and L the
sub-Laplacian operator (23). The Jacobian of the inversion is given by

d(Hoo)(g) = N(g)~>¢ dH(g), geG

using the Haar measure dH on the group, cf. (ZA). The Kelvin transform
u* of a function satisfies the equation

Lu*(g) = N(g)~ U (Lu)(a(9)), geG".

Remark 2.3.4. We shall denote by Q* the image of a generic domain
Q) under the inversion o. We stress that, since we have chosen not to
define the inversion of the point at infinity, in the case in which Q is a
neighborhood of co, by which we mean that there exists a ball B(e, R) such
that (G\B(e, R)) C (2, then Q* is a punctured neighborhood of the identity,
ie., * = D\ {e}, for an open set D such that e € D. The reader should
keep this point in mind for the proof of the next result, as well as for the
results in the following sections. The following theorem is a consequence of
the conformal properties of the inversion and of the Kelvin transform. Such
result will be used in the next section in combination with the conformal
invariance of the Yamabe type equation expressed by Lemma PZ34.
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Theorem 2.3.5. The Kelvin transform is an isometry between D %2(£2)
and DY2(Q%).

Proof. Let u, v € 7031’2(9) and u*, v* € 703172((2*) be their Kelvin trans-
forms. We begin by observing that thanks to Theorem P33 and (2234

2Q/(Q-2)

| @@y an) = [ [N @ Hutee) (g
: o
= [ Vo @] g an) = [ we)? ato)

We want to show next that

/ < Xu(g), Xv(g) > dH(g) = / < Xu*(g'), Xv*(g') > dH(g').
Q Q*

(2.38)
By density it suffices to assume that u,v € C5°(Q2). An integration by parts
shows that (E238) is equivalent to

/ u(g) Lo(g) dH(g) = / wH(g') Lo*(g') dH(g).
Q O*

Using again Theorem P33 and (E534) we obtain

/ u*(g") Lv*(g") dH(g")
Q*

= [ N(¢)" 92 uo(g)) N(g')~9™ (Lv)(o(g')) dH(g')

Q*
- / ulg) Lo(g) N() @ N(g) @+ N(g)~*@ dH(g)
- /2 u(g) Lo(g) dH(g).
This completes the proof. O

Next we are going to show that the Yamabe equation is invariant under
the Kelvin transform in a sense to be made precise in Theorem ZZ370. Let
G be an Iwasawa group and Q* be an unbounded open set. By Q we
denote the image of the open set Q* under the inversion with center at
the identity e. We recall Remark EZ34. We also note that since problem
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(Z22) is translation invariant we can by left-translation send 2* to another
conveniently chosen unbounded domain. If the complement of Q* contains
a ball we can thus suppose from the beginning that such ball is centered
at the group identity e. Furthermore, by a simple rescaling we can without
restriction assume that the radius of the ball is one. We start with a simple,
yet crucial, lemma.

Lemma 2.3.6. Let u be a solution of
Lu = —uP
o (2.39)
ueD(Q), u>0,

and denote by u* its Kelvin transform. Then u* satisfies

Lu*(g) = — N(gP@~27(@F2) 4 (g) geQ.  (240)
In particular, when p = %, if u is a solution in ) of the equation
Lu = —()@D/Q=2 L eDLQ), u>0, (2.41)
then u* is a solution in Q* of the equation
Lut = —(u)@+D/@Q=2  y* c DL2(Q¥), u* > 0. (2.42)

Proof. Let u be a solution to (2239). From Theorem 2233 we know u* €

D12(Q*). Consider an arbitrary function ¢ € C°(Q*), then we can write
P = ¢*, for some ¢ € C°(Q). Integrating by parts and applying Theorem
=33 gives

/ < Xu*(g), X(g) > dH(g') = / < Xu*(g'), Xo*(g') > dH(g)
Q* Q*

= — /Q* u*(g’)[’d)*(g/)dH(g’) - _ . N(g')72QU(G(g'))£¢*(U(g’))dH(g’)

_ / u(g)Lo(g)dH (g) = / < Xulg), Xé(g) > dH(g)
Q Q
- /Q u(g)P$(g)dH (9).

where in the last equality we have used the fact that u is a solution to
(2=39). We now make the change of variable g = o(¢’), ¢’ € Q*, and use
Theorem =373 again to obtain

/ (g (g)dH (g) = / u(o(g))P (o (g )N (') 2dH (g')
Q Q*

= [ w o)yl IN )@ ).
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In conclusion we have found
/Q* < Xu*(¢"), X(g') > dH(g")
= [ o)yl IN )@ ).
By the arbitrariness of ¢ € C$°(2*), (2221) follows. O

In the following theorem we show that if u* is a solution to (ZZ2) in a
neighborhood of infinity (see Remark 2=34), then the Kelvin transform of
u* has a removable singularity at the group identity e.

Theorem 2.3.7. Let G be an Iwasawa group. Suppose that u* is a solution
of (8Z3) in Q*, with Q* a neighborhood of infinity. Let u be the Kelvin
transform of u* defined in Q, then the group identity e is a removable
singularity, i.e., u can be extended as a smooth function in a neighborhood
of e where the equation is satisfied.

Proof. Due to the assumptions on * we can write Q = D\ {e}, where D is

a bounded open set containing e. Theorem =33 implies that u € D 12(Q),
moreover from Lemma 238 (with the roles of u and u* reversed) we know
that v satisfies (220) in 2, hence for every ¢ € C3°(D \ {e}) one has

/ < Xu, X9 >dH = / uw? " MpdH. (2.43)
D D
According to [[B7], Proposition 6.1], we can find a sequence of functions

Cr € C°(D\ {e}) with e ¢ supp (x, such that, 0 < { < 1, {x(g) — 1 for
every g € D\ {e} and for which

/\X(k|2dH -0, (2.44)
D

as k — oco. We fix ¢ € C°(D) arbitrarily. For every k € N one has
dCr € C°(D \ {e}), and therefore we obtain from (ZZ3)

/uQ*_1¢deH = / < Xu, X (¢¢) > dH
D D

= /§k<Xu,X¢>dH +/¢<Xu,X§k>dH.
D D
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Since u € D12(Q2) C DY2?(D) we can apply Lebesgue dominated conver-
gence theorem to conclude, using (224),

/ < Xu,X¢>dH = / u? ~lpdH. (2.45)
D D

The arbitrariness of ¢ € CS°(D) shows that the identity is a removable
singularity. This completes the proof. O

2.4 Explicit entire solutions of the Yamabe equation on
groups of Heisenberg type

When u is a solution of the Yamabe equation on G,
Lu = —u? 7 (2.46)

then we say that u is an entire solution of the Yamabe equation. Kaplan and
Putz [[i07], Proposition 2] are the first to find an explicit entire solution
of the Yamabe equation on groups of Iwasawa type, even though their
result seems to have been forgotten. Jerison and Lee [03] made the deep
discovery that, up to group translations and dilations, a suitable multiple
of the function

u(zt) = (1427 + )@/, (2.47)

is the only positive entire solution of (E228) on the Heisenberg group G (C)
(2R). Here, we have denoted with (z,t), z € C",t € R, the variable point
in G (C) and Q = 2n + 2 is, as usual, the homogeneous dimension. The
goal of this section is to give an explicit family of entire solutions on groups
of Heisenberg type by proving the following result of [[i76], Theorem 1.1].

Theorem 2.4.1. Let G be a group of Heisenberg type. For every e > 0 the
function
Q-2

B m(Q — 2)e *
Ke(g) = ((62 + |x(g)|2)2 + 16|y(9)|2) 7

is a positive, entire solution of the Yamabe equation (PZH).

g€ @G, (2.48)

The proof requires a few formulas which are stated in the next Lemmas.
Let £ = dim V5 and m = dim V. The coordinates of the projection &; in
the basis X7,...,X,, will be denoted by z1 = z1(g9), ..., 2Tm = zm(9), i.e.,

zj(g) = <&(9),X; > j=1,..,m, (2.49)
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and we set © = z(g) = (21,...,Zn) € R™. Similarly, we fix an orthonormal
basis Y7,...,Ys of the second layer V5 and define the exponential coordi-
nates in the second layer V5 of a point g € G by letting

yl(g) =< f(g),Y; >, 1= ]-7' . '7ka (250)

and y = (y1,...,yx) € R¥,

A simple consequence of the Baker-Campbell-Hausdorff formula is the
following Lemma. This result shows in particular that in a Carnot group
the coordinates in the first and second layers of the Lie algebra g are L£-
harmonic, where as before L is the associated sub-Laplacian.

Lemma 2.4.2. Let G be a Carnot group. The function 9 (g) = lz(g)|?

enjoys the following properties
| X |2 = 4ap, L1p = 2m. (2.51)
Proof. Define the functions
b5(t) = 1€1(g eap(tX;)[? j=1,.,m.
The Baker-Campbell-Hausdorff formula implies
g exp(tX;) = 65613(51(g)+th+€2(9)+---+£r(g)+%[61(9)+---+€r(9),fXj]Jr---)-
From this one immediately sees the equation

bi(t) = (9 + 2t <&(9), X; > + 12, (2.52)
which implies

U5(0) = 2<&(g), X; > = 2z(9),  ¢j(0) =2 (2.53)

Now, equation (E353) gives

m

L =>4 (0) = 2m,
j=1

X0 = D50 =4) <&(9), X, >*= 4 |as(9) = 4,
Jj=1 j=1 j=1

which proves the lemma. O
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Lemma 2.4.3. Let G be a Carnot group. One has
Lx; =0, j=1,...,m, Ly, = 0, i=1,... k.
From the latter equation we infer, in particular, that the function g —

ly(g)|? is L-subharmonic and in fact
k
Lyl =2 Y Xl = 0.
i=1
There exists a constant C = C(G) > 0 such that
X(yH))* < C = Jyl*.

Proof. Let g = exp(§) with & = & +...4&,. Fort € R the Baker-Campbell-
Hausdorff formula and the stratification of g give for [ = 1,...,m
zj(gexptXy) = x;(g) + td;u,
t (2.54)
yilgexptXy) = yi(9) + 5 <[6, X1, Yi >
From (Z54) the £-harmonicity of z;(g) and y;(g) is obvious. Using (2254)
we now define for [ =1,...,m

ai(t) = ly(gexptXy)|?
k 2
=D (UF +t < (60X Y > i+ < [6,X0, Y >P). (255)
i=1
Differentiating with respect to ¢ we find

Z < [6. X4, Y: > v, (2.56)
i=1
hence
k
$(0)> < [yl Y (<&, X1,V >)*
i=1
Keeping in mind that §; = >0, ;X we easily obtain
k
Sl XY S < P 3D Y [
=1 j=1 i=1
In conclusion
X (lyl*) Z¢z 02 < C lz|* |yl

where

ii 1], Yi >)2.

dl=1 i=1
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Another technical lemma which we shall need gives the following for-
mulas valid on groups of Heisenberg type.

Lemma 2.4.4. Let G be a group of Heisenberg type. The following formu-
las hold

Ly = & (o) (257)
XA = faf? Iy (2.58)
< X(lalo)P). X (ly(o)P) > = 0, (2.59)

where |z|? =23 4+ -+ 22, [yP=vyi+... ¥l

Proof. Recalling (Z53) one sees
k k

[0) = 3D Valen X2 = 3 (< T, X >

i=1 i=1
This implies in view of (21), (2)

m k
L(9) = 32 010) = 33 D (< S, X1 )2

Il
N =
Ingls
<
—~
~
I
—
T
8

[\v]

From (E58) one has -
(0 Z <6, X)), Y >< 6,V > = < &, (61, X)] > (2.60)
Using (B4) we Zobltain from the latter equality
X(ly*) Z¢l = i(< J(&)é1, X1 >)* = |J(&)al* = |z* y*
=1

Finally, (IZE.'Z), ()7 (20) and (24) imply

<X(j2), X () > = 2 ) <&, X >< &, 6, X >
=1

= 2 <J(&)6, &> = 0.
This completes the proof. O

Next, we consider the function

f9) = (€ + la(@))? + 16ly(g9))"", ecRr.
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Lemma 2.4.5. Let G be a group of Heisenberg type, then for g € G one

has
2
X~ 0P
| X fe(9)] 7.(9)2
Q-1 9 me>
Lfe = — |Xfe + .
Jelol = gy I+ g
Proof. For ease of notation we let f = f.. Setting p = f* one easily finds
2 _ 1 2
1 K 9
Lf = i Lp —4f4|Xp| . (2.62)
Since

Xp = 2(® + |2) X (|2) + 16X (lyl),
using Lemmas 472 and P23 we obtain
[ Xp|* = 4(e® + |22 X (|2 + 16%]X(|jy*)[? (2.63)
+ 64(e® + [2f*) < X(|2*), X (jy[*) >
= 16(e + [2[*)?|z[* + 16°||*|y[*
= 16Jz* [(¢* + [2[*)* + 16]y|*] = 16]a|*f".

Substitution in (E&1) gives the first part of the lemma. We compute next
Lp. Applying Lemma 224 again one finds

Lp = L((E+[2f?) + 16L(1y2) = L((+]al?)?) + Sklo
On the other hand, Lemma 242 gives
L((+1]a1?)?) = 2AX (2P + 2(e* + o) L(|2f)
= 4(m +2)|z|> + 4mée>.
Recalling that the homogeneous dimension of G is Q = m+ 2k, we conclude
Lp = 4Q+2)|z]* + 4me’, (2.64)

Finally, replacing (Z63) and (Z64) in (Z62) we obtain the second part of
the lemma. O

We can now give the proof of Theorem P21
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Proof of Theorem 2ZZ1. With f = f. as above and € > 0, we consider
the function w = h(f), where h € C%(R), and look for conditions on h for
which w satisfies the Yamabe type equation

Q+2

Lu = —u@-2. (2.65)
Using Lemma P23 we find
Lw = N'(HIXF* + W (LS (2.66)
= wplE L (9 me?
= WS+ KD | = X+
= [y + S Awn| e+ 22w,

Formula (ZB0) suggests that we choose h such that
-1
R'(t) + QTh/(t) =0,

for each ¢t € R. The choice h(t) = \Mt2~@ X\ € R, accomplishes this. Having
taken w = A\f2~% we try to satisfy (ZBH) for some value of \. In view of
(ZB8) this amounts to satisfy the equation

me o A@/@)
) = - e

which reduces to
A= (m(Q—2)e2) @7V

This completes the proof. O
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Chapter 3

Symmetries of solutions on groups of
Iwasawa type

3.1 Intoduction

In this chapter we shall consider groups of Iwasawa type. The goal is to
establish symmetry properties of entire solutions of the Yamabe equation

Q+2

Lu = —u@—2, u € 1071’2(6‘), u > 0. (3.1)

By Theorem B the above weak solution is actually a smooth bounded
function which is everywhere strictly positive, v > 0 and u € C* (Q).
The symmetries we are concerned with are obtained by specializing those
defined in Definition 5.

Definition 3.1.1. Let G be a Carnot group of step two with Lie algebra
g = V1 ®V,. We say that a function U : G — R has partial symmetry (with
respect to a point g, € G) if there exists a function u : [0,00) x V5 — R
such that for every g = exp(z(g) + y(g)) € G one has

79, U(g) = u(|z(9)|,y(9))- (3.2)

A function U is said to have cylindrical symmetry (with respect to g, € G)
if there exists ¢ : [0,00) x [0,00) = R for which

7, Ulg) = o(lz(9)|; ly(9)]), (3.3)
for every g € G.

In [M0R] the cylindrically symmetric functions were called biradial.

The main results of the chapter are Theorem B=5 and Theorem B=3
showing, respectively, that any entire solution with partial symmetry is
cylindrically symmetric and the classifing all entire solutions with cylindri-
cal symmetries.

63
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The proof of the first result is an adaption of the method of moving
hyper-planes due to Alexandrov [2] and Serrin [I51]. The moving plane
technique was developed further in the two celebrated papers [[78], [79] by
Gidas, Ni and Nirenberg to obtain symmetry for semi-linear equations with
critical growth in R™ or in a ball. In our proof we incorporate some impor-
tant simplification of the proof in [79] due to Chen and Li [d2]. We mention
that a crucial role is played by Theorem 2271 and also by the inversion and
the related Kelvin transform introduced by Kordnyi for the Heisenberg
group [[14], and subsequently generalized to groups of Heisenberg type in
[b1], [29].

The proof of the second main result has been strongly influenced by the
approach of Jerison and Lee for the Heisenberg group, see Theorem 7.8 in
[I02]. After a change in the dependent variable, which relates the Yamabe
equation to a new non-linear pde in a quadrant of the Poincaré half-plane,
one is led to prove that the only positive solutions of the latter are quadratic
polynomials of a certain type. Besides Jerison and Lee’s paper, the proof
has some features of the method of the so-called P-functions introduced
by Weinberger in [16Y]. Given a solution u of a certain partial differential
equation (pde), such method is based on the construction of a suitable non-
linear function of v and grad u, a P-function, which is itself solution (or sub-
solution) to a related pde, and therefore satisfies a maximum principle. The
results in this chapter were proven originally in [76]. In the Theorem 12
we shall find all entire solutions of the Yamabe equation, without assuming
a-priori any symmetry, in the case of the seven dimensional quaternionic
Heisenberg group.

3.2 The Hopf Lemma

First we recall the strong maximum principles of Bony [[9] that will be
used. We specialize its statement to the context of Carnot groups, but
Theorem B=2T holds in general for Hormander type operators.

Theorem 3.2.1. Let Q be a connected open set in a Carnot group G.
Assume that ¢ < 0 in Q and that ¢ € C(Q). If u € C?() satisfies

Ly + Yu +cu <0 i £,

then u cannot achieve a mon-positive infimum at an interior point, unless
u = const in ). Here, Y denotes a smooth vector field on section of G.
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The following result constitutes a generalization of the Hopf boundary point
lemma, see section 3.2 in [RO0]. A version for the Heisenberg group first
appeared in [Z6].

Theorem 3.2.2. In a group of Heisenberg type G let Q C G be a connected
open set possessing an interior gauge ball B(g1, R) tangent at g, € 00 (by
this we mean that B(g1, R) C Q and that moreover g, € 02N IB(¢g1, R)).
Let u € C?(Q2) be a non-negative solution of

Lu+cu <0, (3.4)
which is continuous at g,, and such that

u(go) =0, (35)

u(g) > 0, g € B(g1,R)N Q. (3.6)

Assume in addition that ¢ € L>°(Q). Let n be any exterior direction at g,
such that ‘g—:;(go) exists, then one has

ou

877(90) < 0. (3.7)

Proof. We consider 9(g) = |z(g)|? and introduce the function ¢ = e~*¥u.
A computation based on Lemma P42 gives

Lu=L>eY)(+e™ LE+2ae™ < Xih, X >.
Using (B3) we obtain from the latter equation

(40*) + 2ma +¢) ¢+ LE+2a < Xop, X¢ >
e~V (Lu+cu) < 0.

This inequality and (B@) imply in B(g,, R) N2
LC+2a < X, X(> < —[2ma+ ] C.
At this point we choose o > 0 such that

||C||L°°(Q)
2m

to conclude
LCH2a < XY, X(>< 0 in B(go, R) N (3.8)

We next use the hypothesis that {2 possesses an interior gauge ball B(g;, R)
tangent at g, € 9). By left-translation we assume without restriction that
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g1 = e, where e is the identity in G. Recalling (212), which we now rewrite
as N(g) = (¥(g)? + 16]y(g)|?)"/*, we introduce the auxiliary function
h(g) = e—MNz(g) _ e—MR2

on thering A = A(R,7) = B(e, R)\B(e,r), where 0 < r < R has been fixed.
The constant M > 0 will be chosen shortly. An elementary computation,
using the fact that L(N2~?)(g) = 0 for every g # e, see (ZI3), gives

Q

L(N?)(g) = W [ X(N?)(9)l, for g +#e. (3.9)
Formula (Bd) allows to find
Lh+2a < X, Xh > (3.10)
= M e MN (0 — 2%) IX(N?)]? - 20 < X9p, X(N?) >

Using Theorem 224 we find
1
<X, X(N?) > = 5 N72 20X¢[°+ < X¢, X (jyl*) >]
= 4N"2 > =4N? | XN|*, (3.11)
since in a group of Heisenberg type one has | X N|> = N~%), which follows
easily from Lemmas E272 and EZ4. The identity (B) allows to conclude
that choosing M > 0 sufficiently large in (BI) one obtains

Lh+2a < Xtp,Xh>> 0 in A (3.12)

The continuity of v in € and the compactness of B (e, r) implies the exis-
tence of € > 0 such that the function ( —eh > 0 on B(e, r). This inequality
continues to hold on dB(e, R) since h = 0 on that set. By (8R), (B12) and
Theorem B=Z1 we conclude ¢ — eh > 0 in A. Since u,( and h vanish in g,
we conclude
Ju
on 5*(90),
Ul n
where 1 is any direction such that < n,N > (g,) > 0, with N being
the exterior unit normal to 0B(e, R). At this point the conclusion follows
by observing that the function N(g) is homogeneous of degree one and
therefore denoting by Z the infinitesimal generator of group dilations we
have ZN(g) = N(g) for every g # e. This identity implies in particular
that the Riemannian gradient of N(g), VN, never vanishes in G \ {e}.
Since dB(e, R) is a level set of N and VN is directed outward, we infer
%;L(go) = —2MRe MF* %—]X(go) < 0.
This completes the proof of the theorem. O

(g0) = €*¥(90) %(go) < e oo
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Corollary 3.2.3. Let u € C?(Q) be a non-negative solution of (B4) in
Q C G, where G is a group of Heisenberg type, then u cannot become equal
to zero at an interior point without being identically zero in €.

Proof. The proof follows the lines of its elliptic counterpart, see [[S0],
Theorem 3.5]. Assume by contradiction that u vanishes at a point inside

Q without being identically zero. Define QF =4 {9 € Q| u(g) > 0},
which is non-empty according to the assumption, and satisfies QT C Q,
MNTNQ # @. Let g, € QF be closer to QT than to 99, with respect
to the gauge distance. Consider the largest gauge ball B C QT having g,
as its center. Then u(g) = 0 for some point g € 9B, while v > 0 in
B. By left-translation we can assume that g = e, the group identity. Since
g is a point of an interior minimum on 2, the Riemannian gradient at g
must vanish. This is a contradiction with Theorem B=22, by considering for
example the derivative along the generator Z of the group dilations. O

We end this section with a simple geometric result which is used in the
application of the method of moving hyper-planes, see Lemma 2.2 in [a1].

Proposition 3.2.4. If a connected compact surface in R* has the property
that for every direction & € R* there exists a hyper-plane Il¢ perpendicular
to &, such that S is symmetric with respect to Il¢, then S is a Euclidean
sphere.

Proof. In the proof distance refers to the Euclidean distance in R* . Let
Az, As € S be two points at a distance equal to the (Euclidean) diameter of
S. Let O be the middle point of the segment A; A and 7 be the hyperplane
through O that is at an equal distance from the points A; and A,. We note
that 7 is the plane of symmetry in the direction perpendicular to A; As. If
not, by considering also the reflexions of A; and A, with respect to m, we
can obtain points on S at a distance greater than the diameter of .S, which
is a contradiction. Next, we consider an arbitrary plane of symmetry, 7/,
and show that it passes through the point O as well. Let a; and ay be the
hyperplanes, correspondingly through A; and As, which are parallel to 7.
From the choice of A7 and As, the surface S lies between a; and asg. If we
suppose O € m N 7', then at least one of the reflexion points of A; and A,
with respect to 7’ will not belong to the slab between a; and as. This is a
contradiction, since S is invariant under reflexions with respect to n’.Thus,
S coincides with the sphere through A; and As, and center O. The proof
is finished. O
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3.3 The partially symmetric solutions have cylindrical
symmetry

In this section we use the method of moving hyper-planes to prove the
following Theorem.

Theorem 3.3.1. Let G be an Iwasawa group. Suppose U # 0 is an entire
solution of the Yamabe equation (@3). If U has partial symmetry, then U
has cylindrical symmetry.

We will use the letters a, o to index coordinates in the first layer,
and f3, 8 for indexing the coordinates in the center, so that we have 1 <
a, o <mand1<g, B <k. Unless explicitly said otherwise, we shall use
the same letter for a function f defined on G and for the corresponding
function foexp defined on g ~ R™ x R¥. In the next proposition we express
the sub-Laplacian in the exponential coordinates, see also [b4].

Proposition 3.3.2. For every 8 =1,...,k, let T denote the vector field

m

0
Ty = Z Tor < [Xars Xa), Y > T
a,a’=1
Using the exponential coordinates we have the following formula for the

sub-Laplacian of a function u: G — R

k
ou 1
Lu(g) = Dgulg) + ) TB@(Q) + 712 (@)1* Ayulg)- (3.13)
p=1
In (@I3) we have respectively denoted with A, and A, the standard Lapla-
cian in R™ and R”.

Proof. To avoid confusion, in the course of the proof we will keep the
distinct notation v(z,y) for the function u o exp on the Lie algebra.
Here, we note explicitly that ¢ = exp(£(g9)) = exp(&i(g) + &(g9)) =
exp (Ym_ zal(g)Xa + 22:1 yp(9)Ys). By the Baker-Campbell-Hausdorff
formula we have for every a = 1,...,m
ou t v t

Xa = — tXo + =€, Xa —0= — tXo + =€, Xal]) =

ulg) = 5, (exp(€ + tXa + 5§, Xa])) le=0= 5, (€ + tXa + 51€, Xa]) lt=0

1 v 1

ov 1 Ov
- . a 7} ) 14
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where we have used the orthonormality of the involved vectors and the
stratification of g. We also note that
< [f,Xa],Yg > =< [fl,Xa],Yﬂ >
We thus obtain from (BI4)
ov

31}
Xou= JXol, Y > —. 1
U=+ Z €1, Xa], Y5 > o5 (3.15)

Notice that [X,, X,] = 0 gives
o) 9]
7 XY > =5 L un < [Xa,Xal, Vs> =0. 1
oy < 60 Ka Yo = D g < X X Yoz =0 (310

Obviously, we have also

By < [&1,X4], Y5 > =0. (3.17)
/[—3/
Applying (B:EH) twice and using (B18) and (BTA) we find
0
X2u — ], Y >
( + Z 51’ B 8y5/ )
ov ov
“v X1 Vs> =
(&Ea + ~ < [517 05]7 B> ayﬂ)
0% 0%
— et %: <[61Xal.Ys > 5o

0%v
+ = Z 517 Y,@ >< [517 ]7Yﬁ' >

4~ Fypdys
Summing in a we obtain
1 0*v
Lu=A u+ZTﬂ + <[, Xa), Y5 >< €1, X4, Yo > .
.54 Oyp0ys

Now we use (IZH) and orthonormality to further reduce the last term in the
right hand-side of the latter expression

0%v
Y <6, Xal, Y5 > < [€1,Xa]. Yo > o —

a,B,8' 5’9639,8'
= > O <IWp)ér, Xa > < J(Vp)61, Xa >) O
88« 0ypys
0%v
= N <UL T(Yp)Er >
8,8’ Qypypr
62
= D <VaYp > Py = e Ay

This completes the proof. O
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The next two results are direct consequences of Proposition B=32.

Proposition 3.3.3. Suppose that U has the form U(g) = u(|z(g)|,y(g))-
For every $ =1,....k one has Tgu = 0 and therefore (B13) gives

T 2
£U(g) = Doulg) + EOL A () (3.18)

In particular, the vector fields Tg, B = 1,...,k, are tangential to domains
with cylindrical symmetry.

Proof. One has
0

Tou = Zxa/ (X, Xal, Y > aT)u
Lo Loy ou ou
=y < (V)Xo Xa > 5o = J(Vp)er, &> == =0,

a,af

where the last equality is justified by (24). The proof is completed. O

Proposition 3.3.4. Suppose that U has the form U(g) = u(|xz(g)],y(g)).
One has the following formula for the horizontal gradient of U

XU = Vulo)? + P09, u(g). (3.19)

Proof. Taking the squares and summing in « equation (BIH) we obtain
| Xul? = |Voul® + Z Z< (€1, Xa], Y5 > @ +Z s Ou
4 ’ 9ys s

Since u has partial symmetry Tgu = 0 and the last term in the above
equality is zero. The second term is computed by using the orthogonality
of the map J and the orthonormality of the vector fields X, and Yj,

ZZ<&7 Yﬁ>—“ =3 <la e z Sy >

Z<JZ PV Ko > = I SV
B

= |z(g)l? IZ Yal2 |2(g) |V yul*.

The proof is complete. O
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Remark 3.3.5. Proposition BZ33 underlines the important connection be-
tween the sub-Laplacian on a group of Heisenberg type and the Baouendi-
Grushin operator

2
b EOP

acting on functions which possess partial symmetry.

After the above preliminaries our next goal is to prove Theorem BZ3l.
Before starting the proof however we introduce the relevant notation and
develop some preparatory results. In the remainder of this section we will
always identify a point g = exp(§1 + &2) € G with its exponential coordi-
nates (z,y) = (2(g), (y(9)) € R™ x R, whete @ = 2(g) = (21(9), - 2 (9))
and y = y(g9) = (y1(9), .-, yx(g)) are defined by (£29) and (250). For any
A € R we consider the characteristic half-spaces in G

Ex={9=(z,y) €G| y1 <A}, A <0, (3.20)
and
Ex={9=(z,9) € G| y1 > A}, A > 0. (3.21)

We denote by T\ the characteristic hyper-planes 90Xy = {g = (z,y) € G |
y1 = A}. For any g € Xy we let g* be the symmetric point with respect to
the hyperplane Ty, i.e., g* = (2(g), 2XA —v1(9), ¥2(9), ..., yx(g)). Finally,
we let gn = (0,2\, 0,..., 0) € ¥y be the reflexion of (0, 0) € R™ x R¥
with respect to T).

Next, we assume that « # 0 is an entire solution to the problem (B).
From Theorem I69 we know that u € L>®(G) U C*®(G). From the strong
maximum principle, Theorem B, we have also u > 0 on G. Consider
in G* the Kelvin transform of u, v(g) = N(g)?>~Qu(c(g)), as in Definition
332. Clearly,

lim  N(9)?7% v(g) = ule) > 0. (3.22)

N(g)—oo

Setting v*(g) = v(g?), we define

5 (g) = vMg) —v(g) der walg)

Ke(g) Ke(g)’

where K(g) is the function in Theorem P21, We observe that wy =0 on
Ty. It is clear that v* is singular in g = g\ € ¥ and that v is singular in
g = e. However, thanks to Theorem 2233, Lemma 238 and Theorem 2=374
we can remove the singularities so that v* and v become entire solutions

g€y, (3.23)
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to (Bd). This guarantees that wy is now globally defined on G. We note
that for every fixed A one has

li ox(g) = 0. 3.24
vl wx(g) (3.24)

To prove (BZ) we first observe that
N(g")*79 = N(9)>~? = N(9)*"? Q(9), (3.25)
where Q2 (g)| — 0 as N(g) — co. From (B223) one easily infers that

lim  N(9)972 v*(g) = u(e) > 0. (3.26)

N(g)—oo

‘We now write

v™Mg) = v(9)=N(g")*"? [u(o(g™)) — ulo(9))] + [N(g")* 9 = N(9)* ] u(o(g)).
(3.27)

Using (BZ4) in (B=27) we obtain (8=24).
To apply the method of moving hyper-planes we establish next a result
analogous to Lemma 2.1 in [@7].

Lemma 3.3.6.
(i) If iEnf wy < 0, then the infimum is achieved.
A
(i) There exists R, > 0 independent of A such that, if g, € Xy is a
point at which a strictly negative iznf wy is attained, then N(g,) <
A

R,. Furthermore, for all |\| > R3 we have wy > 0 on X,.

Proof. The proof of (i) is easy. Suppose that for a certain A one has

inf wy, =my < 0.
P35
Consider the set Ay = {g € &) | wa(g) < my/2}. Equation (B24) and
wy = 0 on Ty imply that A, is a compact set. By the continuity of w, on
G we conclude the validity of (i).
To prove (ii) we begin by observing that thanks to Proposition B33 we
have

Lo (g) = Lo(gh). (3.28)
Using (B28) and the mean value theorem we find in Xy

Lwy(g) = Lu(g*) = Lo(g) = v* " Hg)—v* (") = —calg) walg), (3.29)
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where

ea(g) = (2% = 1) ¥} (g), (3.30)

with 15 (g) a real number between v(¢g*) and v(g). The equation satisfied
by wy can be obtained from (B29) and from wy = K wj,

2 LK,
Loy + 7= < XK, Xwy > +(ex + e Jwx = 0. (3.31)

From (BZX4) we infer the existence of C\, > 0 such that
Co
o(g) € — 2
9= T g

We now show that there exist € = ¢(C,) > 0 and R, = R,(C,) > 0 such
that

geG. (3.32)

“(9) <0, (3.33)

for N(g) > R, whenever wy(g) < 0. For A such that

de _
O Y fgeny| walg) < 0} # @

consider (B33) on Q. If g € O, we have v(g") < v(g) and thus (B32)
gives
C,
A < 2 34
v(g?) < vl(g) < N(g)Z (3.34)

Since vy is between v(g) and v(g*) we conclude from (B30) and (B34) that
(2F —1)02" 2 Cy

ex(g) < N(g)@ DD = N (3.35)
Thanks to Theorem 221 we have
LK(g) 2% 2 m(Q — 2)e®
=K, = — . 3.36
R(9) 9 CEFm BT R
From (BZ33) and (B38) we see that
LK, C — 2)e?
Ck(g) + (g) < 1 m(Q )6

Ke(g) — N(g)* (e +[z(9)*)? + 16ly(g)|?
_ CiN(g)* + Ci(e" +2¢%|z(g)*) — m(Q — 2)e’N(g)*
N(9)*((2 + |z(9)[*)? + 16]y(g)?)
< (1 =m(Q —2)e)N(g)* +2C1€2N(g)* + Cie?
- N(g)*((e2 + |z(9)12)? + 16]y(9)[?)
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If we choose €2 = m(Q(Siz) in the latter inequality, the coefficient of N(g)*

is negative, and it is then clear that we can fulfill (8333) for N(g) > R, for
some R, = R,(C7) > 0. From Theorem B we conclude that w) cannot
achieve a negative infimum for N(g) > R, in Q). This proves the first part
of (ii). At this point we observe that

N(g) > VI, for every g € X,.

It is therefore clear from the above argument that if we take |\| > R2, then
w)y cannot achieve a negative infimum in ¥,. This completes the proof of
Lemma BZ38. O

We are now ready to present the proof of Theorem BZ3I.

Proof of Theorem B3, Let u(z,y) = Tgo U(z(9),y(9)) = u(lz(g)|,
y(g)) and v be the Kelvin transform of u. Since £ is a translation invariant
operator, u is an entire solution to (B). For ease of notation we are using
the same letter to denote functions on G, which have partial symmetry with
respect to the identity element of G, and the corresponding symmetric part
defined on [0,00) x R* see Definition BT0. As already mentioned in the
paragraph after (B=23), v is also an entire solution on G. Furthermore,
from (E233) it is easy to see that the Kelvin transform of a function that
has partial symmetry with respect to the identity element of G is a function
with partial symmetry with respect to the identity element as well. The
first step of the proof is to show that v has cylindrical symmetry.

Let A\, = sup{A < 0| wy, > 0in X)}. Clearly A, < 0. Assume first
that A\, < 0. We want to show that wy, = 0. Suppose the contrary holds.
Since

,C’U))\U +cy, wa, =0 in E,\O, (3.37)

with ¢y, bounded and wy, > 0, Theorem B3 implies that either wy, >
0, or wy, = 0. Since we are assuming wy, # 0, we conclude wy, > 0.
This implies wy, > 0 in ¥,,. The maximality of A\, allows to find a
sequence Ax \( A, and points g € X, such that

W, (gk) < 0. (3.38)

Without restriction we can suppose Wy, (gr) = %nf Wy, , since by (i) of
Ak
Lemma B=3@ the infimum is achieved when it is strictly negative. We thus

have
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A, (g8) = 0. (3.39)

In the proof of Lemma B30 we saw that the sequence {gi} is uniformly
bounded, in fact N(gx) < R,. Possibly passing to a subsequence, we can
thus assume that gy — g, € £,,. By continuity from (8238) and (B=39) we
have wy,(go,) < 0 and dwy,(9,) = 0. Since wy, > 01in X, it must
be g, € T»,. Finally, wy, > 0 and dw,h(go) = 0 contradict Theorem
B by considering the derivative along any direction non-tangential to
the boundary. This shows that when A\, < 0 we have wy, = 0, i.e., v is
symmetric with respect to the hyperplane T}, .

If A, = 0 we can repeat the above reasoning starting from A\ = +oo
and then either stop at some Ay > 0, or at \; = 0. In the former case
we can finish as above. In the latter we combine the conclusions of the two
cases to see that v(g) > wv(g") and v(g) < wv(g?), i.e., v(g) = v(g*)
for any g and g symmetric with respect to the hyperplane y; = 0. In
either case, we conclude that v is symmetric with respect to T for some
A. We note also that the restriction of v to lines perpendicular to T) is a
monotonically decreasing function of the Euclidean distance to T. In order
to see this, suppose A\, < 0sothat T, = T),. Consider an arbitrary line
[ perpendicular to Ty, and let Py, P, € ¥y, NI, with P, between P, and
the intersection of T, and /. By considering the plane 15 with respect to
which P; and P» are symmetric, using also the definition of \,, we see that
v(Py) < v(P;). Arguing similarly in the case of A, > 0 we see that v
has the described monotonicity, when restricted to any line perpendicular
to TA{,-

From Proposition B233, £ is an operator invariant with respect to rota-
tions in the center, when restricted to partially symmetric functions. Since
v has partial symmetry, v is invariant under such rotations. The previous
arguments show that for every direction in the center, R¥, there exists a hy-
perplane T' = Ty, NR* perpendicular to it, such that for every r > 0, v(r, )
is symmetric with respect to T. We note explicitly that 7" is independent of
r. In addition, v has the above monotonicity on lines perpendicular to 7.
Since v is a continuous function and v(g) — 0 when N(g) — oo, every level
set is compact. Therefore, using also the monotonicity of v, for every r > 0
and every regular value a, the level set v(r,-) = a is a connected closed
hypersurface of R¥, when it is non-empty. Furthermore, from the symme-
try of v, every level set of the function v(r,-) defined on R¥, is symmetric
with respect to the hyperplane T. In view of Proposition B24 we infer that
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every level set is a sphere. Spheres corresponding to different regular values
a are concentric, for otherwise we can argue as follows. Let O; # Oy be
the centers of two such non-concentric spheres. Let us consider the plane
of symmetry, which is perpendicular to the direction of O102. Using again
the monotonicity of v, we have on one hand that it should pass through O1,
while on the other it should pass through O, which is impossible. Finally,

for any b > 0 consider the level set Ay def {v > b}. Clearly A, = UbAa
a>

and from Sard’s theorem there exists a sequence {ay} of regular values such
that ar \, b. Since the level sets corresponding to regular values are Eu-
clidean balls in R¥, their union is a ball as well. This shows that v(r,-) is
a radial function of its argument, after choosing suitably the origin of R¥.
Since the planes of symmetry are independent of r, the above choice of the
origin of R¥ is independent of r as well. In other words v is a cylindrical
function.

The final step is to reverse the roles of u and v, using the properties
of the Kelvin transform. In the beginning of the proof we noted that v is
an entire solution that has partial symmetry with respect to the identity
element. Since the Kelvin transform is an involution, from the first step of
the proof we see that u has cylindrical symmetry, i.e., there exists an h, € G
(in fact h, belongs to the center of G) such that 7, u = ¢(|z(9)|, |y(9)])-
Therefore,

ThogoU = Th,Tg,U = ¢(|2(9)|, [y(9)|)

and the proof of Theorem BZXT is complete. O

3.4 Determination of the cylindrically symmetric solutions
of the Yamabe equation

In this section we establish the uniqueness, modulo group translations and
dilations, of the positive solutions with cylindrical symmetry to the Yamabe
equation (B) Our main objective is the following Theorem.

Theorem 3.4.1. Let U # 0 be an entire solution to (@A) in a group of
Twasawa type G and suppose that U has cylindrical symmetry. There exists
€ > 0 such that up to a left-translation (T28) one has

m(Q — 2)e? ) o
(€ + |z(9)*)* + 16]y(g)[?

vt = (
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We begin with some preliminary reductions. The first observation is that
if we let v = Au, then by choosing

—-(Q—-2)/2
A:(Q;2> , (3.40)

we are reduced to consider the equation

£ = (222 p@rar@, (3.41)

Next, we introduce the function ® = v=4/(@=2) = h(v). Since
LD = 1" (v)| Xv|? + 1 (v)Lv,
we easily find that ® must satisfy the equation
XP|? -2
Q-2 IXoP @-2
4 o 4
At this point we assume that u, and therefore ®, have cylindrical symmetry

with respect to the identity, i.e., there exists a function ¢ : [0, 00) x [0, 00) —
R* such that we can write with g = exp(&;1 + &) € G

co=(9"2 1 (3.42)

O(g) = o(I&1l, [€2])- (3.43)
By Proposition B33 we see that the equation (B22) now becomes
|§ 2 Q-2 (ST Q-2
Ay o+ =1 Dgy 0= (F—+1) — <|V51¢|2 T Ved) + .
(3.44)
Passing to the spherical coordinates r = |£1|, s = |£2|, we obtain from (BZ4)
m—1 k-1
d)rr + T (b + ((bss T (bs) (345)
Q-2 1 2 2 Q-2
We now let
2
y= x=s, (3.46)
obtaining from (BZH)
m k—1
d)xx + d)yy + @ ¢y + T ¢s (3'47)

_ Q=2 $itdy Q-21
= (5 +1b " Y + Ty
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Defining the integers

a=k—1 > 0, b=— >1 n=a+b >1, (3.48)

and recalling that Q@ = m+ 2k, we finally re-write equation (BZ4) as follows
n+2 |[Vé]*> a b

— = — Py — — —, 3.49

2 o Tz Ty Wy (3.49)

in Q = {(z,y) € R? | z > 0,y > 0}. We remark explicitly at this point

that, without loss of generality, we can assume that k& > 2, and therefore

a > 1. In fact, the case k = 1 corresponds to the Heisenberg group H", and

it has already been treated by Jerison and Lee in [102]. We now introduce
the quantities

A¢ = -

F=f-f, G=g+yg, (3.50)
where
_ Y
[=2<V,Voy > =20 ¢y, "=z ol (3.51)
_ . _ Vo|?
g =2V, Vdy > +20 dyy, 9" =(¢y —9) 5 (3.52)
and 6 € R will be suitably chosen subsequently. We notice that
fy +g,=0
and therefore there exists a function P = P(x,y) such that
This gives in particular
AP = fi — gy. (3.53)
An easy calculation shows that
P =|Vo|* - 26 ¢,. (3.54)

We obtain from (B254)

AP =2||V2|]> + 2 < V$, V(Ag) > —20 (Ad),, (3.55)
where we have denoted with V2¢ the Hessian matrix of ¢. We now use
(B29) to compute AP. First, we see that
[Vo|* <V2$(V9), Vo >

2
2 2b ’ 2 2b ’ (3:56)
a a n
— = <V Ve >~ <V, Vo, > + 500 + 50, — 56y
T Y €T Y Y

2< Ve, V(AP) >=—(n+2) +2(n+2)
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We also find
n+2 ¢,|Vol? <Vo, Vo, >
(A¢)y =-— J¢2 | +(n+2)Ty
(3.57)
a b b n
BEASREACART AT
At this point we introduce the function
h=r ¢~ ), (3.58)

where v = y(x,y) is a strictly positive function on §2 which will be deter-
mined subsequently. With F' and G as in (8230) we consider the differential
expression

(hF)y — (hG)y =h(fe — )
=h[AP = (f3 +g,) +

w+gy) +hoF —hyG
——(¢yG — ¢ )] (3.59)

hf:
+
5
(9 F = 7,G).

+ gt

A computation gives

. Vo2 Vet < V2p(Ve), Ve >

fﬂc+9y—A¢|¢|¢2| Lo (¢)
2

6¢y|¢v2¢| 72§<V¢,¢V¢y>,

(3.60)

4
¢,G — ¢, F = |V(Z’| —2< V*(Ve),Vo > +25 < V¢, Vo, >
5¢y|V¢>\2_

5 (3.61)

Using (BB0) and (BEI) we obtain from (E35d)

VoP | Vol

¢2

< Vo, Vo, >
Y

+¢ (1, F —,G). (3.62)

(hF)y — (hG), = h |AP — A2 4 (n+2)

<V?¢(V¢), Vo >
0]

—d(n+2)

— 2(n+2) +26(n +2)

bV
¢?
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At this point we substitute (B353), (850) and (8354) in (BH2) to obtain

(hE)e = (hG)y
< V2$(V¢), Vo >

2 2 2 2 |v¢‘4
—h{(zuv oI — (Ag) )+(A¢> ~(n2) T2 a9 -
2 2b 2 2b
- <VAYVe> =T <VONVG, >t St 56— by
+2 Vo|? < Vo, Vo, >
_25<_ 77,2 ¢y‘¢2| +(7’L+2) (Z)d) Py
b b Vol|? Vol
_%¢zy_§¢yy+?¢y 2Z> A¢| (Zbl ( +2)|¢(§|
2
 Sn+2) L';@f" }+ 6~ (1 F = 3,G).  (3.63)

The expression in (8863) can be simplified as follows

|V¢|2>
¢

2 %
—ﬁ<v¢,v¢z>—§<v¢v¢y>+ ¢>2+ ¢>2 ;¢y

(hF), — (hG)y = h| (2 V%] — (A6)?) + Ad (A¢>—

26b

Next we evaluate the expression

Vo|? 2a 2b
| (f' } - <Vo¢, Vo, > _E <V¢, Vo, >
20a 20b

2a 2b n 20b on
+ ﬁqﬁ + y7¢§ 2 by + T%y + 7¢yy - ?% +
n(n+2) [V6l0  aln+1) .|V b(n+1) g, |VoP

A¢ [Aqb —

4 ®? x ¢ Yy ¢
n(n+1)|Ve|>  2ab (a —|— 2) 5 bb+2) ,
an bn+n+25b n(n + 49)
?y¢$ - y2 ¢y + 4y2
2a 2b 20a 20b

= <VVo > <Y,V > 4l + = by (3.65)
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We now calculate

Vol =1y G = 2|7, < VP,V >+, < Vo, Vo, >

Ve|?
¢

Vol

— 26 < V7,Vé, > — < Vy,Vé > 5

+ 6y (3.66)

The next step is to compute

n+2 Vo2\* _nn+2) [Vel' | 5. 2062 L, 2 6]
" (A(b ¢) = 4 ¢2 +a<1+ﬁ)ﬁ+b(l+g>?
nin+2) 1 a(n+2) bz |V | _b(n+2) by V|2
4y T ¢ Y ¢
n n(n+2) |Vo|? N 2ab(n +2) ¢u¢y  a(n+2) be — b(n +2) 4.
2y ¢ n Ty Ty y?
(3.67)
Subtracting (BH4) from (BHH) we find
Vo2l 2 20
Agz{Aqa | q‘f' } - ;“ <VHVou > == < V6, V0, >
2¢ 5 2b 5, n 20a 20b 20b on
+x2¢x+y2¢y_y2¢y+ . Py + Y Pyy 7 ¢y+y2
2\ 2
n+2 (A¢— Vel )
n ¢
_ gfbwlwﬁlz+§¢y|V¢|2_3|V¢|2 _@¢x¢>y+2ib¢i+2ib 2+@¢I
r ¢ y ¢ 2y ¢ n ry  na? ny? " xy
26 — 1 2 2b
LB 2 G e s 2 vV, >
2y x y

20a 26b b(1—-20)—a
+ T(Z%y + 7(153;3, + (yg)% (3.68)
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We now multiply equation (BBH) by v~! and add it to (BB8) obtaining

o 2 2b
E % A {A(b— Vel } < V¢, Vg > -5 < Vo, Vo, >
2a 2b n 25a 20b 26b on
2 2_72¢y+7x qf)xy—i-—y (byy—fyz ¢y+?

2\ 2
-l <A¢— lv(f ) +77 (F = 7,G)

_ a¢|Vg[? +§¢y|v¢|2 _n|Ve]* @%ﬁby 2ab 42 + L‘Lb &
Tz ¢ y ¢ 2y ¢ n xy nx?
2 20 —1 2 2b
+ = ¢$+M 2 L V$ V> - <V, Ve, >
xy 2y x Yy
20a 26b b(1—20) —a
+7 ¢ry y ¢yy+(y2) ¢y

+71{2[% < V¢, Vo, > +v, < Vo, Vo, >}

Vol |V¢2}
5 . (3.69

At this point we make a suitable choice of the function 7. We let
V(z,y) = 2y, (3.70)
with which the last term in (889) takes the form

—26 < Vv, Vo, >—-< V7, Ve >

7‘1{2[% < V¢,V >+, < V¢, Vo, >}

2 2
<V, Ve, > — < VA,V > Vj' + 2 |Vj' }

2a 2b 26a 26b
—; <V(25 V¢w +§ <V¢7v¢y>_7 ¢a:u_7¢yy

o GIVOR b 6, VeP | 8 [VoP

3.71
r ¢ y ¢ y ¢ (371
A substitution of (BZ) in (BHY) gives
26b—n |[Vé]?  2ab 2ab 2a
B T B a2 e e
2y ¢
dab ¢zp, (20 —1)n (1 —20)—a
n o xy - 2y? - y? P
We finally choose § in (BZ12) as follows
§=" (3.73)

2b°
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With this choice we obtain from (BZ72)

2ab 2ab 4ab ¢T¢ an
E— 2 2 PPy Y —
nw? Oot Lz O Ty ¢ ¢y + 2by?
2ab b ¢y n \2
=0 (2 (B )L 34
n < x ( Y 2by)> (3.74)

Summarizing, we have proved the following identity.

Theorem 3.4.2. Let ¢ be a positive solution to the equation (BZ3) in
Q={(z,y) €eR? |z >0,y > 0}. With h=z%¢~ "D and F and G as
in (@3D), the following identity holds

2ab [(bp b n \?
S (E-Gea)

Before proceeding we note explicitly that thanks to Schwarz’ inequality
the term within square brackets in the right-hand side of the above identity
is non-negative, thus the right-hand side is the sum of three non-negative

terms. Our next step is to use the Kelvin transform to obtain the exact
asymptotic behavior of the function ¢.

Lemma 3.4.3. Let u #Z 0 be an entire solution to (B3) in a group of
Twasawa type G. One has v > 0 in G and u € C®°(G). Suppose in
addition that u is cylindrically symmetric, let ® = u=*(@=2) and denote
by ¢ the symmetric part of ® as in (§Z3). One has for some constant
C =C(G) > 0 and large enough z = (z,y) € Q

CTUP <o(2) SCLI%, [Vo(2)| SClel,  [VP(2)| < C. (3.75)

Proof. The proof is a simple consequence of the properties of the Kelvin
transform in a group of Iwasawa type. Let u* be the Kelvin transform of
u. An easy computation, using (Z12) and (828), gives N(g9) = 2|z|'/2.
From (BZM) and (2233) we find also
1/2

y
3.76
ER (3.76)

Iml = n2| =

x
16]z]2"
Notice that when z — oo we have |n1], |n2] — 0. Since the Kelvin transform
is an involution, an argument very similar to that in the end of the proof
of Theorem BZX gives the asymptotic for v in (BZZ3). In fact, we see that
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both u and u* are entire solutions to (B) and they have the decay (B=22).
Using (B2H) again we obtain (B273) for both w and w*. The bounds for the
derivatives follow from the homogeneity of the arguments of

1/2
— 2.x(Y " T 77
4
where ¢* = (u*) 2% and from differentiation. 0O

We turn to the proof of Theorem BZ.

Proof. We recall that we are assuming dimV, = k > 2, so that a > 1,
and therefore h = 0 on 992. We consider the functions ® and ¢ as in
Theorem B2 and Lemma BZ=3. For every R > 0 set Qr = QN B(0, R),
I'r = QNOB(0, R). Integrating the left-hand side of the identity in Theorem
B2 we find

1
/ [(hF)y — (hG)y] dzdy = — h [zF — yG] ds. (3.78)
QR R FR
We now use (B10), (B5Rd), (B352) and Lemma BZ3 to infer
1
= h[zF—yGlds] < CR™ =0 as R—oo. (3.79)
R Jr,

Combining (BZ78) with (B=r9) and with Theorem B2, we finally obtain

{2 iver - @or| + 222 (20 'ij')

2
+ %lb <%(%n)> }dxdyO.

The latter equation implies

Vol|? ©

|7¢|:0, QLZ@,L_ (3.80)
¢ x oy 2y

From the first two equations in (8=0) and from Lemma BZ3 we conclude

in a classical fashion (see, e.g., [I69] or also [I02]) that ¢ must be of the
type

2 [[V20l* = (A¢)*, A¢—

bz, y) = A (2* 4+ y?) 4+ 240z + 2BBy + o + 32 (3.81)
for some numbers A, B, o and 3, with A2 = B2. On the other hand, the
third equation in (B=30) implies that must be

a=0 and B =

n

4bB’
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Recalling that = = |&|, y = |£1]%/4 one easily concludes from the above
that

A? b
slallel) = T |G + 162 +166P (3:52)

for some A # 0. Using (BZR) we can rewrite (B82) as follows

Bl leah) = 22 [+ [61*)? + 16162 (3.89)

where €2 = %. Finally, keeping in mind that ¢ = v=%/(@=2) and that

u = (1/A)v, with A given by (820), we obtain

u(g) = Ce (€2 + |x(g)1)? + 16]y(g)[*)~ @2/,

with C. = [m(Q — 2)€?](@=2/4. All other cylindrically symmetric solutions
are obtained from this one by left-translation. This completes the proof.
O

3.5 Solution of the partially symmetric Yamabe problem

We are now ready to prove the main result of this chapter.

Theorem 3.5.1. Let G be a group of Iwasawa type. If U # 0 is an entire
solution to (@) having partial symmetry, then up to group translations we
must have u = K., for some ¢ > 0, where K. is the function in Theorem
and u is as in (B3).

Theorem B7 is a direct consequence of Theorem B=31 and Theorem B=21.

As a consequence of Theorem B we obtain the following result. In

the sequel we denote by X »s(G) the subset of Dl 2(@) of the functions
having partial symmetry.

Theorem 3.5.2. Let G be a group of Iwasawa type. Consider the restric-
tion to X ps(G) of the embedding of D *?(G) into L*?/(Q=2)(G). For every
u € Xps(G) one has

(/) |u2*dH<g>)l/2*<sa’s ([ o dH<g>)1/2,



86 Ezxtremals for the Sobolev inequality and the gc Yamabe problem

with
1
ok
vm(m +2(k — 1)) I (75%)

An extremal is given by the function

£lg) =~(m, k) [(1+ |2(g)]*)? + 16]y(g)[*)] 27",

where
(m+2(k—1))/2(m+2k)
v(m, k) = |4* o~ (m+k)/2(m+2k) I‘(m+k)} |
| I((m+k)/2)

Any other non-negative extremal is obtained from f by (IT2R) and (29).

Proof. Let Zo?zl;sz(G) denote the subspace of 10)1’2(G) of the functions U
such that

Ulg) = u(|z(9)],y(9)),

for some function u : [0, 00) x R¥ — R. We start with the observation that
o
we can restrict our considerations to the non-negative functions in D 11,’52 (@),
i.e.,
o *
Iy “ inf {/ | Xul*dH :uw € D7 (G),u> 0,/ lul* dH = 1}, (3.85)
G G

where I, & (555)72. This follows from the invariance of the integrals

under left translation, and the fact that if U € 7031’2((;), then also |U| €
D12(G) and |XU| = | X|U]|| for a.e. g € G. From Theorem 52 the inf

o
in (B=3) is achieved. Let v € D2(G) be a function for which the inf is
attained, thus

e :/ |Xv|? dH, / v dH =1.
G G
Writing the Euler-Lagrange equation of the constrained problem (B=3) we
see that v is a positive entire solution of Lv = —I,; v(QT2/(@=2) et u =

o
Ips 73 y, then u is a positive entire solution of (B). Since u € D ,2(G),
Theorem B shows that u, modulo translations in the center, belongs to
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the one-parameter family of positive entire solutions, namely the functions
K. in Theorem EZZ1. From the definition of u, it is easy to see that

Iy = (/G |Xu|2dH>%

Since u is a positive entire solution of (B) we have [, |Xul> dH(g) =
Jo u* dH(g), which shows that I, = ||u||2;;;(2c) Note that K. = 6y, K
where we have let K = K, and an easy computation gives [|0; /. K[| z2+(q) =
| K|lz2%(c)- As already remarked, all considered integrals are invariant
under the translations (IT28) as well. From the above considerations we
infer

2/Q
1 /

— (O — 2@/
b l( @-2 /c A P+ 1o
(3.86)

To obtain the best constant Sy at this point we are left with the computation
of the integral in the right-hand side of (B=). If U(g) = u(|z(g)|, |y(9)|) €
L'(Q) is a function with cylindrical symmetry on G' we have

/ U(g)dH (g) = / w(lel, lyl)dedy. (3.87)
G R™ xRk

Using (B=X1) we find

1
dH
/o A+ el + oP?
/ dzdy
mecwh [(1+[2f2)2 + 16]y/2)]
_ 4k dx dy
=1 / w (1 + [a2)QF / 1+ [yP)er

Consider now the integral

dt on n n n
/n (ESTET (i,a— 5) L a> g (3.89)

where o, denotes the (n — 1)-dimensional measure of the Euclidean unit

(3.88)

sphere in R™, and B(x,y) is the Beta function. Recalling the two formulas
for the area of the unit sphere and the beta function

o T I
My 4 Bev) =300

Op =
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where I' indicates Euler’s Gamma function, we conclude from (B=9)

/ : di_ npll—3) (3.90)

L+ [t2)e I'(a)
Using (B™) in (B=\), and recalling that @ = m + 2k, we finally obtain
m+k
I : dH(g) = 4~ Fxlmti2 L2T)
& [(L+]a(g)?)? + 16ly(g) 2 L(m k)
(3.91)
Substitution of (B™) into (BRA) gives
D(mtky | 2/Q
I = —92 (47]6 (m+k)/272) .
Therefore,
1 . F k WL#l»Qk
e — At bk 7(";; ) . (3.92)
Vm(m +2(k — 1)) NG
This completes the proof of Theorem Bh2. O

We note explicitly that the above precise value of the best constant is valid
under the assumption that the horizontal gradient is taken with respect to
an orthonormal basis X1, ..., X, of the first layer for which the group is
of H-type, cf. (M) and the paragraph above it.

Remark 3.5.3. There is the conjecture made after [[75], Theorem 1.1] that
S9° = Sy. This is confirmed in all but the octonian case due to the results
of G. Talenti [59] and Th. Aubin [4] and [6], D. Jerison and J. Lee [I03]
- see also [70], and [96] - see Theorem B and Remark BZ73.

3.6 Applications. Euclidean Hardy-Sobolev inequalities

The goal of this section is to determine the best constant in a Hardy-Sobolev
embedding theorem involving the distance to a subspace of R™.

Let n > 3 and 2 < k < n. For a point z in R™ = R* x R™" % we shall
write z = (z,y), where z € R¥ and y € R*~¥. The following Hardy-Sobolev
inequality was proven in Theorem 2.1 of [IR].

Theorem 3.6.1 ([iR]). Let n > 3, 2 < k < n, and p, s be real numbers
satisfyingl <p <n,0<s<p, ands < k. There exists a positive constant
Sp.s = S(s,p,n, k) such that for all w € DVP (R™) we have

p(n—s)

</dez>M§ S,,,S(/Rm |Vu|pdz)%. (3.93)
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When k& = n the above inequality becomes the Caffarelli-Kohn-Nirenberg
inequality, see [34], for which the optimal constant S, s was found in [I77].
The case p = 2 was considered earlier in [I34] and [81]. When p = 2 and
k = n the sharp constant was computed in [X1].

The main result of this section is the proof of the following theorem in
which we find the extremals and the best constant in (B¥3) when p = 2,
s=1and 2 <k <nin Theorem BG.

Theorem 3.6.2. Suppose n > 3 and 2 < k < n. There exists a positive
constant K = K,, .2 such that for all u € DV (R™) we have

A =2 1
(/ / dedy)”"‘” < K(/ |Vu|2dz)2. (3.94)
Rr—k JRE |z Rm

Furthermore, K is given in (BIIH) and the positive extremals are the func-
tions

e 4 - n—2 -2
0= a0 () T R (G B )

where A > 0, y, € R"7F,

In [T27] the authors obtain independently the above theorem proving iden-
tities following the lines of [75]. In the proof below, [67], we show the
result as a direct consequence of Theorem BZ by relating extremals on
the Heisenberg groups to extremals in the Euclidean setting.

3.6.1 A non-linear equation in R™ related to the Yamabe
equation on groups of Heisenberg type

Suppose a and b are two natural numbers, A > 0, and for z,y € RT =
(0, +00), define the function

¢=XN[(z+a)?+y+5)7*],
where o, 8 € R.

Proposition 3.6.3. The function ¢ satisfies the following equation in the
plane

+b+2 |Vo|? b 20\%a 2b\?
at+b+2 Vo + 2 gt gy =200 yﬁ, zy # 0. (3.96)

Ag - 2 10} T Y T
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Proof. Set &€ = Az + ), n = Ay + ) and define ¢(¢,7) = ¢(z,y). From
8% = )‘a% and 6% = )‘a% we have

e b+2 |Vo|? b
Ed:fA¢_H7+| ¢| +E¢m+7¢y
2 ¢
;o atb+2, |V 2 ~
- M\ — - 2 | ¢| ¢+*¢n

Since ¢ = £2 + n? we have

2 2
S 4N - ”+ A AE 1)L Toxe + Doy
2+ x Yy

= —2n)? + 2a)\% + 2602 +

2a\’ 2b)\213
+ .

r Y
2a)’ + 217225 ) O

Hence, taking into account a + b = n, we proved ¥ = =%

Noting that A¢ + £ ¢, + % ¢y is the Laplacian in R" = R+l x ROHL,
n = a+b+2, acting on functions with cylindrical symmetry, i.e., depending
on |x| and |y| only, we are lead to the following question. Given two real
numbers p, and g, find all positive solutions of the equation

n |Vu|2 _ Do n o (@,y) ER™ = R+ 5 RO+
Y - )

Au —
2w lz| [yl

which have at most a quadratic growth condition at infinity, u < C(|z|*+
lyl?).

As usual a simple transformation allows to remove the appearance of
the gradient in the above equation. For a function F' we have AF(u) =
F"(u)|Vul? + F'(u)Au and thus

Au" = 71(1 — D)u" 2| Vul? + mu” T Au = gu7_2(2uAu +2(7 — 1)|Vul?).

Therefore we choose 7 such that 2(7 — 1) = —n, ie, 7 = 2*7” and then
rewrite the equation for u as
—n 2 — —n -2 —n
Au'T" = nu%fz(ZuAu—n|Vu|2)=—(n )u%71 (p—oJr&)
2 2 lz| |yl

This is the equation which we will study. As a consequence of the above
calculations we can write a three parameter family of explicit solutions.

Proposition 3.6.4. Let A > 0. The function v(x,y) defined in R" =
R+ x RYTL by the formula
2—n
v(@,y) = X7 ( (24’ +(lyl+8)° )7, (z,y) eRT=RTIXRT
(3.97)
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satisfies the equation

s (D g
Av = —vn-2 [ — + — |, 3.98
(el 1) (3.98)
where
p=a (n—2))\? a, qg=0 (n—2)\%b. (3.99)

Let us observe that the above equation is invariant under rotations in
the  or y variables. Also if v is a solution then a simple calculations
shows that for any ¢ # 0 the function v (x,y) = t"~2/2 y(tx, ty) is also a
solution.

Another observation is that the same principle works if we split R™ in
more than two subspaces. For example, if we take three subspaces we can
consider the equation

_n_ p q r
Av=v7—2f(|x z Ty z)= — + 2

and ask the question of finding all positive solutions with the same behavior

at infinity as the fundamental solution. Clearly the function

v= X" (& + ) + (lyl + B)2 + (2] + )% ) =",

with the obvious choice of o, 8 and -y is a solution.

3.6.2 The best constant and extremals of the Hardy-Sobolev
inequality

In this Section we give the proof of Theorem BBG2. By Theorems 2.1 and
2.5 of [IR] there is a constant K for which (B) holds and this constant
is achieved, i.e., the equality is achieved. A non-negative extremal u of
the naturally associated variational problem inf me |Vu|? dz subject to the
constraint

2(n—1)

o dady = 1 (3.100)
Rn—k JRE |$|

satisfies the Euler-Lagrange equation

A
Ay — _Wum’ u € DM (R™), (3.101)
x
where A = K “%=2". It can be seen [[67] and [T27] that v is a C*° function
on |z| # 0. Furthermore, Vu € L (R") and u is C*° smooth in the y

loc

variables. In particular u € CL*(R") for any 0 < o < 1.

loc
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It was proven in [T50] that there are extremals with cylindrical symme-
try, i.e., functions depending only on |z| and |y| for which the inequality
becomes equality. On the other hand, it was shown in [I29] that all ex-
tremals of inequality (B93) when p = 2 have cylindrical symmetry after a
suitable translation in the y variable, see also [d1] and [124] for some re-

lated results. Thus, if u € Zo) L2(R™) is a function for which equality holds
in (B@3) then

i) for any y € R"~* the function u(.,y) is a radially symmetric decreasing
function in R¥;

ii) there exists a y, € R"~* such that for all # € R¥ the function u(z, .+y,)
is a radially symmetric decreasing function on R™*.

Thus, by performing a translation if necessary, we can assume that u has
cylindrical symmetry. Introducing p = |z|, r = |y| we have that u is a
function of p and r. We define U(p,r) = u by restricting u to two lines
through the origin-one in R¥, the other in R"~*. From the regularity of u it
follows that U is a smooth function of r for any fixed p. For any fixed r it is
a smooth function of p when p # 0, and Lipschitz for any p. Furthermore,
in the first quadrant p > 0,7 > 0 of the pr-plane it satisfies the equation
AU = —% Unz . (3.102)

Using the equation and the smoothness of U in r it is not hard to see that
U has bounded first and second order derivatives on ((0,1) x (0,1)), cf.
Lemma BH3.

Let ¢(p,r) = U~ #22. The calculations of Section BT show that 1)
satisfies the following equation in the plane

n |Vol|? 2A 1
r— ——— =10, 3.103
L2y lo- 22 (3.103)
where a =k —1,b=n—k—1. Let 1 > 0 and consider ¢ = pt¢. Clearly
¢ is a solution of

~ |V¢|2 21
¢ + ¢P+ ¢r7m;*0

= TQ, ie, p= (n 2)2 With this choice

(b,f

Let us choose p such that (n 5y =
of j1 we see that ¢ satisfies equation (829). Moreover, a small argument
using the homogeneity of the Kelvin transform shows it satisfies the asymp-
totic behavior (BZ73), except the inequality for the derivatives hold only on

|z| # 0. We can apply the divergence formula (BZ78) by noticing that the
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integrals on the p and r axes vanish as U has bounded first and second or-
der derivatives in the punctured neighborhood of any point from the closed
first quadrant, a fact which we observed above. Hence (BZX1) after setting

|A] = \ gives ¢ = A[(r+ 253)? + 52 |. Recalling that ¢ = ¢ and the

value of p we come to

4A n—2
T+

o= N e L e

)2 +s%].

This shows that v must equal

ot () T [ e

(n—2)2 da
n—2
) (P 2\ (e n—2, 2] %
e (F) e [ e

The value of K is determined by (BI0) after fixing A arbitrarily, say
A =1, since the value of the integral in (B100) is independent of A. With
this goal in mind we set p = %}2 and note the identity

2(n—1)

1:/Rn—k _/Rk|;%|[(ng2)n_2[(i—1 ( ! ,Q]ﬁdacdy

lz| +p)2 +[yl?] =

1 n — 2\ 2(n—1) 1 1
= 2(n—1)2 (T) I n—1 dxdy
K 2 R~k JRE |33‘ [(|.13‘ +p)2+ Iy\Q]

(3.104)

Let a = |x| + p. Then we compute

/ 1 P / 1 p

ok @+ P YT @2 fo s (T P Y
_ On—k n—k n+k
T 9qntk—2 ( 2 2

where o,,_j, is the volume of the unit n — k dimensional sphere and B(.,.) is

1),

the beta function. On the other hand, after a simple computation we find

1 Ok b rk—2
n+k—2 d{E = n+k+1 n+k—2 dT‘
re [z](|2] + p) p o (r+1)
Ok



94 Ezxtremals for the Sobolev inequality and the gc Yamabe problem

A substitution in (8IH) come to

2(n—1)2
n—2
n—2\2-V g, _1 n—k n+k ok
:( 2 ) 2 ( 2 7 2 )pn+k+1 B(k—1,n+k-1)

= 973y — )RS — 1yt o B ; k, 4 ‘; R DB(k—1,n—1).
(3.105)
The proof of Theorem BB is complete taking into account the allowed
translations in the y variable.
In the above proof we used the following simple ODE lemma, which can
be proved by integrating the equation.

Lemma 3.6.5. Suppose f is a smooth function on R\ {0}, which is also
locally Lipschitz on R, i.e., on any compact interval there is a constant
L, such that, |f(t') — f(t")] < LIt' —t"| for any two points t',t" on this
interval. If [ satisfies the equation

k
ﬂ+;f:%+m t>0,

where k is a constant k > 1 and a, b are L3S, functions, then f has bounded

loc

first and second order derivatives near the origin.
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Chapter 4

Quaternionic contact manifolds -
Connection, curvature and
qc-Einstein structures

4.1 Introduction

Quaternionic contact structures (qc structures for short), [24; 23], are cen-
tral for the second part of the book. Such a structure appears naturally
as the conformal boundary at infinity of the quaternionic hyperbolic space,
see also [I36; 83; 64]. Given a qc structure there is a distinguished linear
connection [24], called the Biquard connection, which plays a role similar
to the Tanaka-Webster connection [6Y] and [i60] in the CR case.

The goal of this Chapter is to define, give examples, and prove some
fundamental properties of manifolds equipped with a qc structure.

In Section B2 we give a detailed derivation of the construction and
properties of the Biquard connection studying its torsion. We describe in
detail the structure of the horizontal torsion endomorphism of the Biquard
connection showing that this is the obstruction a qc structure to be locally
isomorphic to (positive or negative) 3-Sasakian structure. We derive local
structure equations of a qc-manifold using the basic objects of the structure
- the contact forms, the corresponding Reeb vector fields and the horizontal
torsion endomorphism. In Section EZ3 we continue with a study of the
corresponding gc-Ricei tensor and qe-scalar curvature, defined in (B753).
With the help of the Bianchi’s identities we derive fundamental properties
and formulas for the qc curvature, qc-Ricci tensor and the connection 1-
forms. In particular, we shall see that the two components of the horizontal
torsion endomorphism and the qc-scalar curvature determine completely
the curvature of the Biquard connection in vertical directions as well as
the traceless part of the qgc-Ricci tensor. In Section B34 we introduce
the quaternionic Heisenberg group as the flat model of a qc structure in
addition to some other noteworthy examples.

97
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In the subsequent Section B we present an in-depth study of qc-
Einstein structures, introduced in [94]. These special qc structures turn
out to be not only of crucial importance when studying the Yamabe equa-
tion, but also a direct link to the extensively studied 3-Sasakian structures.
We shall find the local structure equations of a qc-Einstein manifold and
show the (local) equivalence with a 3-Sasakian manifold by considering
cones over qc structures, Theorems B-4°3 and B—274.

Convention 4.1.1. Everywhere in Part 2 of the book we use the following
conventions:

a) X,Y,Z, U denote horizontal vector fields, X,Y, Z, U € H;

b) A, B,C, D stand for arbitrary vector fields, A, B,C,D € T(TM);
c) {e1,...,e4n} denotes an orthonormal basis of the horizontal space H;
d) The summation convention over repeated vectors from the basis

{e1,...,eqn} will be used. For example, for a (0,4)-tensor P, the formula
k = P(ep, €q, €q,€p) means k = Z?ﬁ)ﬂ Plep, eq,€q,p);

e) The triple (7, j, k) denotes any cyclic permutation of (1,2, 3). In partic-
ular, any equation involving i, j, k holds for any such permutation.

f) s and t will be any numbers from the set {1,2,3}, s,t € {1,2,3}.

4.2 Quaternionic contact structures and the Biquard con-
nection

The notion of Quaternionic Contact Structure has been introduced by
O. Biquard in [24] and [25]. Namely, a quaternionic contact structure
(qc structure for short) on a (4n + 3)-dimensional smooth manifold M is a
codimension 3 distribution H, such that, at each point p € M the nilpo-
tent step two Lie algebra H,, & (T,,M/H,) is isomorphic to the quaternionic
Heisenberg algebra H™ & Im H. The nilpotent Lie algebra structures on
H, ® (T,M/H,) is defined by

Vi Vs = mrm, Vi, Val, i VA, ‘ﬁ € H,
0, otherwise,

where ‘71, Vs are two vector fields, such that, XN/J(p) =V, j =12 The
quaternionic Heisenberg algebra structure on H” & I'm H is obtained by
the identification of H" @ I'm H with the algebra of the left invariant vector
fields on the quaternionic Heisenberg group, see Section BE=34. In particular,
the Lie bracket is given by the formula [(g,,w,), (¢,w)] = 2 Im qo-q, where
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q=(¢"¢%...,q%), ¢ = (¢},¢% ...,q7) € H" and w, w, € I'm H with
Qo7 = Yo_,q% g, see Section B=34 for notations concerning the qc
group G(H). It is important to observe that if M has a quaternionic contact
structure as above then the definition implies that the distribution H and
its commutators generate the tangent space at every point. A manifold M
with a structure as above will be called also quaternionic contact manifold
(qc manifold) and denoted by (M, [¢], Q).

The following is another, more explicit, definition of a quaternionic con-

tact structure.

Definition 4.2.1. [4] A quaternionic contact (qc) manifold (M, [g], Q) is
a 4n + 3-dimensional manifold M with a codimension three distribution H
such that

i) H has an conformal Sp(n)Sp(1l) structure, that is, it is equipped
with a conformal class of Riemannian metrics [g] and a rank-
three bundle @ consisting of (1,1)-tensors on H locally gener-
ated by three almost complex structures I, I, I3 on H satisfying
the identities of the imaginary unit quaternions, I1Io = —I2[; =
I3, I1I213 = —id), which are hermitian compatible with any met-
ricg € [g], 9(Ls., Ls.) = g(., ).

ii) H is locally given as the kernel of a 1-form n = (11,n2,73) with
values in R? and the following compatibility condition holds

29(LX,Y) = dns(X,Y), g€lgl. (4.1)
The fundamental 2-forms w; are defined by

2Ws‘H = dns\H7 was = 07 5 € ‘/7 (42)

where V is defined in (EZ7). Given a qc structure we have a 2-sphere bundle
Q@ over M of almost complex structures on H, such that, locally Q@ =
{aly + bly +cl3: a® +b> + % =1}.

If in some local chart 7 is another form, with corresponding g € [g] and
almost complex structures I, then 7 = uW¥n for some ¥ € SO(3) and
a positive function p. Typical examples of manifolds with qc structures
are totally umbilical hypersurfaces in quaternionic Kéahler or hyperkéahler
manifold.

It is instructive to consider the case when there is a globally defined one-
form 7. The obstruction to the global existence of 7 is encoded in the first
Pontrjagin class [d]. Besides clarifying the notion of a qc manifold, most
of the time, for example when considering the Yamabe equation, we shall
work with a qc structure for which we have a fixed globally defined contact
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form. In this case, if we rotate the R3-valued contact form and the almost
complex structures by the same rotation we obtain again a contact form,
almost complex structures and a metric on H (the latter is unchanged)
satisfying the above conditions. On the other hand, it is important to
observe that given a contact form the almost complex structures and the
horizontal metric are unique if they exist. Finally, if we are given the
horizontal bundle and a metric on it, there exists at most one sphere of
associated contact forms with a corresponding sphere @ of almost complex
structures [24]. This is the content of the next Lemma.

Lemma 4.2.2. [Z] Let (M, [g],Q) be a gc manifold. Then:

a) If (n,Is,g9) and (n,I.,¢") are two qc structures on M, then Iy = I, and
9=49" / ,

b) If (n,g) and (n ,g) are two qc structures on M with Ker(n) = Ker(n ) =
H then Q = Q' and n = U1 for some matriz U € SO(3) with smooth
functions as entries.

Proof. Let g,dn g, dnzjg,dnsjg, Ir,I2,13 be given by the matrices
G, N1, No, N3, Ji, Jo, J3, respectively. From (E) it follows 2GJs = Ng and
J=JiJ; = —J'\GT'GJ; = —(GJ;)"H(GJ;) = —N; ' N;,which proofs a).
The condition Ker(n) = Ker(n') = H implies that 7, = Zle W e
for some matrix ¥y € GL(3). Applying the exterior derivative, we find
dn, = Zle(dlllst A + Uy dny) which restricted to H gives g(I;X,Y) =
S Uaug(I,X,Y). Equivalently, I, = 32| W, I,. Hence, ¥y, € SO(3).
O

Besides the non-uniqueness due to the action of SO(3), the 1-form 7
can be changed by a conformal factor, in the sense that if n is a form for
which we can find associated almost complex structures and metric g as
above, then for any ¥ € SO(3) and a positive function y, the form ¥ n
also has an associated complex structures and metric. In particular, when
1t = 1 we obtain a whole unit sphere of contact forms, and we shall denote,
as already mentioned, by @ the corresponding sphere bundle of associated
triples of almost complex structures. With the above consideration in mind
we introduce the following notation.

Notation 4.2.3. We shall denote with (M, n) a qc manifold with a fixed
globally defined contact form. (M,g,Q) will denote a qc manifold with a
fixed metric g and a quaternionic bundle Q on H. In this case we have in fact
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a Sp(n)Sp(1) structure on the horizontal distribution H. Correspondingly,
we shall denote with 7 any (locally defined) associated contact form.

We recall the definition of the Lie groups Sp(n), Sp(1) and Sp(n)Sp(1).
Let us identify H® = R*" and let H acts on H" by right multi-
plications, A(¢)(W) = W - ¢ !. This defines a homomorphism X
{unit quaternions} — SO(4n) with the convention that SO(4n) acts on
R%" on the left. The image is the Lie group Sp(1). Let (i) = Iy, A(j) =
Jo, A(k) = Ky. The Lie algebra of Sp(1) is sp(1) = span{ly, Jo, Ko}. The
group Sp(n) is Sp(n) = {O € SO(4n) : OB = BO for all B € Sp(1)}
or Sp(n) = {O € GL(n,H) : OO' = I}, and O € Sp(n) acts by
(¢4, ¢% ....q") = O(q", ¢% ...,q")t. Denote by Sp(n)Sp(1) the product
of the two groups in SO(4n). Abstractly, Sp(n)Sp(1) = (Sp(n)xSp(1))/Zs.
The Lie algebra of the group Sp(n)Sp(1) is sp(n) & sp(1).

Any endomorphism ¥ of H can be decomposed with respect to the
quaternionic structure (Q, g) uniquely into four Sp(n)-invariant parts ¥ =
Y+t L U+t L U~ 4 U~ where YT commutes with all three I;,
PUT~~ commutes with I; and anti-commutes with the others two and etc.
Explicitly,

APt = — [ U] — [LU], — [3U]5,
AUt = — [ + LV, + [3V]3,
4O~ =0+ LW — VI, + I3V]3,
AV~ =0 + U] + LI, — [30]5.

(4.3)

The two Sp(n)Sp(1)-invariant components are given by

U3 = gt Uiy = UH—= 4ot
with the following characterising conditions

U=y =30+ LUL + LUL + 3015 =0, w
U=U_y <= U—LUL - LU, — [0l =0,

Denoting the corresponding (0,2) tensor via g by the same letter one
sees that the Sp(n)Sp(1)-invariant components are the projections on the
eigenspaces of the Casimir operator

T =0LehL + Ll + I3R1; (4.5)

corresponding, respectively, to the eigenvalues 3 and —1, see [39]. If n =1
then the space of symmetric endomorphisms commuting with all I is 1-
dimensional, i.e. the [3]-component of any symmetric endomorphism ¥ on
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H is proportional to the identity, U5 = %I dp. Note here that each of the
three 2-forms w; belongs to its [—1]-component, wy = wy_1] and constitute
a basis of the lie algebra sp(1).

Consider the orthogonal complement (sp(n)@sp(1))* C so(4n) of the lie
algebra (sp(n)®sp(1l)) C so(4n) with respect to the standard inner product
<,> on so(4n) coming from the standard inner product in the lie algebra
gl(4n) of the general linear group defined by < A, B > = tr(B*A) =
< Aleg),Bleq) >, A,B € gl(4n). It is known that a skew-symmetric
endomorphism A € so(4n) considered as an element of the orthogonal lie
algebra so(4n) belongs to the orthogonal complement (sp(n) @ sp(1))* C
so(4n) if and only if A coincides with the completely trace-free part of its
[—1]-component. More precisely, we have

A€ (sp(n) ®sp(1)t <= A= A_j — Ay, (4.6)
where A1) denotes the orthogonal projection of A onto sp(1) given by
4nASp(1) = Zi:l A(ea, Isea)ws.

There exists a canonical connection compatible with a given quater-
nionic contact structure. This connection was discovered by O. Biquard
[d] when the dimension (4n 4+ 3) > 7 and by D. Duchemin [61] in the
7-dimensional case. The next result due to O. Biquard is crucial in the
quaternionic contact geometry.

Theorem 4.2.4. [Z7] Let (M,g,Q) be a quaternionic contact manifold of
dimension 4n+3 > 7 and a fized metric g on H in the conformal class [g].
Then there exists a unique connection ¥V with torsion T on M*"*3 and a
unique supplementary subspace V' to H in T M, such that:

1) V preserves the decomposition H ®V and the metric g;
ii) for X,Y € H, one has T(X,Y) = —[X,Y]y;
1) 'V preserves the Sp(n)Sp(1)-structure on H, i.e., Vg = 0 and Vo €
T'(Q) for a section o € T(Q;
) for & € V, the torsion endomorphism T'(§,.) g of H lies in (sp(n) @
sp(1)* < gl(4n);
v) the connection on V is induced by the natural identification ¢ of V
with the subspace sp(1) of the endomorphisms of H, i.e. Vi = 0.

We shall call the above connection the Biquard connection. Biquard [24]
also described the supplementary subspace V' explicitly, namely, locally V'
is generated by vector fields {£1,&2,&3}, such that

ns(ft) = dst, (gstT/s)\H =0,

(4.7)
(gstnt)IH = *(ft—‘dns)\H-
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The vector fields &1, &3, &3 are called Reeb vector fields or fundamental vec-
tor fields.

If the dimension of M is seven, the conditions (EZ2) do not always hold.
Duchemin shows in [61] that if we assume, in addition, the existence of
Reeb vector fields as in (B24), then Theorem E—24 holds. Henceforth, by a
quaternionic contact (qc) structure in dimension 7 we shall always mean a
qc structure satisfying (222).

Notice that equations (E1) are invariant under the natural SO(3) action.
Using the Reeb vector fields we extend g to a metric on M by requiring

span{&1,&2,&3} =V L H and g(&, &) = sk (4.8)

The extended metric does not depend on the action of SO(3) on V, but
it changes in an obvious manner if 7 is multiplied by a conformal factor.
Clearly, the Biquard connection preserves the extended metric on T'M,
Vg = 0. We shall also extend the quternionic structure by setting Iy, = 0.

We state and prove the Biquard theorem in a slightly different way.
First recall that the torsion tensor T of a linear connection V is defined by

T(A,B)=V4sB—-VgA—|[A B
We denote the torsion tensor of type (3,0) by the same letter,
T(A,B,C)=g(T(A,B),C)=g(VaB—-VpA—-I[A B]C). (4.9)

Theorem 4.2.5. Let (M,g,Q) be a quaternionic contact manifold of di-
mension 4n + 3 and a fized metric g on H in the conformal class [g].
Suppose the Reeb vector fields do exists also if the dimension is seven and
denote with V- = span{&1,&a,&3} the vertical space to H. Then there exists
a unique connection V on M with torsion T preserving the extendet metric
g, Vg = 0 satisfying the following conditions

VIi=—0; @Iy +op, ®1I; V& =—0; @&+ o @E;; (4.10)
3

T(X,Y) = —[X,Y], =2 wi(X,Y)E; (4.11)
s=1

where as are 1-forms on M.
The skew-symmetric part S(&,X,Y) of T(§,X,Y) on H lies in (sp(n) ®
sp(1))* C so(4n),

S X,Y) = %(T(f,X, Y) - T(§Y, X)) € (sp(n) @ sp(1))*.  (4.13)
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Proof. Since the connection V preserves the extended metric it is sufficient
to determine the torsion in terms of the data supplied by the quaternionic
contact structure and the Reeb vector fields. The difference between the
Levi-Civita connection V9 of the extended metric g and V is given by the
well known formula

9(VaB,C) - g(ViB,C) =

%(T(A, B,C) —T(B,C, A) + T(C, A, B)). (4.14)

The equations in (BM) imply that V preserves the distribution H. The
latter follows from the identities

0= Ag(&s, X) = 9(Va&s, X) + 9(&s, VaX) = g(&, VaX).
From (A1) we calculate
dn;(A,B) = (—a; A + ap An;j)(A,B) +T(A, B, &;). (4.15)
Set A=¢;,B =Y into (B13) and apply (E12) to get (see also [24])
dni(&,Y) = —ap(Y) = —dn;(&,Y). (4.16)
Similarly, we obtain from (E13) the following identities

dni(&i,&5) = (&) + 16,85, &),

(4.17)
dni(&i, &) = —j (&) + T(&is &k &),

dni(§5,&k) = —a;(&5) — ar(&e) + T(&5, &k, &i)- (4.18)

Take a cyclic permutation of 4, j, k in (EI8), summing the second and the
third and subtracting the first, we have

20, (&) = dni (&5, 8k) — dnj(Er, &) — dnw (&, &5)
+T(&, &5, 8k) + T (&, & &5) — T(&G0 6ry &) (4.19)

Decomposing the torsion endomorphism into symmetric part 7° and
skew-symmetric part S we write

T, X,Y) =T &, X,Y) + S(&, X,Y), (4.20)

where T°(&,, X, Y) = 2(T(&,, X,Y)+T(&,Y, X)) and S is determined with
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The Lie derivatives L¢g, L¢,ws, Le Iy can be expressed in terms of the
torsion. Applying (1), (B10) and (), we calculate

9(Le. L)X, Y) = g([&, LX],Y) — g(Li[&s, X],Y)
=9(Ve, [ X —Vix& —T(&, ;X),Y)
—g(iVe, X — IVx& — LT(&, X),Y)
=g((Ve 1) X,Y) = T(&, LX,Y) = T(&, X, LY ) = —a; (§s)wi (X, Y)
+ o (€s)wi (X, Y) = T(&, LX,Y) = T(&s, X, L;Y). (4.21)

In a similar way, we get

(Le,wi)(X,Y) =&9(L;X,Y) — g(Li[€y, X],Y) — g(L; X, [€5,Y])
=9((Ve, )X, Y) =T(§, X, LY) + T(&,Y, [;X) = —a;(§)wi(X,Y)
+ ap(§)w; (X,Y) = T(&, X, LY) + T(&,Y, ;X).  (4.22)

(Lewi)(X,Y) = —ap(&)wi (X, Y) + i (&)wi (X, Y)
—-T;, X, IjY) +T(&,Y, IjX), (4.23)

(Lewn)(X,Y) = 0 (E)wn(X,Y) + an () (X, Y)
~T(&, X, LY) + T(&, Y. [X). (4.24)

(Le,9)(X,Y) =T(&, X,Y) + T(&,Y, X) =2T°(&, X,Y).  (4.25)

The symmetric part of the torsion endomorphism is determined entirely
by the Lie derivative of the metric according to (=28). The skew-symmetric
part S is trace-free because of (EI3) and (E8). Using the identity

9((Le, L)X, Y) = —g((Le, ) X, 1Y) (4.26)

we conclude from (E=21) and (E=Z3) that T°(&,, ., .) is completely trace-free
since the Lie derivative commutes with taking the trace, (L¢,g)(eq,€q) =
Le,4n = 0 [I12]. Hence, we have [74]

T(gs; €a, aa) = T(fa €a, Itea) =0. (427)
On the other hand, the Cartan’s formula yields
£§kwl = ka(dwl) + d(ﬁkal). (4.28)

A direct calculation using (EE‘Z) gives

2wy = (dm)|, = dm — Zns (Gamdm) + Y dmi(€s,&)ms Ame. (4.29)

s<t
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Combining (E29) and (E=28), we obtain after a short calculation using (E=2)
and (M) that

(Lewi)(X,Y) = dni(&s, §5)w; (X, Y) + di (&, §)wr (X, Y) (4.30)
and
2(Le,w;)(X,Y) = (d(&iadn;) — (&adni) A (padn;)) (X, Y)
= (day + o A o) (X,Y) = dn; (&, [X, Y]v) + an([X, Y]v)
= (dag + a3 N o) (X, Y) + 2w (X, Y)dn; (&, &) + 2wk (X, Y )dn; (&, &)
= 2w;i (X, Y)ar(&) — 2w; (X, Y)or(§5) — 2wi(X, Y)ag (&) (4.31)
and also
2(Le;wi)(X,Y) = (d(&jadmi) — (&52dni) A (Egadni) ) (X, Y)
= —(dag + o; A o) (X,Y) + 2w (X, Y)dn; (&5, &) + 2wi (X, Y)dn (&5, k)
+ 2w (X, Y)ag (&) + 2w; (X, Y ) (&) + 2wk (X, Y)ag(&r).  (4.32)
From (E=24) and (E=30) together with (EI1) we have
Ty Eky &) (X, Y) +T(84, &5, &) w; (X,Y)
— T X, LY)+T(&,Y, [;X) =0. (4.33)
Taking suitable traces of (E233) and using (E13) we conclude

T(Eza §k7 gz) = T(Eu gja 67) = Ov (434)
T(&, X, LY)=T(&Y, LX) (4.35)

Substitute (£3d) into (ET47) to get
dni(&i, &) = ar(&),  dmi(&i &) = —a(&)- (4.36)

When we add (B231) and (B=32) and then compare the result with the sum
of (A-22) and (E=23) we see
(Le,wj + Le;wi)(X,Y)
= dni(&5,&)wi(X,Y) + dn;(&i, &)w; (X, Y)
+ (dni(&5: 6k) + dni (&, &r))wr (X, Y)
= (i(&) — aj(§))wi(X,Y) + ap(§)wi (X, Y) — ap(§)wi (X, Y)

T, X, LY) + (6, Y, LX) = T(6, X, LY) + T(€, Y, [;X). (4.37)

Applying (E230) to (E=32) yields

(&5, €0) + dni (€, €0) — @ul&) + 0y (& (X, Y)
=-T(, X, LY)+T(&,Y, LX) = T(&, X, L;Y)+T(&,Y, [;X). (4.38)
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Considering the traceless part of (E=38) together with (B227) shows that
T, X, LY)-T(&, Y, LX)+ T(&, X, ;Y)-T(,Y,;X) =0, (4.39)
while the trace part of (B=38) gives

;i (&) — o (&) = dni(§5, k) — dnj(&r. &) (4.40)
A substitution of (B19) in (B0) yields
T(&5>Ers &) = Tk, &, &) = — A (4.41)
Consequently, (B21) together with (B720) implies
20(&) = dni(&5,&k) — dn;(&e, &) — dnw (&, §5) — A (4.42)

The properties of the torsion endomorphism are encoded into (B=33) and
(2339). Decomposing (E=33) into symmetric and skew-symmetric parts gives
T° s Is X, I,Y) = -T° 5 X, Y);
€ )= T X.Y) )

S(&s, I, X, I,Y) = S(&, X, Y).

By considering the symmetric and skew-symmetric parts of (E=39), taking
also into account (EZ3), we obtain the next two identities:

T0(£i7 IJX7 IJY) + TO(ElaKX)_
T, X, 1Y) = T°(&;, Y, [, X) = 0, (4.44)

S, X, IY) = S(&,Y, I, X) =0. (4.45)

Let TO(X,Y) = T°(&,, I, X,Y) and consider the following tensors defined
on the horizontal space H by the formulas

T(X,Y) =T)(X,Y)+ T(X,Y) + T (X,Y),

(4.46)
Us(X,Y) = —=S(&, I,X,Y).

The tensor T° does not depend on the particular choice of the Reeb vector
fields and is invariant under the natural action of SO(3). Indeed, if 775 =
S Uane, Uy € SO(3), we have & = 337 U6 and I, = S0 | Wyl
which substituted into the first equality in (E28) does not change it.

The first equality of (E23) yields

TOUX,Y) =T°¢&, I,X,Y) =T, X, I,Y) = TY(Y, X),

TUI X, LY) = -T &, X, I.Y) = -T° (&, [,X,Y) = -T(X,Y),
(4.47)
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which tells us that the tensor T is symmetric and anti-invariant with re-
spect to I;.
The second equality of (E2Z3) gives
US(Xa Y) = _5(587 ISXa Y) = S(§S7 Xa ISY) = US(K X)a (4 48)
Us(I:X, 1Y) = 8(6, X, IY) = =S(&, L.X,Y) = Us(X,Y),

which shows that the tensor Uy is symmetric and invariant with respect to
I..
Using again (£23), (E27) and (EZ8) we rewrite (E24) and (EZ3) as
follows
T)(X,Y) = T) (X, LY) =T)(X,Y) + T) (I X, I;Y ),

4.49
Ui(X,Y) + Ui(I; X, IY) = U;(X,Y) + U; (I X, IY). (4.49)

First we describe the properties of the symmetric tensor 7°. We have

Lemma 4.2.6. The symmetric SO(3)-invariant tensor T° is completely
trace-free, satisfies the following identity

TOX,Y) + TULX, LY) + T (L X, LY) + T (I X, [;Y) =0 (4.50)

and determines the symmetric part of the torsion endomorphism via the
formula

1
T, 1X,Y) = 7 (T(X.Y) - T(LX. LY)). (4.51)
Proof of Lemma AZ®. The first part follows from (E221). Using the first
equality in (EZ3) we rewrite the first equality in (E29) in the form
~TY(X,Y) = TY (I X, 1Y) = T) (X, L,Y) — T} (X,Y).

The cyclic sum of {, j, k} in the latter equality as well as in the first equality
in (BZ29) gives

T) (I X, L;)Y) + T)(LX, LY) + TR (1; X, I;Y) = 0,

TYLX, LY) +T) (I X, 1Y) + TP (L, X, I;Y) = 0.
Summing up the above two equalities using the first equality in (B23) gives
(E50) according to the definition of 70 given in the first equality of (EZH)
which proves the first part of the lemma.

The second part of the lemma follows from the (E28), (B24) and the
just proved (EZ5J) in a straightforward way. The lemma is proved. O
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Lemma 4.2.7.

a) The three symmetric tensors Uy are all equal, Us = Uy.
b) The symmetric trace-free tensor defined by U = U; commutes with each
of the almost complex strictures I,
UX,)Y)=ULX,LY)=U(;X,I;Y) =U(X, I}Y) (4.52)

and therefore it is SO(3)-invariant.

¢) If the dimension of M is seven then U = 0.

d) The SO(3)-invariant tensor U determines the skew-symmetric part of
the torsion by

S, X,Y) = U(I:X,Y). (4.53)

Proof. Since S(&s,.,.) € (sp(n) @ sp(1))+ C so(4n), we conclude applying
(£M) that S is completely trace-free and S = S|_yj, i.e. it satisfies the
equality

S, X,Y)+ S(&, LX, LY)+ S(&, X, LY) + 5(&, I X, I;Y) = 0.
Take & = &; in the above equality and write the result in terms of U;
according to (E28) to get

Ui(LX,Y) = Ui(X, LY) + Ui(I;: X, 1;Y) = Us(I; X, I;Y') = 0.

An application of (MB) ylelds Ul(X, Y) = []1([1)(7 IZY) = UZ(I]X, I]Y)
which combined with (B229) proofs (E252).

The vanishing of U in dimension seven follows from the fact that in this
case H is four dimensional and any trace-free symmetric tensor commuting

with all I, on a four dimensional vector space must vanish.
Recalling (B28) completes the proof of Lemma BZ277. O

Now we express the tensor U in terms of Lie derivatives of the structure
thus determining the skew-symmetric part of the torsion endomorphism.
With the help of Lemma B28 and Lemma =271 write (221) in terms of
T° and U to get

9((Le; I X, Y) = a;(§)9(X,Y) + ag(§)wi(X,Y)
_2U(X,Y) + %(TO(X, Y)+ TOLX, LY)). (454)

The equation (E5d) together with an application of Lemma EZ8 and
Lemma B=277 yields

9(Le; 1)1k XY ) — g((Le, 1) X, IkY) =
20,;(£;)9(X,Y) — AU(X,Y). (4.55)
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The trace part of (A253) leads to

1
a;(§) = Rg((‘cﬁj-[i)jkeaaea) (4.56)
while the trace-free part of (E53) together with (E58) determine completely
the tensor U by

1 1
U(X, Y) = Zg((‘ciji)X’ IkY) - Zg((ACE]Iz)Ika Y)

+ o 0((Le ) Trea, c)g(X, V). (457)

Note that (B254) shows that U belongs to the [3]-component because of the
identity (£—28).

We determine the function A = T'(&;,&;, &) inserting (E58) into (E23)

1
A =dni(§5, &) — dni(§k, &) — dni(&i, &) — %g((cﬁjli)lkea’ €a). (4.58)
Finally, we calculate
([’{Swi)(gh le) = _wi([fw EtL IZX) = T({sa §t7 X) (459)
This completes the proof of the Biquard theorem. ]

Applying (ET4d), we obtain from the proof of the preceeding theorem
the next Corollary.

Corollary 4.2.8. The Biquard and the Levi-Civita connections are con-
nected by

9(Vx&,Y) =g(V%&,Y) + i(TO(Ii, X, V) +T%X,LY)) — wi(X,Y),

9V a6 &) = 0(VhE0 &) — 2 T(E &5, 4).

4.3 The curvature of the Biquard connection

The main purpose of this section is to show that the curvature of the Bi-
quard connection is completely determined by its restriction to H and the
torsion.

Let R = [V,V] = V[ be the curvature tensor of V. The curvature
operator Rpc preserves the qc structure on M since V preserves it. In par-
ticular Rpc preserves the distributions H and V, the quaternionic struc-
ture Q on H and the (2, 1) tensor . Moreover, the action of Rgc on V is
completely determined by its action on H,

RBC&S = (P_l ([RBC7 Is])
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Thus, we may regard Rpc on H as an endomorphism of H and we have
Rpo € sp(n) & sp(1).
As usual, we write R(A, B,C, D) = g(Ra.pgC, D).

Definition 4.3.1. The Ricci 2-forms p; are defined by
1
pi(B,C) = @R(B,C, €a, Li€a)-
We decompose the curvature on H into sp(n) & sp(1)-parts. Let R% €
sp(n) denote the sp(n)-component.
Lemma 4.3.2.

a) The curvature of the Biquard connection decomposes on H as follows
RpcX = R4 X + p1(B,O)[1 X + pa(B,C) . X + p3(B,C)I3X,

1
pi(B,C) = §(dai +a; ANag)(B,0), (4.61)
where the connection 1-forms as are determined in (E18), (B230) and
b) The curvature of the Biquard connection on V is determined by

Proof. The first two identities follow directly from the definitions. Using
(Bm), we calculate that on H we have
Rpcl; — IiRpc = VBVl — V.Vl — Vg cl;
= Vp(ar(C); — o;(C) k) — Vo(aw(B)IL — a;(B)Ix)
— (e ([B, CDI; — a;([B, C])Ik)
= —(daj + ar N a;)(B,C) I + (dog + o A aj)(B,C)I;.
Now (E51) follows from (ET60).
Similarly, using (EI0) and (E&1), we obtain
R(B,C)¢ = —(daj + o A o) (B, C)ér, + (dou, + o A o) (B, C)E;
= —2p;(B,C)& + pi(B, C)§;.
O

Definition 4.3.3. The quaternionic contact Ricci tensor (ge-Ricci tensor
for short) and the gc-scalar curvature Scal of the Biquard connection are
defined by

Ric(B,C) = R(eq, B,C, eq), Scal = Ric(eq, eq). (4.63)
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It is known, cf. [24], that the qc-Ricci tensor restricted to H is symmetric.
In addition, there are six Ricci-type tensors (s, 75 defined in [92] as follows

1
= — B,C, 1
<8<B7C) 4nR(ea7 707 Sea)7

1 (4.64)
75(B,C) = @R(ea, Iseq, B,C).

In fact all Ricci-type contractions evaluated on the horizontal space H
are determined by the components of the torsion endomorphism and the
qc-scalar curvature [94]. We begin with analysis of the Bianchi identity.

4.3.1 The first Bianchi identity and Ricci tensors

In this section we describe the horisontal Ricci tensors in terms of the
torsion endomorphism of the Biquard connection and qc-scalar curvature
thanks to Lemma B=28, Lemma B=277 and the first Bianchi identity.

Let b(A, B, C) denote the Bianchi projector,

b(A,B,C):= Y {(VAT)(B,C)+T(T(A,B),C’)}7 (4.65)
(A,B,C)

where > (A,B,C) denotes the cyclic sum over the three tangent vectors. With
this notation the first Bianchi identity reads as follows

3 {R(A,B,C,D)} - g(b(A,B,C),D) = b(A,B,C,D).  (4.66)
(A,B,C)

In what follows we need the well known formula interchanging the places of
the first couple and the second couple arguments of the curvature tensor,
valid for any metric connection having non-trivial torsion.

The curvature of a linear connection preserving the metric is skew-
symmetric with respect to the last two arguments, R(A,B,C,D) =
—R(A,B,D,C). One checks directly that the first Bianchi identity (EGH)
yields

Lemma 4.3.4. The curvature R of a metric connection with torsion T
satisfies

1 1
(R(A,B,C,D) - R(O,D,A,B)) = Sb(A,B.C.D)+ 5 b(B.C.D, 4)

1 1
— 5 b(4,C, D, B) = 5 b(A, B, D,C). (4.67)
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The next result was originally proved in [04] and stated in the form
below in [97].

Theorem 4.3.5. On a (4n + 3)-dimensional gc manifold, the horizontal
Ricci tensors Ric and ( (X, 1Y) are symmetric and the horizontal Ricci
tensors ps(X, I,Y), 7s(X, I,Y) are symmetric (1,1) tensors with respect to
I, and the next formulas hold

Rie(X,v) = 2 y(x,v)
+(2n+2)TY(X,Y) + (4n + 10)U(X,Y); (4.68)
Scal
ps(X, I,Y) = —mg(& Y)
. %{TO(X, Y) + (L, X, ISY)} —U(X,Y); (4.69)
Scal
7s(X, IY) = —Wimg(xﬂ/)
n+2
- [TO(X Y) + T, X, I Y)}; (4.70)
Scal
GXLY) = E79¢5mxxv
2n+1 2n +1

TO(X Y) + 4—T0(I X, LY) + U(X,Y); (4.71)

Scal = —8n(n+2)g(T(&1,82),83); (4.72)
Scal
T(fi»ﬁj) = —Wi%& - [fivfj]H; (4~73)

T(&: &5, Ik X) = pr(1;X, &) = —pr(1iX, &) = wi([6, 51, X); - (4.74)

B X (Scal)

pi(X, &) = T 3an(n 1 2)
b3 (e, TX) 4 036 1iX) + pu(6, X)) (4.75)
pi(&i &) + pr €k, §5) = mf (Scal). (4.76)

Forn =1 the above formulas hold with U = 0.
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Proof. Since V preserves the splitting H & V, the first Bianchi identity
(E1R) and (EB2) together with (B0) and (B=34) imply
20i(X,Y) = R(X,Y, &, &) = b(X,Y, &, 6) = (Ve, T)(X, Y, &)
+T(T(X,Y),&),&) + T(T(Y,&), X), &) + T(T(&, X),Y), &)
= Q(Vg wr)(X,Y) —2T(X,Y, Ve, k)
+2wi(X7Y)T(€ia£j7£k) +2wk( (fjv )7 )* 2wk( (§j7 )’ )7 (4'77)

where we used the fact that T'(¢,, X) is a horizontal vector field, T'(§, X) €
H to conclude the vanishing of terms of the type (VaT)(X,&;, k).

Applying (E010) and (BZ0) we deduce that the third line in (BZ74) van-
ishes because

T(X7 Y, vﬁjgk) = _ai(fj)wj(va) + O‘j(gj)wi(X7 Y) = (vﬁjwk)(X’ Y)

With the help of (B2T), (A=20), Lemma B28 and Lemma E—271 we obtain
from (BZ72) that

pi(X,Y) = = Awi(X,Y) = T(§;, X, YY) + T(§,Y, [1.X)
= —)\wi(X, Y) =2U(;X,Y) — To(fj,)(7 I,Y) + To(fj,Y, 1. X)

1
= i (X,Y) - 2U(L;X,Y) + 5(TO(X, LY) -T°(L;X,Y)). (4.78)
In view of (ET60), we have

Rie(B,IY) + 4n(s(B.Y)
= R(eq, B, IsY,e,) + Rleq, B,Y, Ise,)
= —2pj(ea, B)wr(Y,eq) + 2pi(ea, B)w; (Y, €q))
= 2pJ(BaIkY) - 2pk(B7IJY) (479)
Consequently, applying (E=8), we derive from (B=79) and the properties of
the torsion listed in Lemmas B28 and =277 that
Ric(X, 1Y) + 4n(s(X,Y) = —4hws(X,Y)
1
FAU(X,LY) + (T° (X, 1Y)+ T°(I, X, Y)). (4.80)
The first Bianchi identity (E68) implies
dn(1:(X,Y) + 2¢(X,Y))
= R(eaa Iseq, X, Y) + R(X7 €as Is€a, Y) + R(Iseaa X, €q, Y)
=b(eq, Iseq, X,Y). (4.81)
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Finally, (067) yields
8n(1:(X,Y) — ps(X,Y)) = 2R(eq, Iseq, X,Y) — 2R(X,Y, €4, Is€4)
=b(eq, Isa, X,Y) —2b(eq, X, Y, Iseq) — b(eq, Iseq, Y, X). (4.82)

We consider the Bianchi projector b restricted to H. Since V preserves the
splitting H ® V, we have

X.g(T(Y,2),W) =0, g(T(VxY,Z),W)=0.
Consequently, (VxT)(Y,Z, W) = 0. Applying (B11), Lemmas B8 and
B2 we calculate the bianchi projector by to be

WX,Y,ZW)=2 Y > wX,Y)T(&, Z,W)
(X,Y,Z) s

1 1
= (X;Z);ws(X, Y) (2U(ISZ, W) = T2, W) = ST°(Z, ISW)),
(4.83)

Applying Lemmas 20 and B2 to (E=53), we obtain after some standard
calculations that

b(ea7 X7 Y7 Isea) = b(X7 Ya eaa Isea)
=4U(I,X,Y) + 2T°(I,X,Y) — 2T°(X, 1,Y). (4.84)

blea, Iseq, X, Y) = (8n+4)U(I;X,Y)
— (2n+2)TY(I,X,Y) — (2n — 2)T°(X, I,Y). (4.85)
Substitute (E==4) and (E=3F) into (A=) and use (EZ8) to conclude

2
R(X,Y) = —Aws(X,Y) + %[TO(X, LY) — T(L,X,Y)]. (4.86)

Similarly, inserting (E=88) and (E=RH) into (E=X1) we find

CS(X7 Y) = %)‘wsg(Xa Y)

2n+1
n
The equality (B=82) together with (E=80) yield

2n +1

1
TOX,LY) + - TO(LX,Y) ~ U(X,1,Y). (4.87)
n

Ric(X,I,Y) = —2(n + 2) \ws(X,Y)
+(2n+2)TY(X, IY) + (4n + 10)U (X, I,Y). (4.88)
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Take the trace in (E-88) and use Lemmas I28 and B7277 to conclude
Scal

= St ) (4.89)
Insert (E=%9) into (E=XR), (A1) and (E==0) to obtain (ABR), (E-) and
(BZm). The equalities (B2X9) together with (BZ) and (B=34) imply (B-72)
and (I273).
Since V preserves the splitting H @ V, the first Bianchi identity, (£50)
and (AB0) imply
2pk(£j,X) = R(EjaX,giagj)
= D {(VeD)& X&) + T(T(6.4), X.)}
§i,65,X
- (VXT)(&A&J?SJ) + T(T(Elagj)w}(a gj)
= —2w;([&:, &1, X) = =2T'(&, &5, I; X)), (4.90)
where we used (B273) and (B710) for the third equality and (E=73) to establish

the last line. This proves (E74).
Similarly, using the just proved (EZ7), we obtain

20i(X, &) +2p5(X,&5) = R(X, &, 85, 8) + R(&5, X, &, &)
= > {(VeD)(E, X, &) + T(T(&,6), X, &)}

§i:85,X

= (VxT)(&, &5, &) + T(T(&:,65), X, &) = m

X (Scal)
8n(n+2)
where we used (B—73) and (E=34) in the third line.
Take the cyclic permutations of the indices 4, j, k in (), summing up
the first two obtained equalities and subtracting the third one, we obtain

Since V preserves the splitting H &V, the first Bianchi identity , (E=74)
(E=73) and (E=33) imply

—200i(& &) + e &) = > R(&.6.6.8))
&85 .6k

= > {(VeD) (& & &) + T(T(E ), & 65)}
IIRINI

— 2wi([&, &1, X)

= 2p(1;X, &), (4.91)

1
= *mfj(sml)
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which is precisely (EZ70). This completes the proof of the theorem. O
We have two straightforward consequences of the preceding proof.

Corollary 4.3.6. The sp(1)-connection 1-forms as of the Biquard connec-
tion are given by

ai(X) = dni (&5, X) = —dn; (&, X); (4.92)

Scal
ai(€) = dns(& &) = disy ooy

1
— 50 ( (&) + dma(Ee.&) + dn(1.&)). (493)
Proof. The equality (E292) is a combination of (AIH) and (E=3d) and it
was proved in [4]. Substitute (E89) into (B22) to get (7I3). O

Taking the suitable traces and comparing the Sp(n)Sp(1)-invariant parts
in (I6Y), (E09), (I-70) and (EZ), we obtain at once the next Corollary.

Corollary 4.3.7.

a) The gc-scalar curvature satisfies the equalities

Scal
2(n+2)
b) The tensors T° determines the traceless [-1]-component of the horizontal
Ricci-type tensors while the tensor U determines the traceless part of the
[8]-component of the horizontal Ricci-type tensors. For example, (EB3)
yields

= pi(lieq, €q) = Ti(Li€a, €q) = —2(;(Li€q, €4q).

1 1
O . .
S P T

4.3.2 Local structure equations of qc manifolds

The fundamental 2-forms w; of a qc structure are locally defined horizontal
2-forms. We define a global horizontal four form {2 whose exterior deriva-
tive contains the essential information about the torsion endomorphism of
the Biquard connection provided the dimension of the manifold is grater
than seven. The Sp(n)Sp(1)-invariant fundamental four form of a given qc
manifold is defined globally on the horizontal distribution H by [0]

Q =wi; Awy +wy Awsy + w3 A ws. (494)
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First we derive the local structure equations of a qc structure in terms
of the sp(1)-connection forms of the Biquard connection and the qc scalar
curvature.

Proposition 4.3.8. Let (M*"*3 1 Q) be a (4n+3)- dimensional qc man-
ifold with qc scalar curvature Scal. Let s = % be the normilized gc
scalar curvature. The following equations hold

2w; = dn; +n; Ao —ni A o + 515 A g, (4.95)

dw; = wj A (o + smi) — wi A (o + sn5)

1
=Pk A+ pj A+ 5ds Ang A, (4.96)

dQ = Z [2niA(pk /\wj—pj/\wk)—l-ds/\wi/\nj/\nk}, (4.97)
(ijk)
where ag are the sp(1)-connection 1-forms of the Biquard connection, ps

are the Ricci 2-forms and Z(ijk) is the cyclic sum of even permutations of
{1,2,3}.

Proof. A straightforward calculation using (E92) and (E93) gives the
equivalence of (B229) and (B295). Taking the exterior derivative of (E793),
followed by an application of (EH), (E61) and (E62) implies (E29H). The
last formula, (B297), follows from (E798) and definition (Z=94). O

The next result originally proved in [08] expresses the tensors T° and U
in terms of the exterior derivative of the fundamental four form. We have

Theorem 4.3.9. On a gc manifold of dimension (4n+ 3) > 7 we have the
tdentities

UX,Y) =
1

- o [dQ({h X, 1LY, eq, Lieq) + dE, X, LY, eq, Ijea)} (4.98)
mn

T°(X,Y) =
1
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Proof. Equation (B791) together with the second equality in Theorem B33
yield

dQ(&;, X, 1Y eq, Ljeq)
=4(n — Dpp(X, IkY) +203(X, L;Y) = 2p5(L;X, [yY),  (4.100)

where p? is the horizontal trace-free part of ps given by
1
X, LY) = -5 (X, Y)+T°(I,X,I,Y)| —2U(X,Y).  (4.101)

A substitution of (BI0N) in (EI00), combined with the properties of the
tensors 70 and U described in Lemmas B-28 and E=27 give

dQ(giu X7 Ikya €a, Ijea)
= 2n—1) [TO(X, V) + T X, IkY)} —8aU(X,Y). (4.102)

Applying again Lemmas 28 and B7277 to (EI02), we see that U and
TO satisfy (EUR8) and (E29), respectively which completes the proof. O

The well-known Cartan formula applied for the fundamental four form gives
Le, Q = £0dQ + d(€529Q) = £,0dQ,
since 2 is horizontal. The latter formula and Theorem B=39 yield

Corollary 4.3.10. If one of the Reeb vector fields preserves the fundamen-
tal four form on a gc manifold of dimension (4n+3) > 7 then U = 0 and
the torsion endomorphism of Biquard connection is symmetric, Te, = TEOS'

If on a gc manifold of dimension (4n+3) > 7 each Reeb vector field pre-
serves the fundamental four form, L¢ Q = 0 then the torsion endomorphism
of Biquard connection vanishes, Te, = T°=U=0.

4.3.3 The curvature tensor

The next result, originaly proved in [94] and [97] describes the curvature of
the Biquard connection. We have
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Theorem 4.3.11. On a QC manifold the curvature of the Biquard connec-
tion satisfies the equalities:

R(X,KZ,V) - R(Za‘/ava)

=2

N

[ws (X, Y)U(L,Z, V) — ws(Z, V)U(IX, Y)]

s=1

-2

NE

(X, )T Y. V) + 0, (Y, V)T, 2, X))

S

Mo L

42 [wS(Y, Z)TO(gSX,V)+ws(X,V)T°(§s,Z,Y)] (4.103)

1

@
I

The [3]-componenet of the horizontal curvature with respect to the first two
arguments is given by

3
3R(X,Y,Z,V) Z (I,X,1,Y,Z,V))

= 2[g(Y, 2)T°(X, V) + g(X,V)T°(Z, Y)]

-2

o

9(Z, X)T°(Y, V) + g(V,Y)T°(Z, X)}

—9 Z [ws (Y, Z)T°(X, I,V) + ws(X, V)T°(Z, ISY)}

s=1

+2)° [ws(z, X)TO(Y, L,V) + ws(V, Y)T°(Z, ISX)]

s=1

+3 [QwS(X, Y) (TO(Z, LV) -T2, V)) — 8wy (Z,V)U(L,X, Y)}

s=1

Scal 3
T 2n(n+2) ;Ws(XvY)ws(Z,V). (4.104)
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The curvature with respect to one vertical direction is given by

- %[(VyTO)(IiZ,X) + (VyT?)(Z, IiX)]

+iﬂvzﬂxnxxruvzﬁxxzxﬂ
+ Wi (X7 Y)Pk(_LZ, 51) - wk(Xv Y)pJ(Ilza gz)
—wi (X, 2)pr (LY, &) + wi (X, Z)p; (LY, &)
—w; (Y, 2)pi(I; X, &) + wi (Y, Z)p; (1;: X, &) (4.105)

The vertical part of the Biquard curvature satisfies the next equality

R(6:6,X.Y) = (VeU)(X,Y) - (Ve U)(LX.Y)
—1vermx ) + x|
41 [(Ve ) 1X,Y) + (Ve T (1)

Scal
~ (Vxp)(Y.6) = oo

- T(gjv Xa ea)T(fiv €a, Y) + T(gjv €a, Y)T(glv X7 ea)7 (4106)

T (&, X,Y)

where the Ricci 2-forms are given by

320+ V(€ X) = 1(Ve, T (e X) = 5 (Ve, T°) (Lo, IX)

2n+1

= (Ve D)X ea) + 5055

X (Scal), (4.107)

3(2n + Vo6 X, &) = —3(2n + 1)pi(1; X, &)

 (2n+1)(2n-1)
= —WX(SCGZ) +2(n+1)(Ve, U)X, eq)

(Ve T%)(ea, X) + Z(VeaTO)(Iiea, I, X). (4.108)

Proof. The first Bianchi identity (ET6H), its consequence (EGd) together
with the help of Lemma B20, Lemma B2 and (1) imply the identity
(E103) in a straightforward way.
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Taking into account (E13) and (EBO), the properties of the torsion
listed in Lemmas B28 and B=274, we find

R(X,Y,Z,V) - RU;X,L,Y, Z,V) =
2w; (X, Y)pJ(Zv V) + 2w (X, Y)pr(Z,V)
4 4w, (X, Y)U(LZ, V) + 4o (X, YU (L Z, V)
— 4w (Z,VYU(L;X,Y) — 4w(Z, VYU (I, X,Y)  (4.109)
+2[g(V, 2)T°(&, LX, V) + (X, V)T (&, 1iZ,Y)|
= 2[g(Z, X)TO (€, 1Y V) + gV, Y)TO(6, 112, X))
+2[wi(Y, 2)T (6, X, V) +wi(X, V)TO(6, 2,V )]
= 2[w (X, )T, Y, V) + wilY, V)T (6. 2, X))
_ % [wj(y, Z) (TO(X, LV) - T(I,X, IkV))}
- % [wk(Y, Z) (TO (X, I,V) + T°(I, X, IjV))}
- % [wj (X,V) (TO(Y, L,Z) - T"(LY, IkZ))}
- % [wk(X, V) (TO(Y, 1,.Z) + T°(L,Y, JjZ))]
+ % [ (X, 2) (TO(Y, LV) - T(LY, IkV))}
b5 [ (X, 2) (T, 1) + O, 1Y) )]

N % [wj(Y» V) (TO(X, L;Z)-T(I;X, IkZ)):|

+ %[wk(x V)(TO(X, 1) + T'(1.X, 1,2) ) |.

Now, equality (E11H) follows from (ET) and Theorem A-3H.
Invoking (A63) and applying (E11) and Theorem =33 we have

b(é-iavav Z) = _(VXT)(é-ivyv Z) + (VYT)(&L?X» Z)
+ 2w (X, Y)pi(Li Z, &) — 2wi(X,Y)p; (1 Z, &)

= E(VXTO)(L-Y, Z) + i(vXTO)(Y, L,Z)— (VxU)(L;Y, Z)
- i(VyT")(IiX ' Z) = i(VyTO)(X, LZ)+ (VyU)(LiX, Z)
+ 2w (X, Y)pi(1: Z, &) — 2w (X, Y)p; (L Z, &),  (4.110)
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where we used Lemma B2Z8, Lemma B277 and the two equalities in (E10)
to pass from the second to the third equality.

A substitution of (E11M) in (E67) implies (EI03).

If we take the trace in (BI04) and apply (273) and (B=72) we come to

1 1
npi(&, X) + ipk(Ian &)+ ipj(IiX7£k)

= é(VSQTO)(ea,X) - é(VGGTO)(IZ-ea,IiX). (4.111)
Summing (ETT) and (B=73), we obtain

(n+1)pi(&i, X) + %pi(IkX’ &)
X (Scal)

o (4.112)

1 1
- g(veaTO)(ea,X) - g(VeaTO)(Iiea,IiX) +
The second Bianchi identity
3 {(VAR)(B,C,D,E) + R(T(AB),C,D,E)} -0 (4113)
(A,B,C)
and (E-ID) give

3
S (VAR Z VW) + 23wl (X, V)RE, 2V, )| =0, (4114)
(X,Y,Z) s=1
Letting X = e,,Y = Le, in (E114) we find

(Ve R)Iieq, Z,V,W) 4+ 20(Vz1)(V,W) +2(2n — 1)R(&;, Z, V, W)
+2R(&, 12, V, W) — 2R(&, [,Z,V,W) = 0. (4.115)
After taking the trace in (E11H) and applying the formulas in Theorem E=3H

we come to

2n—1
(2n — 1)pi(&i, X) — 2pi(1: X, &) = mchaw
1

1| (Ve T") (€0, X) + (VeaTO)(Iz-ea,IiX)] — (Ve U)(X,eq). (4.116)

Now, (E-TT2) and (2-T18) yield (E=T).
Finally, from (E63) and the fact that V preserves the splitting H &V,
we get

R(£i7£j7X> Y) = (V&T)(gjaXvY) - (vij)(qua Y) + (VXT)(giafj’Y)

Scal

- mT(me, Y) +T(T(&,X),&,Y)

- T(T(£j7X)a§i7Y)7 (4117)
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where we applied (B273). The third term in the second line can be evaluated
using (=), and (A1M) as follows

(
(VXT)(§E7£]7 )
= —X(pr(L;Y, &) + o (X)pi(L;Y, §5) — i(X)p; (1Y, &).  (4.118)
On the other hand, we calculate using (£710) that

(Vxpr) (LY, &) = X(pr (1Y, &)

+ ai(X)pi (LY, &) — a(X)pi (LY, &)
+ o (X)p(IRY, &) + 0o (X) pi (LY, &)
— ap(X)pr(1;Y, &) — an(X)pr (1Y, €5)

= X(pr(LY, &) + ai(X)p; (LY, &)
— () [ (1Y, 6) — pul(1Y, &) — pr(InY5 )

= X(pr(LY,&)) + i(X)pi (LY, &) — o (X)pi(1;Y, &),  (4.119)

where we apply (E272) to obtain the vanishing of the last line in the second

equality and (EZ73) to obtain the final equality. Compare (EIIR) with
(EI19) to conclude

(VxT) (&, &, Y) = =(Vxpr) (LY, &). (4.120)

Substitute (ET20) into (EITA) and evaluate the first two terms in (EZIL4)

involving covariant derivative similarly as the first two terms in (EZI10) one
verifies that (2108) holds. O

As a consequence of Theorem BZ3TI, substituting (ET0R) and (E-I04)
into (EZ73), we obtain the next formula established in [[94], Theorem 4.8]

Theorem 4.3.12. The contracted Bianchi identity. On a gc manifold

of dimension 4n + 3 the next formula holds
(n—1)(Ve,T°) (e, X) +2(n +2)(Ve,U)(q, X)
_(n=1(2n+1) B
Ty d(Secal)(X) =0. (4.121)

An application of Corollary (E=372) to (EI20) yields

Corollary 4.3.13. On a 4n+3-dimensional gc manifold the contracted
Bianchi identity (BT2M) has the form

n— n+ 2
5 (Ve arX
ST 1)(V JRic_q))(eq, X) + 5

(n—=1)(2n+1) _
_ Wd(Scal)(X) =0. (4122

Ve, (Ricg)o))(ea, X)
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Take the trace in (E108) and apply Lemma E28, Lemma B277 and
(I0MR) to conclude

Corollary 4.3.14. On a qc manifold of dimension 4n + 3 we have the
formulas

1
Anpr(&is &) = (Ve pi)(Ljea, &) + EHTOII2 —2||U]?
2n 4+ 2 dn +1

_ et _an—-1 0
B 3(2n =+ 1) (veaeb U)(e(“ eb) + 12(2n + 1) (VeaebT )(ea, eb)
2n —1

48n(n + 2)

1
+ 7(VeaebT0)(Ikea7 Ik:eb) -

2+ D) eaq(Scal)

1
+ 1T = 201,

Anp;i(&i, &) = (Ve,or) (v, &)

2n —1 2n+ 2
= mveb[jebscal — m(vebea[])(l—jeb, ea)
dn +1 3
BT YZ YR TO L; - TO I I
12(2n+ 1) (Vebea )( ]eb;ea) + 12(2n n 1) (Vebea )( i€b, kea)’
4npk(€]a€k) = (Vebpi)(eb,fk)
2n—1 2n + 2
= —mvebljebsall -+ m(vebeaU)(Ijeb,ea)
dn +1 0 3 o
Len 1) 7)1 — TO)(Irey, Liey).
12(2n+ 1) (Vebea )( ]eb;ea) + 12(2n n 1) (Vebea )( k€b, zea)

4.3.4 The flat model - The qc Heisenberg group

The quaternionic Heisenberg group G (H) with its standard left invariant
quaternionic contact structure is the simplest example of a gc manifold.
The Biquard connection coincides with the flat left-invariant connection on
the group and G (H) constitute the flat model of the quaternionic contact
geometry.

We use the following model of the quaternionic Heisenberg group G (H).
Define G (H) = H" x Im H with the group law given by

(¢, w') = (¢oswo) 0 (q,w) = (¢ + ¢w + wo + 21Im ¢, q),

where ¢, ¢, € H" and w,w, € ImH.
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In coordinates, with the obvious notation, the multiplication formula is

=t + 2, 2 = 2% 4+ 28,

R R

¥ =z + m, + 22" — 2z + 20y® — ylz%) (4.123)
Vo= oy v + 20gtt — z0at — tgy" + 0z")

2=z 4+ oz, + 220" + ylx® — 28yt — t2z2).

A basis of left invariant horizontal vector fields

Taa Xa = IlTau Ya = IQTay Za = ISTa

is given by
0 0 0 0
To = — +22°— + 2y — + 22—
o, Tt o, T g
Xo = 0 —215“£—2z“3—|—2y“2
0xq ox y 0
(4.124)
= 0 gl gl g0
TN ox 0 0z
0 0 0 0
Zy = — — 2y — + 22— — 2t —
920 ar " R
The central (vertical) vector fields &1, &2, &3 are described as follows
0 0 0
& o &2 3y &3 ER ( )
A small calculation shows the following commutator relations
I To, To] = 2¢; I To, I; Ty] = 2&. (4.126)
The standard quaternionic contact form © = (©,, ©,, ©3) is
20 = dw — ¢ -df + d¢ -7, (4.127)

which, in coordinates reads

~ 1
0, = 3 dr — z%dt* + t%dz® — 2°dy® + y°dz°

~ 1
0, = 3 dy — y*dt® + 2%dxz® + t*dy® — x2%dz°
~ 1
O3 = 3 dz — 2dt* — y*dx® + z%dy® + t*dz".

The Biquard connection coincides with the flat left-invariant connection
on G (H) and the described horizontal and vertical vector fields are parallel
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with respect to the Biquard connection and constitute an orthonormal basis
of the tangent space.

More precisely, an application of Theorem EZ3T1 gives a possibility to
characterize locally the quaternionic Heisenberg group as the unique quater-
ninic contact manifold with flat horizontal curvature of the Biquard con-
nection. The first part of the next theorem is established in [04] and the
second was completed in [97].

Theorem 4.3.15. A quaternionic contact manifold is locally isomorphic to
the quaternionic Heisenberg group exactly when the curvature of the Biquard
connection restricted to H vanishes, R), = 0.

Proof. First we show that if the whole curvature vanishes than the quater-
nionic contact manifold is locally isomorphic to the quaternionic Heisenberg

group.
Suppose that the Biquard connection V is flat. Then all Ricci type
tensors vanish and Theorem E=33 shows that

T°=U=0 — T, X,Y)=0, €cV.
We conclude from (B=74) that
(&, &5, InX) = wi([&, &), X) = pr(L; X, &) = 0.

In particular the vertical distribution V' is involutive.
In addition, applying (B=73) with Scal = 0, we finally obtain

T(&,85,8) = 0.

All that, combined with (E=34) show the torsion tensor of the Biquard
connection is different from zero only on H, i.e. the whole torsion is given
by (21T).

Using (M) it is easy to verify from (EZI0) the validity of the next

Lemma 4.3.16. On a gc manifold, the torsion tensor of the Biquard con-
nection V restricted to H is V-parallel, (VaT)(X,Y) =0.

In our case, Lemma =318 shows that the whole torsion is V-parallel. This
combined with the flatness of the curvature, R = 0 and the first Bianchi
identity (E6H) gives that the torsion T satisfies the Jacobi identity

T(T(A, B),C) + T(T(B,C), A) + T(T(C, A)B) = 0.

Hence, the manifold has a local Lie group structure 7' by the Lie theo-
rems. The structure equations of this Lie group determined by (EZI) are
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dns = 2ws which precisely are the structure equations of the quaternionic
Heisenberg group. Hence, applying again the Lie theorem we conclude that
the manifold has a local Lie group structure which is locally isomorphic to
G (H). In other words, there is a local diffeomorphism ® : M — G (H)
such that n = ®*O, where © is the standard contact form on G (H), see

Now, in order to complete the proof it is sufficient to show that if the
horizontal curvature is zero then the full curvature tensor vanishes. The
condition R, = 0 and Theorem B33 yield T° = U = Scal = 0. The latter
equalities substituted into (B107) and (BI0R) give ps(&s, X) = ps(&, X) =
0. Now, (B105) and (B108) imply

R(&, XY, Z) = R(&, &5, X, Y) = 0. (4.128)

Furthermore, (B62) and definition B3 yield
R<X, Ya €i7 5]) = 2pk¢<X, Y) = 07 R(X7 5) €7l7 gj) = 2Pk<X7 5) = 0.
Finally, a combination of (E632) together with (EI28) gives

4nR(€S7 §t7 £i7 é‘j) = 8”pk(§S7 gt) = 2R(§S7 £t7 €a, Ikea) - 07
which ends the proof. O

Examples of flat qc structures. As a Lie group the quaternionic
Heisenberg group G (H) can be characterized by the following structure
equations. Denote by €*,1 < a < (4n + 3) the basis of the left invariant
1-forms, and by e’ the wedge product e® A e’. The (4n + 3)-dimensional
quaternionic Heisenberg Lie algebra is the 2-step nilpotent Lie algebra de-
fined by:

de® =0, 1 <a<d4n,

dgy = de*™tt = 2(e!2 + &34 + -+ e(4n=3)(4n—2) | e(4n—1)4n> — 2,

an _ de4n+2 — 2(613 + 642 NI 6(47173)(4n71) + e471(47%72)) = 2w,

dns = de*™3 = 2(eM £ e 4. 4 e(4n—3)4n | e(4n72)(4n71)) — 2.
The Biquard connection coincides with the flat left-invariant connection
on G (H). This flat qc structure on the quaternionic Heisenberg group
G (H) is (locally) the unique qc structure with flat Biquard connection
according to Theorem EZ3TH. By a rotation of the 1-forms defining the
horizontal space of G (H) we obtain an equivalent gc-structure (with the

same Biquard connection). It is possible to introduce a different not two
step nilpotent group structure on H™ x ImH with respect to which the
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rotated forms are left invariant (but not parallell) [i0]. Following is an
explicit description of this construction in dimension seven which we take
from [i1].

Consider the seven dimensional quaternionic Heisenberg group. Since
et is closed we can write e* = dxy, where x4 is a global function on the
manifold H x ImH. Now we can use this function to define a non-left-
invariant qc structure on this manifold as follows. For each ¢ € R, let

Fmel, At met AT =T
72 = sin(—cxg) €? 4 cos(—cxy) €®, 73 = —cos(—cay) € + sin(—cxy) €3,
75 = sin(—cxg) €5 + cos(—cxy) b, A5 = —cos(—cxy) €® + sin(—cay) €.

A direct calculation shows that for ¢ # 0 the forms {’yl, 1 <1< 7} define
a unique Lie algebra [, with the following structure equations

dy' =0, dy?=-c*, &P =, dyt =0,
d’}/5 — 2712 + 2,}/34 + 6746, d’}/ﬁ — 2,}/13 + 2,}/42 _ 6745, (4129)
dy" = 29! 4 2473,

In particular, [y is an indecomposable solvable Lie algebra. Let e;,1 <1 <7
be the left invariant vector fields dual to the 1-forms 'yl ,1<1<7. The
(global) flat qc structure on H x Im H can also be described as follows n; =
P =9 m3 =97 H=span{y',. .. 4} wr =P 40wy =
B 4422 w3 =AM 4 42, Tt is straightforward to check from (ET29)
that the vector fields & = e5, &2 = eg, 3 = ey satisfy the Duchemin
compatibility conditions (E=7) and therefore the Biquard connection exists
and &, are the Reeb vector fields.

Let (Lo, n, Q) be the simply connected connected Lie group with Lie al-
gebra [y equipped with the left invariant qc structure (1, Q) defined above.
Then, as a consequence of the above construction, the torsion endomor-
phism and the curvature of the Biquard connection are identically zero but
the basis 741,...,77 is not parallel. The Sp(1)-connection 1-forms in the
basis v!,...,7" are given by a1 =0, a3 =0, az=cy*

4.4 qc-Einstein quaternionic contact structures

The aim of this section is to show that the vanishing of the torsion endo-
morphism of the Biquard connection implies that the qc-scalar curvature is
constant. The Bianchi identities will have an important role in the analysis.
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Definition 4.4.1. A quaternionic contact structure is gc-Finstein if the
qc-Ricci tensor is trace-free,

Scal
dn

Ric(X,Y) = g(X,Y).
The next result, originally proved in [#2], (see also [U8]) is important in
stating and analyzing the Yamabe problem in quaternionic contact setting.

Theorem 4.4.2. Let (M,g,Q) be a quaternionic contact manifold of di-
mension (4n + 3). Then

a). (M,q,Q) is a qc-Einstein if and only if the tensors TY = U = 0,
i.e. the torsion endomorphism vanishes identically, T = 0, € V.

b). On a gc-Finstein manifold of dimension bigger than seven the qc
scalar curvature is constant, d(Scal) = 0 and the vertical distribu-
tion spanned by the Reeb vector fields is integrble, [£s,&] € V.

¢). If n > 1 then (M, g,Q) is qc-Einstein if and only if the fundamental
four form is closed, dQ2 = 0.

Proof. The part a) of the assertion follows from Corollary E=37.

The first part of b) is a consequence of the just established part a)
and (EZT21) since n > 1. Substitute 79 = U = d(Scal) = 0 into (ETUR)
to conclude p;(&;,X) = 0 and compare this with (EZ74) to establish the
integrability of the vertical distribution V.

To proof ¢), assume T° = U = 0 and n > 1. Then Theorem 33
implies

pS(XaY):_st(va)» Ps(ft,X):O,
pi(&i &) + pr(&r,&5) = 0,

since Scal is constant and the horizontal distribution is integrable. Using
the just obtained identities in (E130), we obtain from (A7) that d2 = 0.

The converse of ¢) follows directly from Theorem B3 which completes
the proof of the theorem. O

(4.130)

4.4.1 FExzamples of qc-Finstein structures

The 3-Sasakian Case. We have adopted the definition that a 4n + 3-
dimensional (pseudo) Riemannian manifold (M, gns) of signature either
(4n+3,0) or (4n, 3) has a 3-Sasakian structure if the cone metric t2gys +edt?
on M xR is a hyperkéahler metric of signature (4n+4,0) (positive 3-Sasakian



Quaternionic contact manifolds 131

structure, € = 1) or (4n,4) (negative 3-Sasakian structure, € = —1), re-
spectively, see [[[13; [62; 000] for the negative case. In other words, the
cone metric has holonomy contained in Sp(n + 1) (see [29]) or in Sp(n,1)
(see [B]), respectively. We recall that an almost hyperhermitian structure
(g, J1, J2, J3) is hyper-Kéahler if the almost complex structures Js are par-
allel with respect to the Levi-Civita connection of the metric g.

We remind that, usually, a 4n + 3-dimensional Riemannian manifold
(M, g) is called 3-Sasakian only in the positive case, while the term pseudo
3-Sasakain is used in the negative case. However, we find it convenient to
use the more general definition.

4.4.2 Cones over a quaternionic contact structure

In this subsection we describe explicitly two almost hyperhermitian struc-
tures on the (pseudo) metric cone over a quaternionic contact manifold
M43 of dimension (4n + 3). One of the strictures is the usual Rieman-
nian metric on the cone, so we focus on the second structure, which is
pseudo-Riemannian of signature (4n,4). Let either e = 1 or ¢ = —1. Con-
sider the cone N = M*"+3 x R* as the product of two smooth manifolds
equipped, in addition, with the following (pseudo-)Riemannian metric G
and 2-forms F;:

Gy =g+ et (mOm+nOn+n13©ns) +edt © dt

. ) ) (4.131)
Ff =t7w; +et™n; A —tns A dt,

where ® is the symmetric product. In the above we have also denoted with
the same later both a tensor and its lift to a tensor on the tangent bundle
of N. The above tensors determine the following (1,1) tensors on the cone
N

biyu = I, ®i&j = &k ik = =&,

9 ) (4.132)
Pi&i = —cto, & (tat> = —&i.

We claim that the above structures define a (pseudo) almost hyper-
hermitian structures on N. The claim follows from the following identi-
ties relating the 2-forms, the pseudo-metric tensor and the almost complex
structures:
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Gn(9:X,Y) =F(X)Y) & g(¢:X,Y) = g(L;X,Y),
GN(¢iXa€s) = Fie(ngs) g ns(¢iX) =0,

Gn (i X, %) — FE(X, %) — 0 trivially,
G036 = F(.6) = . (0ut13) ) = e
GN(¢¢%7 %) = f(%, %) = 0 trivially,
G615, X) = FE (5, X) & g(iar, X) =0,

GN (s, &) = F (&, &) © ne(di€y) = Okt mie(Dibk) = — 05t me($i&i) = 0,
Gn(9i&i, %) = F{ (&, %) & dt(¢:i&i) = —et,
GN(¢¢€S> X) = Fie(fm X) g g(¢i§sa X) = 0.

Let us remind that the Riemannian cone is the case ¢ = 1, and the above
construction turns into the ”standard” almost hyperhermitian structure on
N.

Conversely, consider the cone N = M43 x R over a smooth (4n + 3)-
dimensional manifold M4"*3 equipped with a (pseudo) almost hyperhermi-
tian structure (Gy, ¢;) where G is a (pseudo) Riemannian metric of sig-
nature (4n+4,0) (resp. (4n,4)) for e = 1 (resp. e = —1) and ¢y, I = 1,2, 3,
are three anti-commuting almost complex structures. The 1-form dt on RT
and the three almost complex structures are related to three 1-forms n; on
M43 defined by n, = € (+dt), where we used the same notation for
both a tensor and its lift to a tensor on the tangent bundle of N identifying
M with the slice t = 1 of N. We may write the metric Gy and the three
Kahler 2-forms on N as in (EI31) where g = Gy, and H = Ni_ Kern,.
A qc structure on M4"*3 is defined by the three 1-forms 7;.

We apply Hitchin’s theorem stating that an almost hyperhermitian
structure is hyperkahler if and only if the three Kahler 2-forms are closed
[@0], which is valid with the same proof in the case of non-positive definite

metrics.
It is straightforward to check from the second equation in (BL31) that
dFf = tdt A (2w; + 2enj Ay, — dn;) + t2d(w; + enj A mg)- (4.133)

The equation (E33) yields that the three Kéhler forms on N are closed,
dF¢ =0, exactly when

dn; = 2w; + 2en; A 1. (4134)
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Therefore the cone metric G is hyperkihler, i.e. M*"*3 is 3-Sasakian, if
and only if (B134) is fulfilled.
We use equations (AT34) to find

§iadnj gy = 0, dni(&5, &) = 26, dni(&i, &) = dni(&i, &) = 0.
This quaternionic contact structure satisfies the conditions (B22) and there-
fore it admits the Biquard connection V. The sp(1) connection 1-forms of
the Biquard connection we calculate from (B792) and (E793) to be

Qs = _(m +€)773.

The latter equality together with (E61) yield

Scal
16n(n + 2)

Comparing (ET33) with (EB9) we obtain that the torsion endomor-
phism of the Biquard connection of the corresponding quaternionic contact
structure vanishes identically and the qc scalar curvature is constant de-
pending on the dimension, T'= U = 0, Scal = 16n(n + 2)¢, see [94]. More
precisely, we conclude in a straightforward way applying Theorem B=3TT
and Corollary 228 the following result established originally in [94].

ps(X,Y) = édas(X,Y) - —( + 6>wS(X, Y)  (4.135)

Theorem 4.4.3. Any 3-Sasakian manifold is a qc-Einstein with qc-scalar
curvature given by

Scal = 16n(n + 2)e.
The structure equations of a 3-Sasakian manifolds are the equations (E13d).
The Ricci-type tensors are given by
PtlH = TyH = —2Ct|H = —2ew;
Ric(&s, X) = ps(X, &) = G(X, &) = ps(&, &) = 0.

The curvature R of the Biquard connection is expressed in terms of the
curvature of the Levi-Civita connection RY as follows

(4.136)

R(X,Y,Z,W) = RYX,Y,Z,W)

3
+ 37 [0V, 2w (X, W) = w,(X, 2w (¥, W) = 20y (X, ¥ e (2, W)

s=1
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R(X,Y,£,§) =

- 4(771 A 772(§a€)w3 + 12 A 773(575)(’01 + UE A Wl(fag)“@) (X7 Y))
where £,€ € V.

There are known many examples of positive 3-Sasakian manifold of di-
mension (4n + 3), see [P8] and references therein for a nice overview of pos-
itive 3-Sasakian spaces. Certain SO(3)-bundles over quaternionic Kéhler
manifolds with negative scalar curvature constructed in [IT3; 062; [00; 3]
supply examples of negative 3-Sasakian manifolds. A natural definite metric
on the negative 3-Sasakian manifolds is constructed in [I62; [00] changing
the sign of the metric on the vertical SO(3)-factor. With respect to this
metric the negative 3-Sasakian manifolds become an A-manifold and its
Riemannian Ricci tensor has precisely two constant eigenvalues, the neg-
ative one equal to —4n — 14 of multiplicity 4n and a positive one equal
to 4n + 2 of multiplicity 3 [00] and the Riemannian scalar curvature is
the negative constant —16n? — 44n + 6 [I62; [00]. We recall that a Rie-
mannian manifold is called an A-manifold if its Riemannian Ricci tensor
satisfies (V9 Ric9)(A, A) = 0 [84]. Explicit examples of negative 3-Sasakian
manifolds are constructed in [I71]. We take the next two examples from [iT].

Zero torsion qc structure Example 1. Denote {&', 1 <1 < 7} the
basis of the left invariant 1-forms and consider the simply connected Lie
group with Lie algebra L, defined by the following equations:

1 1
de' =0, de? = —e'2 — 263 56374_56467
ded — 7613+2624+3627_ %645’
d64:*614*2623*%€26+%635 (4.137)

1 1
de5:2612+2e34—§eﬁ7, d66:2613+2642+§e57,

de” = 2™ 4 2% — %656,

and e;,1 < [ < 7 be the left invariant vector field dual to the 1-forms
e, 1 <1< 7, respectively. We define a global qc structure on L; by setting

m :65a 772:667 773267, H:span{el,...,e4},
w1 = €24 e wy = e et Wy = e e
It is straightforward to check from (ET31) that the vector fields & = es,
& = eg, &3 = ey satisfy the Duchemin compatibility conditions (B=4) and

(4.138)
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therefore the Biquard connection exists and &s are the Reeb vector fields.
The structure equations (I-I37) easily imply (see e.g. []) that the torsion
endomorphism of the Biquard connection is zero, T7° = U = 0 and the qc
scalar curvature is a negative constant, Scal = —4n(n + 2) = —12.

Zero torsion qc structure Example 2. Consider the simply con-
nected Lie group Lo with Lie algebra defined by the equations:

. 1 1
de' =0, de? =—e?+e3, de® = *5613, de* = —5614,
5 1
ded = 2612 1 2634 1 3T _ 46 | — 67
4 (4.139)

deb — 2e13 _ 924 _ 1627 et 1657’

2 4

1 1
de” = 2 4 2623 4 5626 e 1656’

A global gc structure on Lo is defined by (BI38). It is easy to check from
(BT39) that the triple {&; = e5,& = es,&3 = e7} form the Reeb vector
fields satisfying (B20) and therefore the Biquard connection do exists. It is

easy to calculate from the structure equations (EI39) (see e.g. [[T]), that
the torsion endomorphism of the Biquard connection is zero, 70 = U = 0
and the qc scalar curvature is a negative constant, S = —2n(n + 2) = —6.

It turns out that the 3-Sasakian spaces are locally the only qc-Einstein
manifolds, the fact established in [94]. We state the result in its whole
generality but shall give here a proof only for dimensions bigger than seven.
We have

Theorem 4.4.4. Let (M*"*3 0, Q) be a 4n + 3-dimensional qc manifold
with non-zero qc scalar curvature Scal and let € be the sign of the scalar
curvature. Forn > 1 the following conditions are equivalent

a) (M*"*3 g,Q) is qc-Einstein manifold;

b) M*+3 s locally qc homothetic to a 3-Sasakian manifold, i.e., lo-
cally, there exists a SO(3)-matriz U with smooth entries depend-
ing on an auxiliary parameter, such that, the local qc structure
(e%@ -1, Q) is 3-Sasakian.

A seven dimensionl gc manifold is qc-Einstein with constant non-zero qc
scalar curvature if and only if it is locally qc homothetic to a 3-sasakian
manifold in the sense of b).

Proof. The idea is the same as in the proof of Theorem 3.1 in [94]. Let
T =U =0 and n > 1. Theorem EZ3 shows that the qc scalar curvature
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is constant and the vertical distribution is integrable. The qc structure

n = %n has normalized qc scalar curvature s’ = 2¢ and df)’ = 0

provided Scal # 0. For simplicity, we shall denote 1’ with 7 and, in fact,
drop the ’ everywhere.

In the first step of the proof we show that the Riemannian cone N =
M xR with the metric gy = t?(g+¢ 22:1 Ns ®@Ms) +edt@dt has holonomy
contained either in Sp(n + 1) or in Sp(n,1) depending on whether € is
positive or negative, respectively. To this end we consider the following
four form on N

F=INANF; +Fy, ANFy+ F3 A\ F, (4.140)
where the two forms Fy are defined by
F, = t*(w; + enj Any) + tdt Am;. (4.141)
Applying (F93), (B-98) and (E794), we calculate from (BZT20) that

dF; = tdt A (Qwi + 2en; Ay, — dm) + t2d(w; + enj A i)
=tdt AN (2w¢+2617j Ang+n; N ag —nkAak+s77jAnk>
+ et? <2wj + 1 N Ozk) NN — et? (QOJk — 1 N aj> Anj

+ (wj A (ag + smk) — wi A (o + 8773'))

1
— t? <pk Anj —pi N1k — §d8 NTRA nk) . (4.142)

A short computation, using (B793), (E-98), (E297) and (B122), gives

3

1

idF = szldFs A Fy = t3dt A (;) [Zewi AN Anj — swi Anj A nk}
— i

1
—3dt A Z |:2pk/\771‘/\7’]j +2ds/\17i/\77j/\nk}
(ijk)
1
¢t Z [m/\(wj A Pr — Wi /\pj)+2d8/\Wi/\7]j/\nk;:|
(ijk)
= =253 " dt A (pi + 2ew0;) Ay A + 1A =0, (4.143)
(ijk)

taking into account the first equality in Theorem B=33, (EL30) and s = 2e,

which hold when d2 = 0 by Theorem EZ72.
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Hence, dF = 0 and the holonomy of the cone metric is contained either
in Sp(n + 1)Sp(1) or in Sp(n,1)Sp(1) provided n > 1 [(57], i.e. the cone
is quaternionic Kahler manifold provided n > 1. Note that when n = 1
this conclusion can not be reached in the positive definite case due to the
8-dimensional compact counter-example constructed by S. Salamon [I47]
(for non compact counter-examples see [I0; []).

It is a classical result (see e.g [23] and references therein) that a quater-
nionic Ké&hler manifolds of dimension bigger than four (of arbitrary sig-
nature) are Einstein. This fact implies that the cone N = M x Rt with
the metric gy must be Ricci flat (see e.g. [23] ) and therefore it is lo-
cally hyperkahler since the sp(1)-part of the Riemannian curvature van-
ishes and therefore it can be trivialized locally by a parallel sections (see
e.g. [23] ). This means that locally there exists a SO(3)-matrix ¥ with
smooth entries, possibly depending on ¢, such that the triple of two forms
(Fl, Fy, Fg) = V. (F, Fy, F3)T consists of closed 2-forms constitute the fun-
danental 2-forms of the local hyperkéahler structure. Consequently (M, U-n)
is locally a 3-Sasakian manifold.

The fact that b) implies a) is trivial since the 4-form € is invariant under
rotations and rescales by a constant when the metric on the horizontal space
H is replaced by a homothetic to it metric.

O

Remark 4.4.5. It follows from the above discussion that the cone over
a (4n + 3)-dimensional qc manifold carries either a Sp(n 4+ 1)Sp(1) or a
Sp(n,1)Sp(1) structure which is closed exactly when dQ2 = 0 provided the
dimension is strictly bigger than seven.

Remark 4.4.6. An example of a qc structure satisfying 7° = U = Scal =
0 can be obtained as follows. Let M*" be a hyperkihler manifold with
closed and locally exact Kihler forms w; = dn;. The total space of an R3-
bundle over the hyperkihler manifold M*" with connection 1-forms 1 is
an example of a qc structure with 7° = U = Scal = 0. The qc structure is
determined by the three 1-forms 1; satisfying di; = w; which yield T = U =
Scal = 0. In particular, the quaternionic Heisenberg group which locally is
the unique qc structure with flat Biquard connection on H, see [97], can be
considered as an R?® bundle over a 4n-dimensional flat hyperkahler R**. A
compact example is provided by a T3-bundle over a compact hyperkéhler
manifold M*" such that each closed Kahler form w; represents integral
cohomology classes. Indeed, since [w;], 1 <1 < 3 define integral cohomology
classes on M*" the well-known result of Kobayashi [I11] implies that there
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exists a circle bundle S — M4+ — M4 with connection 1-form 7; on
M4+ whose curvature form is dm = wi. Because w; (I = 2,3) defines an
integral cohomology class on M4+, there exists a principal circle bundle
St MAn+2 5 M4+ corresponding to [we] and a connection 1-form 1y
on M4"*2 such that wy = dns is the curvature form of 7. Using again the
result of Kobayashi, one gets a T3-bundle over M*" whose total space has
a qc structure satisfying dn; = w; which yield T° = U = Scal = 0.

We do not know whether there are other examples satisfying the condi-
tions T° = U = Scal = 0.



Chapter 5

Quaternionic contact conformal
curvature tensor

5.1 Introduction

The goal of this section is to describe a tensor invariant on the tangent bun-
dle characterizing locally the qc structures which are quaternionic contact
conformally equivalent (quaternionic contact isomorphic) to the flat qc-
structure on the quaternionic Heisenberg group. It was proven in [94] that
the quaternionic Heisenberg group G (H) with its ”standard” left-invariant
qc structure is the unique (up to a SO(3)-action) example of a qc structure
with flat Biquard connection. We shall describe a curvature-type tensor
W4¢ defined in terms of the curvature and torsion of the Biquard connec-
tion by (629) involving derivatives up to second order of the horizontal
metric, whose form is similar to the Weyl conformal curvature in Rieman-
nian geometry and to the Chern-Moser invariant in CR, geometry [45], see
also [I6Y9]. We call W% the quaternionic contact conformal curvature, gc
conformal curvature for short. The main result of the section is Theorem
B33 in which we show that a qc structure on a (4n+3)-dimensional smooth
manifold is locally quaternionic contact conformal to the standard flat qc
structure on the quaternionic Heisenberg group G (H) if and only if the qc
conformal curvature vanishes, W9¢ = 0.

In addition, we shall prove a number of useful facts. We devote a
sub-section to the quaternionic Cayley transform, which turns out to be
a conformal quaternionic contact automorphism between the standard 3-

5473 minus a point and

Sasakian structure on the quaternionic sphere
the standard qc structure on G (H) [94]. As a consequence of Theo-
rem B33 and the fact that the quaternionic Cayley transform is a quater-
nionic contact conformal equivalence between the 3-Sasakian structure on

the sphere minus a point and the flat qc structure on G (H), we obtain that

139
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a qc-manifold is locally quaternionic contact conformal to the quaternionic
sphere S4"*3 if and only if the qc conformal curvature vanishes, W9¢ = 0.
We expect that the quaternionic contact conformal curvature tensor will
be a useful tool in the analysis of the quaternionic contact Yamabe problem,
see Section B. According to [I68] the qc Yamabe constant of a compact
gc manifold is less or equal than that of the sphere. Furthermore, if the
constant is strictly less than that of the sphere the qc Yamabe problem has
a solution, i.e., there is a global qc conformal transformation sending the
given qc structure to a qc structure with constant qc scalar curvature. A
natural conjecture is that the qc Yamabe constant of every compact locally
non-flat manifold (in conformal quaternionic contact sense) is strictly less
than the qc Yamabe constant of the sphere with its standard qc structure
and a natural tool in investigating this conjecture is the use of the qc
conformal curvature which measures the non-flatness of a qc structure.

5.2 Quaternionic contact conformal transformations

Given a qc manifold (M, H,[g],Q) and a local qc form n such that H =
Kern then any other qc form 7 generating the same qc structure is con-
nected with 7 by 7 = pUn where p is a positive smooth function and
¥ € S0(3) is a smooth SO(3) matrix. In this section we study smooth
tensor invariants of a given qc structure, i.e. tensor invariants of these
transformations.

A conformal quaternionic contact transformation between two quater-
nionic contact manifold is a diffeomorphism ® which satisfies

Q' =pW-n
for some positive smooth function p and some matrix ¥ € SO(3) with
smooth functions as entries, where n = (n1,72,73)" is considered as an

element of R3. The Biquard connection does not change under rotations,
i.e., the Biquard connection of ¥ -7 and 7 coincides. Hence, studying qc
conformal transformations we may consider only transformations

' = pon.
We recall the formulas for the conformal change of the corresponding Bi-
quard connections from [94].
Let h be a positive smooth function on a gc manifold (M, 7) and

P L
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be a conformal deformation of the qc structure n. We will denote the objects
related to 77 by over-lining the same object corresponding to n. Thus,
1 1 1
- —d g=—g. 1
2h2 on @ 9T 99 (5-1)
The new triple {£1, &2, &3}, determined by the conditions (B22) defining the
Reeb vector fields, is

i = dh A +

& = 2h&, + I,Vh, (5.2)

where Vh is the horizontal gradient defined by
Vh = dh(ey)eq (5.3)
using the fixed orthonormal basis ey, ..., e, of the horizontal space H

equipped with the metric determined by 7, see (B). The horizontal sub-
Laplacian and the norm of the horizontal gradient are defined respectively
by
Ah = tr{(Vdh) = Vdh(ea,eq), |Vh]* = dh(es)dh(es).  (5.4)
The Biquard connections V and V are connected by a (1,2) tensor P,
VaB=V4B+ P(A, B), A, BeT(TM). (5.5)

Condition (1) yields
3
9(P(X,Y),Z) = g(P(Y,X),Z) = =h™" > wi(X,Y)dW(,Z),  (5.6)

while Vg = 0 implies
9(P(AY),Z) +g(P(A,2),Y) = =h~'dh(A)g(Y. Z). (5.7)
Set A = X into (B24) and combine the obtained equation with (E8) to
determine the tensor P
3
2hg(P(X,Y), Z) = =dh(X)g(Y, Z)+)_ dh(1:X)ws (Y, Z)—dh(Y)g(Z, X)
s=1
3 3
=Y ALY )w (Z, X) + dh(Z)g(X,Y) = Y dh(I.Z)ws(X,Y). (5.8)
s=1 s=1
We calculate
=—g(P(X,&).Y) = —a;(X)dn(IxY) + a(X)dh([;Y)
+ a;(X)dh(IY) — ap(X)dh(L;Y) — Vdh(X, L,Y)

= —Vdh(X,LY) + h~ " |dh(1,X)dh(1;Y) — dh(IjX)dh(IkY)}, (5.9)
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where we applied (B210), (B8), (Bd)and (B2) several times.
When we take the symmetric part of (59), then apply (B220) and (B=4)
with A = &; gives
ARTO(&, X,Y) — 4hT°(&, X,Y) + h™ " dh(&)g(X,Y)
The last equality together with (A28) and (52) yield

3
TOX,Y) - TX,Y) + % ; dh(&s)ws(X,Y)

3
=1 <3th(yx ;th(IsX, ISY)> . (5.10)
The identity d® = 0 implies Vdh(X,Y) — Vdh(Y,X) = —dh(T(X,Y)).
Applying (ET10), we have

Vdh(X,Y) = [Vdh]jsym)(X,Y) Zdh £ )ws (X, Y), (5.11)

where [.]{5,m] denotes the symmetric part of the corresponding (0,2)-tensor.
A substitution of (B) in (A1) gives the important identity [04]
T°(X,Y) = T°X,Y) + h™" [Vdh]sym-11(X,Y), (5.12)
where [Vdh](sym);—1) denotes the symmetric [-1] part of Vdh given by

[th} [sym][—1] (Xa Y)

3 3
1
=1 <3th(x, Y) - ; Vdh(I,X,1,Y) +4 ; dh(€)ws (X, Y)) :
(5.13)
Taking the skew-symmetric part of (63), then applying the first part of
(213) and (572) with A = & we obtain
+ 2 [dh( 1 X)dh(LY) — dh(IjX)dh(IkY)] (5.14)
The second equation in (A28) together with Lemma B—272 and (51) applied
to (B14) yield
1O (X,Y) — 4hU(X,Y) = ~29(P(&, LX), Y)
+ Vdh(X,Y) + Vdh(L; X, LY) + 2dh(§;)w; (X, Y) 4+ 2dh(&k)wi (X, Y)

_op~t [dh(IjX)dh(IjY) + dh(IkX)dh(IkY)} . (5.15)
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AhU(I; X, L,Y) — 4hU(I; X, I;Y) = —2g(P(&, 1 X), I,Y)
+ th(I]X, IjY) + th(IkX, IkY) + 2dh(§j)wj (X, Y) — 2dh(§k)wk(X, Y)
_op~t [dh(X)dh(Y) + dh(IiX)dh(IiY)] (5.16)

Since both connections are quaternionic connections, we obtain from (B=10)
consequently that

[ (&) + (&) wn(X,Y) = [~a(&) + aw(&)]ws (X, V)
=9(Ve, )X, Y) — g(Ve, ;) X, Y)
— G(PE1X).Y) —g(PE.X).1Y): (517

[~ (&) + ()| 9(X.Y) = [~65(€) + oy () |wn(X, V)
=9(Ve W)X, ;Y) — g(Ve, [i) X, I;Y)
= g(P(&, Ik X), ;Y) + g(P(&,X),LY). (5.18)
We calculate from (B792) and (B293) applying (B0) and (522) that
—a;(&) + (&) = 2dh(&);  —an(&) + ar(&) = —2dh(&));

_ _ 1 — 1
- (&) + (&) = O] (Scal — 2hScal) + ﬁ|Vh|2.

Summing up (6T1) and (BI8), insert the result into the sum of (513) and
(618) using Lemma B-277 and (619), we obtain

(5.19)

UX,Y)=U(X,Y)+ ;h [th — Edh ® dh] ) (X,Y)
- i {*5‘1@) + ai(é)}g(X, Y), (5.20)

where [ Vdh — %dh ® dh] is the [3]-component given by

(3]

3
2 1
{th — —dh & dh} (X,Y) = th (X,Y)+ 5 z:: hI,X,1,Y)

;3]

= 21h( )+ Zdh X)dh(LY)). (521)

The trace of (520) with the help of (5221) yields

[—ai(g‘i) n ai(@)] - %Ah - %Whﬁ (5.22)
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since the tensors U and U are completely trace-free.
Substitute (B222) into (B220) to obtain [94]

_ 1 2
UX,Y)=UX,Y)+— |Vdh - Zdh@dh|  (X,Y), (5.23)
2h h 13](0]

where [Vdh — 2dh ® dh] denotes the trace-free part of the [3]-

component,

[th - %dh ® dh}

(31(0]

= [th e dh] - 4i (Ah - 2|Vh|2> g.
[3][0] I
Now, (B0H) and (623) yield the next transformation formula [94]

g(P:X,Y) = i [th(X, LY) — Vdh(I; X, Y)}
+ i [th(fjx, LY) — Vdh(L X, ij)}
- % {dh(JkX)dh(IjY) - dh(JjX)dh(JkY)}

1
- = [dh([,;X)dh(Y) - dh(X)dh(IiY)}
1 2
— [ —Ah+ Z|VAP ) wi(X,Y
+ g (con 2R )X y)
— dh(&k)w;i (X, Y) + dh(&)wr(X,Y).  (5.24)
Compare (5222) with the second line of (ET9) to get the formula connecting
the qc scalar curvatures of 7 = 571 and 7 [24] (see also [94])

—_— 1

Scal = 2hScal + 8(n + 2)Ah — E8(n +2)%|Vh|?. (5.25)
Theorem B2 together with (612) and (623) lead to the next result es-
tablished in [94]

Corollary 5.2.1. The gc Einstein condition is preserved under a qc con-
formal transformation 7 = 2—1}177 if and only if the function h satisfies the

following two PDFEs
3 3

3VAh(X,Y) = Y Vdh(I,X, 1Y) +4 dh(&)ws(X,Y) =0;  (5.26)

s=1 s=1

3
Vdh(X,Y)+ Y Vdh(I.X, 1Y) - %dh(X)dh(Y)

s=1

S

> 1 2
Zdh(IsX)dh([sY)) - (Ah - h|Vh|2) g(X,Y)=0. (5.27)
s=1
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5.2.1 The quaternionic Cayley transform

Next we bring into consideration the quaternionic Heisenberg group G (H)
and the 3-Sasakian sphere S both of dimension 4n + 3. In Section 2231
equation (2Z30) we defined a Cayley transform on all groups of Heisenberg
type. Here we focus on the quaternionic Cayley transform which turns out
to be a qc conformal transformation between the standard flat qc structure
on G (H) and the standard 3-Sasakian structure on the sphere minus a
point [94].

Let us identify G (H) with the boundary X of a Siegel domain in H"™ x H,
see also (219),

Y = {(d,p)eH"xH : Rp = |{?},
by using the map
(q/7w/) = (q/7 |q/‘2 - w/)'

The standard contact form ©, written as a purely imaginary quaternion
valued form, is given by (B27). Since dp’ = ¢ -d§ + d¢ -7 — dv/,
under the identification of G (H) with 3 we also have

~ 1
0 = fidp’ + dq¢' - 7.

Taking into account that © is purely imaginary, the last equation can be
written also in the following form

_14 / 1/‘,_1/ —
0 = 4(dp dp)+2dq q 54 -dd

The Cayley transform is the map from the sphere S = {|q|* +[p|> = 1} C
H"™ x H minus a point to the quaternionic Heisenberg group X defined by

€S 3, (¢s0) = € ((a,p)), where
¢ = (1+p~tqg P =0+ptA-p).

The inverse map is (¢,p) = C~! ((qﬂp’)) given by

g = 20+p)"q, p=(0+p)(1-p)
The Cayley transform maps S minus a point to X since

(1+p)(1-p)  1-=Ip gl

Ry = R - —
P I1+p]? I1+p[? I1+p]?

= >
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Writing the Cayley transform in the form (14p)¢’ = ¢, (1+p)p’ = 1—p,
givesdp-q¢ + (14+p)-d¢ = dq, dp-p + (1+p)-dp = —dp, from
where we find

dp) = —2(1+p)~"-dp-(1+p) "
d¢ = (L+p) ' [dg — dp-(1+p)~"-q.

The Cayley transform is a conformal quaternionic contact diffeomorphism
between the quaternionic Heisenberg group with its standard quaternionic
contact structure © and the sphere minus a point with its standard qc
structure 7, a fact which can be seen as follows. Equations (B28) imply
the following identities

(5.28)

2C°0 = —(1+p) -dp-(1+p) " + (L+p) ' -dp-(1+p) "
+ (1+ ) 1[q,d (1+p)tqlqg-(1+p)7"
— (1+p)7lq-[dg - G- (1+p)t-dp] - (1+p)
= (14+p~" [dp

(1 +p) b +p) — lgldp-1+p)~' (1 +13)’1
+ (1+p)" [—( p)-(1+p)~"-dp + lgf* (1 +p)~tdp] (1+p)~"
+(14+p) " dg-q — q-dg](L+p)"" = [L+p[2AqA, (5.29)

where A = |1+ p|(1+ p)~! is a unit quaternion and 7 is the standard
quaternionic contact form on the sphere,

N =dq-q + dp-p — q-dg— p-dp. (5.30)
Since [1+p| = 2[1+p/|7 ! wehave A = (1+p')|1+p'|~! and the equation
(B22) can be put in the form
- 8 -
. = 7@
L+p?

Remark 5.2.2. Notice that the standard qc contact form we consider here
is twice the 3-Sasakian form on S4"*3, which has qc scalar curvature > equal
to 16n(n +2) by Theorem EZ3. Thus, the qc scalar curvature S = Scal of
the standard qc structure (6230) on S*"*3 is

S = %(Q +2)(Q — 6) = 8n(n +2), (5.31)

where, as usual, @@ = 4n + 6 is the homogeneous dimension.
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5.3 qc conformal curvature

We calculate the relation between the curvature tensors R and R of the Bi-
aquard connections V and V of two qc conformally equivalent qgc structures
=551

We use the notation for the Kulkarni-Nomizu product of two (not nec-
essarily symmetric) tensors of type (0,2), for example, if L is a (0,2) tensor,
we have

(ws ® L)(X,Y, Z,V) := wy(X, Z)L(Y, V) + w, (Y, V)L(X, Z)
— wy(Y, Z)L(X, V) — wy(X,V)L(Y, Z).

We also use the usual conventions
I,L(X,Y)=g(I,LX,Y)=-L(X,I,Y).

With a standard computation based on (53), (63), (B224) the curvature
tensors R and R are connected by [97]

2hg(R(X,Y)Z,V) — g(R(X,Y)Z,V) = —(g ® M)(X,Y,Z,V)
3
> (ws © LM)(X,Y, Z,V) + % 3 wilX,Y) [M(Z, LV)— M(L,Z, V}
s=1 (4,,k)
+ % (;c) wi(X,Y) {M(Ijz, LV) — M(I: 2, IjV)}
3
— g(Z,V)[M(X,Y) = M(Y, X)| + 3 w,(2,V) [M(X, 1Y) = M(Y, 1,X))]

s=1

1
+ 5 (Z;C) M 60 (X, Y )w(Z,V) = wr(X, Y )y (2,V)]
75

3
5 (trM) Y wd X, Y)wi(Z,V), (5.32)
s=1
where Z(Z ;&) denotes the cyclic sum, the (0,2) tensor M is given by
1
M(X,Y) = 5-Vdh(X,Y)

dh(X)dh(Y) + Zdh (I,X)dh(I,Y) + g(X Y)|dh2| (5.33)

s=1

42 [



148 Ezxtremals for the Sobolev inequality and the gc Yamabe problem

and trM = M(eq,eq), Ms = M(eq, Ise,) are its traces.
Using (B233) and (B1), we obtain

1 2
trM = —h(Ah— 2 ) )
2 (5.34)

M, = (th(ea,l €a) — th([sea,ea)) = —Wdh(fs)

4h
Suitable traces of (6332) imply

P,(X,LY) = pi(X,LY) = —M(X,Y) — M(LY, ,X)

trM Mj M

t M
~M(X.Y) = M(LX, LY)) -

where we use (B233), (5232) and (B) to establish the third line.
The equations (B233) yield

9(X,Y) ~ Tdh(E)wi(X,Y), (5.35)

ips(X, LY) - 23: ps(X, 1Y) = —2M(X,Y)

3
3tTM
—4Mz(X,Y) - o Z (€6)ws(X,Y)

StrM

= _2M[sym] (X7Y) - 4M[3] (Xa Y) - g(X7 Y)ﬂ (536)

where we apply (6I) to obtain the last line.
Using (633) and the fact that the [3]-component (Vdh) of Vdh on
H is symmetric, we obtain that the [3]-component of M is symmetric,

Mis) = Migj(sym] = Misym)(3]-
The two Sp(n)Sp(1)-invariant components of (B23H) are given by

3 3
(me, m) . (z (X, m)
s—1 s=1 [—1]

= —2M{gym_1)(X,Y).  (5.37)

(—1]

3 3
(Z pa(X, ISY)> <Z ps(X, ISY>>
s=1 s=1 [3]

= 76M[sym] [3] (X7 Y) -

(3]
3trM

9(X,Y). (5.38)
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On the other hand (BB9) implies
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3
D pa(X,LY)
s=1
3
=————Scal.g(X,Y) - T°(X,Y) - 6U(X,Y). (5.
g Seel (X Y) - TXY) —6U(X.Y). (5.3
Taking the trace in (5238) and applying (639), we obtain
SQC}?Z — Scal = 8(n + 2)tr M. (5.40)
Now, (620) yields
Scal Scal
trM.g(X,) V)= —qg(X,Y)— ———¢g(X,Y). 41
rM.g(X.Y) 8n(n—|—2)g( ¥) 8n(n—|—2)g( ¥) (541)
We calculate from (523R), (5239) and (B2) that
1[(< Scal
Misymi3 (X, Y) = & (Z_; ps(X, IsY)> ) + (1 2) 2)9(X,Y)
3 _
1 Scal
=z 5.(X,I,Y)| — -2 g(Xx,v
5 (s;ps( e )) y 32n(n+2>g( )
— Scal  _ Scal
= |:U(X7Y) + WQ(X»Y)] - {U(va) + mg(va) :
(5.42)
Similarly, (6230) together with (E239) imply
10 1
Migym)(-1)(X,Y) = 5T (X,Y) = 5TO(X,Y). (5.43)
We get from (6232) and (623) that
Msym) (X,Y)=L(X,Y) - L(X,Y), (5.44)
where the symmetric (0,2) tensor L is given by
1 Scal
L(X,Y)=-T(X,Y X, V) + ————g(X,Y). 4
(X.Y) = §TOXY) +UXY) + tlsa(XY). (5.49)
We obtain from (633) and (5) that
13
M(X,Y) = Misym) (X, Y) = 5 D dh(&)ws(X,Y). (5.46)

s=1
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Substitute (B2H) into (524) and put the result into (62M), insert the ob-
tained equality in (B232) and use (5Z34) to obtain [97]

2WWR(X,Y,Z,V)=WR(X,Y,Z, V), (5.47)
where the tensor W R is given by

WR(X,Y,Z,V)=R(X,Y,Z,V)
3
+(gO L)XV, Z,V) + Y (w0 LL)(X,Y, Z,V)

- % > wilX, V)| L(Z V) = LLZ V) + LU Z V) = LLZ, V)]
(i.5k)
3 3
-3 wy(2.V) [L(X, LY) - L(LX, Y)] + %(WL) 3wl (X, Y)w,(Z,V).
s=1 s=1

(5.48)

Recalling the definitions (B) of the two Sp(n)Sp(1)-invariant parts of an
endomorphism of H, comparing (52R) with (2I04) and applying (B23),
we obtain the next Proposition.

Proposition 5.3.1. On a QC manifold the [—1]-part with respect to the
first two arguments of the tensor W R vanishes identically,

WR_y(X,Y,Z,V)
3
1
= JBWR(X.Y.Z,V) - STWR(LX, LY, Z, v)] — 0.

s=1

The [3]-part with respect to the first two arguments of the tensor WR
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coincides with W R and has the expression
WR(X,Y,Z,V) = WR3(X,Y,Z,V)

[WR(XYZV +ZWRIXIYZV)}
s=1

%\H

3
— i [R(X, Y, Z,V) + Z R(IX, 1Y, Z, V)]

3
Z W) [TO(X, 1Y) = TO(1,X,Y)]
Seal XYY XY, 2,V
m[(g@&g)( Y, Z, )+;(ws®ws)( Y, Z, )]

3
+O U)X, Y, Z,V)+ > (ws ® LU)X,Y,Z,V). (5.49)
s=1

Definition 5.3.2. We denote with W% the tensor WR (623) consid-
ered as a tensor of type (1,3) with respect to the horizontal metric on H,
g(W*(X,Y)Z,V) = WR(X,Y,Z,V) and call it the quaternionic contact
conformal curvature.

In view of (BZZ7) we obtain the next important result discovered in [07]

Theorem 5.3.3. The tensor W R is covariant while the tensor WI¢ is

inwvariant under gc conformal transformations, i.e. if
n=(2h)""Un then  2hWR;=WR,, Wi =wge,
for any smooth positive function h and any SO(3)-matriz P.

The properties of the qc conformal curvature established in [97] we de-
scribed in the following

Proposition 5.3.4. The tensor W R is completely trace-free, i.e.
Ric(WR) = ps(WR) = 7,(WR) = (;(WR) = 0.

Proof. Lemma 028, Lemma (E2274) and (623) imply the following iden-
tities

TO(e,, [,X,Y) = % [L(X, Y) - L(I,X, Isy)}, (5.50)
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1
UX.Y)=—tr Lg(X.Y)

1
+7 [L(X, V)4 L(LX, YY) + L(LX, LY) + L(IsX, I5Y)|, (5.51)

1
T(&, X,Y) = =5 |[LLX,Y) + LIX, LY)| + U(LX, )
3
4
1
+ LI X 1Y)

- _iL(IZ-X, Y) - SL(X,LY) — iL(IkX, 1;Y)

1
— —(tr L) g(LX,Y). (5.52
Lr D) g(LX.Y). (5.52)
After a substitution of (550) and (B1) in the first four equations of The-

orem B33 we derive

2n+3 8n + 11

Ric(X,Y) = tr Lg(X,Y)+ L(X,Y)
3
+ S[LEX LY ) + LUGX LY) + LU X 1Y), (553)
1
pilX,Y) = LIX, 1Y) = L(LX,Y) = 5-trLwi(X,Y), (5.54)
n

1
7(X,Y) = _Eteri(X’ Y)

n+2
— = [LUX,Y) = LG LY) + LUGX, LY) - L X, IkY)} (5.55)
2n —1 3
G(X,Y) = Ztr Luy(X,Y) + = L(LiX,Y)
8n + 3 1
- L LY) + o [L(IkX, LY) - L(I; X, IkY)}. (5.56)

Taking the corresponding traces in (52R), using also (B53)-(65A), it is
straightforward to verify the claim. O

It turns out that the qc conformal curvature is the only local obstruction
for a qc conformal flatness of a given qc structure.

Theorem 5.3.5. [97 A qc structure on a (4n + 3)-dimensional smooth
manifold is locally quaternionic contact conformal to the standard flat qc
structure on the quaternionic Heisenberg group G (H) if and only if the gc
conformal curvature vanishes, W1¢ = 0.
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Proof. Here we only sketch the proof and refer to [d7] for a complete
proof of this theorem. In Chapter @ we give a complete new proof of the
Cartan-Chern-Moser theorem in the CR case illustrating our approach in
a somewhat simpler setting.

Suppose W9¢ = 0, hence WR = 0. In order to prove Theorem b5=373 we
search for a conformal factor such that after a conformal transformation
using this factor the new qc structure has Biquard connection which is flat
when restricted to the common horizontal space H. After we achieve this
task we can invoke Proposition B3T3 and conclude that the given struc-
ture is locally qc conformal to the flat qc structure on the quaternionic
Heisenberg group G (H). With this considerations in mind, it is then suffi-
cient to find (locally) a solution A of equation (628) with M,,,,) = —L. In
fact, a substitution of (62H) in (5232) and an application of the condition
Wi = 0 = WR allows us to see that the qc structure 7 = ﬁn has flat
Biquard connection.

Let us consider the following overdetermined system of partial differen-
tial equations with respect to an unknown function u

Vdu(X,Y) = —du(X)du(Y)
3
+3° [du(ISX)du(ISY) — du(€s)ws (X, Y)] + %g(X, Y)|Vul? — L(X,Y),

s=1

(5.57)

Vdu(X, &) = BX, &) — L(X, Tidu) + %du(IiX)|Vu|2
— du(X)du(&) — du(lX)du(€y) + du(TuX)du(S,),  (5.58)
Vdu(&;, &) = —B(&, &) + B(Lidu, &)

+ E\VUI4 = (du(&))* + (du(§;))* + (du(&))*,  (5.59)

Vdu(;,&) = —B(&;, &) + B(Lidu, &)

Seal
— 2du(&)du(E;) — Wz_mdu(fk), (5.60)
Vdu(&k, &) = —B(&k, &) + B(Lidu, &)
Scal

— 2du(&)du(&) + du(&;). (5.61)

16n(n + 2)
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Here the tensor L is given by (62H). The tensors B(X,¢;) and B(&;,€;) do
not depend on the unknown function v and are defined in terms of L and
its first and second horizontal (covariant) derivatives as follows

1

B(X,&) = 20n 11D

(Ve,L)(Iieq, X)

1
—_— L I, X)—-Vy, L
+ 5an 1 (VeaL)ea 1iX) = Vixtr L),

B(6,&) = 1| (Ve B)(Lua, &) + Llea, ) LlTrca Lues)|.

1
n

If we make the substitution
2u =1Inh, 2hdu = dh, Vdh = 2hVdu + 4hdu ® du,

in (B233) we recognize that (B28) transforms into (B554). Therefore, our
goal is to show that equation (5557) has a solution, for which it is sufficient
to verify the Ricci identities (see below). However, if equation (557) has
a smooth solution then (55X)-(60) appear as necessary conditions, so we
considered the complete system (557)-(60) and reduced the question to
showing that this system has (locally) a smooth solution.

The integrability conditions for the above considered over-determined
system are furnished by the Ricci identity

V2du(A, B,C) — VZdu(B, A, C)
= —R(A,B,C,du) — Vdu((T(A, B),C). (5.62)

The proof of Theorem B33 could be achieved by considering all possible
cases of (502) and showing that the vanishing of the quaternionic contact
conformal curvature tensor W4¢ implies (662), which guaranties the exis-
tence of a local smooth solution to the system (550)-(661). We refer to
[a7] for details. O

We end this section with a few remarks.

First, we note that for locally 3-Sasakian manifolds a curvature invariant
under very special quaternionic contact conformal transformations, which
preserve the 3-Sasakian condition, is defined in [4]. It is shown that the van-
ishing of this invariant is equivalent to the structure being locally isometric
to the 3-Sasaki structure on the sphere. In particular, this shows that the
standard 3-Sasakian structure on the sphere is locally rigid with respect to
qc conformal transformations preserving the 3-Sasakian condition.

The second remark concerns an alternative approach to conformal flat-
ness. Following the work of Cartan and Tanaka, a qc structure can be
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considered as an example of what has become known as a parabolic ge-
ometry. The quaternionic Heisenberg group, as well as, the quaternionic
sphere, due to the Cayley transform, provide the flat models of such a ge-
ometry. It is well known that the curvature of the corresponding regular
Cartan connection is the obstruction for the local flatness. However, the
Cartan curvature is not a tensor field on the tangent bundle and it is highly
nontrivial to extract a tensor field involving the lowest order derivatives of
the structure which implies the vanishing of the obstruction. Theorem B33
suggests that a necessary and sufficient condition for the vanishing of the
Cartan curvature of a qc structure is the vanishing of the qc conformal
curvature tensor, W9 = 0. This was confirmed in [d] employing results
developed in [#] and the general theory of parabolic geometries.

Finally, Theorem B=33 can be also used in a standard way to show a
Ferrand-Obata type theorem concerning the conformal quaternionic contact
automorphism group, see [98]. Such result was proved in the general context
of parabolic geometries admitting regular Cartan connection in [I71].
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Chapter 6

The quaternionic contact Yamabe
problem and the Yamabe constant of
the qc spheres

6.1 Introduction

Let M be a compact quaternionic contact manifold M of real dimension
4n + 3 and homogeneous dimension @@ = 4n + 6. Thus, we are given an
R3-valued contact form n = {n1,7n2,13} defining the horizontal distribution
H and fundamental two forms dn),, of the quaternionic hermitian structure
(g, 11, I2,13) on H, (dns)),, = 28(Is.,.) = 2ws, s = 1,2,3. A natural ques-
tion is to determine the qc Yamabe constant of the conformal class [n] of n
defined as the infimum

AM,[n) = inf{Y(u):ueC>®(M), u>0}, (6.1)

where Vol, = m1 Az Ans A (w1)?" denotes the volume form determined
by 7, see (69). The qc Yamabe functional of the conformal class of 7 is
defined for 0 < u € C*(M) by

Y (u) = ( /M (4%|w|2 +Su2>Voln) / ( /M u? vOzn>2/2*, (6.2)

where Vol,, is the volume form (63), V is the Biquard connection of 7,
S stands for the qc scalar curvature of (M, n) and |Vul is the length of
the horizontal gradient, cf. (63) and (). This is the so-called q¢ Yamabe
constant problem. The question is closely related to the solvability of the qc
Yamabe equation (B225). This is the so called g¢c Yamabe problem, which is
the problem of finding all gc structures conformal to a given structure 7 (of
constant qc scalar Curvature) which also have constant qc scalar curvature.
Taking the conformal factor in the form 7 = u*/(Q=2)y, Q = 4n + 6, turns

(67Z3) into the equation
2 — o
Euzél%Au— Su = — Su? 1 (6.3)

157
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where A is the horizontal sub-Laplacian, Au = tr{, (Vdu), cf. (64), S and
S are the qc scalar curvatures correspondingly of (M, n) and (M, 7), j =
u/ Q=2 and 2* = 2Q/(Q — 2). A natural question is to find all solutions
of the qc Yamabe equation (E3). As usual the two fundamental problems
are related by noting that on a compact quaternionic contact manifold M
with a fixed conformal class [n] the gc Yamabe equation characterizes the
non-negative extremals of the qc Yamabe functional.

One of the goals of this chapter is the determination of A\(S*"*3 [7]),
where 7j is the standard qc form (6230) on the unit sphere S*"*3. In addi-
tion, the proof yields all qc forms in the conformal class [f)] which achieve
A(S4+3). In particular, we shall determine the best constant in the L?
Folland-Stein inequality (04) and characterize all functions for which equal-
ity holds in the case of the quaternionic Heisenberg group.

The second goal is to solve the qc Yamabe problem for the standard
qc structure on the seven dimensional sphere and quaternionic Heisenberg
groups. We shall see that, as conjectured in [[75], all solutions of the Yamabe
equations are given by those that realize the Yamabe constant of the sphere
or the best constant in the Folland-Stein inequality. In short, we shall prove
the next Theorems.

Theorem 6.1.1. |94

a) Let G (H) = H" x ImH be the quaternionic Heisenberg group as de-
scribed in Section B-34. The best constant in the L? Folland-Stein em-
bedding inequality (), where the horizontal gradient is taken using the
vector fields (EI24) is

[22n+604n+4] —1/(4n+6)

2n(n+1)

52 = )

Here, 04p+4 = 210%™ 2 /(2n+1)! is the volume of the unit sphere S4"3 C
R4 The non-negative functions for which (1) becomes an equality
when p =2 and G = G (H) are given by the functions of the form

]_(n+1) , ~ = const, (6.4)

F = v[1+]¢*? + |wf

and all functions obtained from F by translations (C2R) and dilations
b) The qc Yamabe constant of the standard qc structure of the sphere is

A3 (7)) = 16n(n+2) [(2n)! ounsa]/ T (6.5)
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The proof, which can be found in Section B74, relies on the old idea of center
of mass of Szegd [15R] and Hersch [89]. We remind that in the Folland-Stein
inequality the integration is performed using a Haar measure, while the qc
Yamabe constant employs the natural volume form (6d). The relation
between the two integrals on the qc Heisenberg group G (H) is given in

Theorem 6.1.2. |97

a) Let 7 = 2—1,177 be a conformal deformation of the standard qgc structure 7
on the quaternionic unit sphere S”. Ifn has constant qc-scalar curvature,
then up to a multiplicative constant n is obtained from 7 by a conformal
quaternionic contact automorphism. In particular, \(ST) = 48 (47)/5
and this minimum value is achieved only by 1 and its tmages under
conformal quaternionic contact automorphisms.

b) Let G (H) = HxImH be the seven dimensional quaternionic Heisenberg
group. A solution of the Yamabe equation

(T2 + X} + Y2 + ZY)u = —u®/? (6.6)
is given by the function
a = 29 [(1+1q*?* + |w|*]7? (6.7)

where the left invariant vector fields are those in (EI2A). Any other
non-negative entire solution of the Yamabe equation is obtained from u

by translations (E260) and dilations (632d).

We note that 2* — 1= (Q +2)/(Q —2) = 3/2 when n = 1.
The proof of Theorem BT is given in Section BB and relies on the
divergence formula established in Theorems 651 and 6=273.

6.2 Some background

In this section we present key results from [94] necessary for the proof of
the main theorems.

6.2.1 The gc normal frame

The next Lemma established in [94] is an application of a standard result
in differential geometry is very useful and simplifies the calculations.



160 Ezxtremals for the Sobolev inequality and the gc Yamabe problem

Lemma 6.2.1. In a neighborhood of any point p € M*"*3 and a qc-
orthonormal basis

{X1(p), Xa(p) = 1 X1(p) - -, Xan(p) = I3Xun—-3(p), &1(p), §2(p), E3(p)}
of the tangential space at p there exists a gc-orthonormal frame field
(X1, Xo =0LXy,..., Xap = I3X4n3,81,82, &3}
such that Xop = Xa(p),&sp = §s(p)ya = 1,...,4n and the connection
1-forms of the Biquard connection are all zero at the point p:

(Vx.Xp)p= (Ve, Xo)p = (Vx,&)ip = (V. &) p = 0, (6.8)
fora,b=1,...,4n,s,t,r =1,2,3.
In particular,

(Vx, L) Xo)ip = (Vx, L)) p = (Ve L) Xp)1p = ((Ve, Is)&)jp = 0.

Proof. Since V preserves the splitting H & V' we can apply the standard
arguments for the existence of a normal frame with respect to a metric
connection (see e.g. [[72]). We sketch the proof for completeness.

Let {X1,... ,X4n,§~1,§~2,§~3} be a qc-orthonormal basis around p such
that Xa‘p = X.(p), g}m = &i(p). We want to find a modified frame
X, = OZXZ,, & = og éj, which satisfies the normality conditions of the
lemma.

Let @ be the sp(n) & sp(1)-valued connection 1-forms with respect to
{Xla s ’X4na§17€27£3}7

VX, = wgf(c, Vés = wzé.

Let {z!,...,2%"*3} be a coordinate system around p such that

0 0
al.a(p):Xa(p)? W(p)zft(p)7 a:17"'74n7 t:172a3
One can easily check that the matrices
4n+3 a
o = exp (— Z wg(axc)pgf) € Sp(n),
c=1
4n—+3 a
o} = exp (— Z wf(axc)pxC> € Sp(1)
c=1

are the desired matrices making the identities (63) true.

Now, the last identity in the lemma is a consequence of the fact that
the choice of the orthonormal basis of V' does not depend on the action of
SO(3) on V' combined with (E1M). O

Definition 6.2.2. We refer to the orthonormal frame constructed in
Lemma B2 as a gc-normal frame.
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6.2.2 Horizontal divergence theorem

Let (M, n) be a quaternionic contact manifold with a fixed globally defined
contact form 7. For a fixed s € {1,2,3} the form

Vol, =m Anz Anz Aw?" (6.9)

is a volume form and is independent of s.
We define the (horizontal) divergence of a horizontal vector field/one-
form o € A (H) by

4n

V*o =tr|gVo = Z(Veaa)(ea). (6.10)

a=1

Clearly the horizontal divergence does not depend on the basis and is an
Sp(n)Sp(1)-invariant.

For any horizontal 1-form o € A! (H) we denote with o# the corre-
sponding horizontal vector field via the horizontal metric defined with the
equality o(X) = g(c¥, X).

It is justified to call the function V* o divergence of ¢ in view of the
following Proposition.

Proposition 6.2.3. Let (M,n) be a quaternionic contact manifold of di-
mension (4n+8) and n A w1 e m ANz Ans Aw?L

For any horizontal 1-form o € A* (H) we have
d(c® (Vo)) = —(V*o)Vol, .

Therefore, if M is compact,

/(V*U) Vol, = 0.
M

Proof. We work in a qc-normal frame at a point p € M constructed in
Lemma B2, Let e® be the horizontal 1-form corresponding to the vector
field e,, e?(X) = g(X, e,). Since o is horizontal, we have o = g(o7, e,)e,.
Therefore, we calculate

4n
o* (Vol,) = Z(—l)“g(a#, e N N At Ao Aem

a=1

where €% means that the 1-form e® is missing in the above wedge product.



162 Ezxtremals for the Sobolev inequality and the gc Yamabe problem

The exterior derivative of the above expression gives

d(o® 5(Vol,) Z eqg(o™ , eq)Vol,

+ Z Z (o™ eq)dns(€s,eq)Vol, mod sign

a=1 s=1

+ Z ea de (ep,eq)Vol, mod sign
a=1,b=1
—(V*o)Vol,. (6.11)
Indeed, since the Biquard connection preserves the metric, the right hand
side of the first line can be handled as follows e,g(c7, e,) = g(Ve, 0%, €q)+
g(c%,V,, eq) which evaluated at the point p gives

eag(a#,ea)|p = g(VeaJ#,ea)‘p) = ((Veaa)ea)|p.
The second line of (EI) is equal to zero because of the definition of the
Reeb vector fields, (824). The third line vanishes because of the following
sequence of identities

= eb([ep, eal)|, = e’(Ve,eq — Ve, e — T(ep, €q))
since T'(ep, a,) is a vertical vector field. This proves the first formula. When

the manifold is compact, an application of the Stoke’s theorem completes
the proof. O

de®(ey, eq) =0

o %

We note that the integral formula of the above theorem was essentially
proved in [[I68], Proposition 2.1].

Remark 6.2.4. From Remark 5222 it follows that the volume form Volj;
of the standard qc form (E30) on the unit sphere is
Vols = kydo, Ky = 22713 (2n)! (6.12)

where do is the Riemannian volume form of the round unit sphere in H"*1.

6.2.3 Conformal transformations of the quaternionic
Heisenberg group preserving the wanishing of the
torsion

Studying conformal deformations of qc structures preserving the qc-
Einstein condition, we describe explicitly all global functions on the
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quaternionic Heisenberg group sending conformally the standard flat qc
structure to another qc-Einstein structure in [04].

Theorem 6.2.5. [U7] Let © = i(:) be a conformal deformation of the

standard qc-structure © on the quaternionic Heisenberg group G (H). If ©

is also qc-FEinstein, then up to a left translation the function h is given by
h =c¢ [(1 + u\q|2)2 + 2 (2* + v+ 2],

where ¢ and v are positive constants. All functions h of this form have this

property.

Here we sketch the proof formulating only the crucial steps in a sequence
of lemmas and propositions, and refer to [94] for a complete proof.

We start with a Proposition in which we determine the vertical Hessian
of h.

Proposition 6.2.6. If h satisfies (E28) on G (H) then we have the rela-
tions

€2(h) = €2(h) = €3(h) = 8,, E&(R) =0, s#t=1,2,3, (6.13)

where o, > 0 is a constant. In particular,

h(g,w) = g(q)
+ o[ (@ + 20(@)? + ( + v(0)* + (2 + 2(9)*] (6.14)

for some real valued functions g, x, y, and z, on H"™. Furthermore we
have

ToZoX2(h) = ToZoY2(h) =0, T2&;(h) =0.
In view of Proposition 28, we define h = g + pu, f, where
f=(@+z.(0)° + W+y(@)” + (z+2(q)* (6.15)

The following simple Lemma is one of the keys to integrating the system
(628) and (B727).
Lemma 6.2.7. Let X and Y be two parallel horizontal vectors
a) If ws(X,Y) = 0 then
3
4XYh —2h"Hdh(X) dh(Y) + Z dh(I;X) dh(ISY)} = Ag(X,Y).

s=1

(6.16)
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b) If g(X,Y) = 0 then
3
2XYh — h™ {dh(X) dn(Y) + Y dh(I.X) dh(IY)}

s=1
3
Z ) ws(X,Y) }. (6.17)

c) If g(X,Y) = ws(X,Y) = 0 fors= 1,2,3 we have for any t € {1,2,3}
that
Y(gth) = Oa

3 (6.18)
8XYh = po {(X&f)(Y&S) + D (LX&F) (LY &F) ).

s=1

In order to see that after a suitable translation the functions x, ¥, and
%, can be made equal to zero we need the following proposition.

Proposition 6.2.8. If h satisfies (E28) and (B222) on G (H) then we have

a) For s € {1,2,3} and i,j,k a cyclic permutation of 1,2,3
T, Ty (&sh) = (LiTs) (IiTy) (§sh) = 0 Ya, b
(LiTa) Ty (§sh) = (I;T,) (LiTy) (§sh) = 0, a#b
(I; Ta) Ta (&5 h) = To(I; Ta) (§sh) = 8 055 pio
(Ij Ta) (Ii Ta) (fsh) = - (Ii Ta) (Ij Ta) (fsh) = 8 dsk Mo
i.e., the horizontal Hessian of a vertical derivative of h is determined
completely.
b) There is a point (¢o,w,) € G (H), ¢ = (¢}, ¢3,...,q") € H" and
W =1To + jYo + kzo € Im(H), such that,
iTo(q) + JYo(a) + kzo(q) = wo + 2 1Imqoq.

So far we have proved that if h satisfies the system (5228) and (B52Z2)
on G (H) then, in view of the translation invariance of the system, after a
suitable translation we have

ha,w) = g(g) + pol(a? + > + 2%).
The goal is to show that g(q) = (b + 1 + /i, |g[*)®. The next result
completes the proof of Theorem B=273.

(6.19)

Proposition 6.2.9. If h satisfies the system (B28) and (B220) on G (H)
then after a suitable translation we have

g = (b + 1+ i, lg®* b+ 1>0.
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6.3 Constant qc scalar curvature and the divergence for-
mula

In this section we investigate in details qc conformal deformations of pos-
itive 3-Sasakian manifolds which lead to a qc manifolds with constant qc
scalar curvature.

We consider the following horizontal 1-forms As, A = A; + As + Aj
defined by

Az(X) :wt([gjagkLX% (620)
which, in view of equation (=) can be written in the form
Ai(X) = —pi(1; X, &) = pi(le X, &) = =T(&;, &k, i X). (6.21)
An immediate consequence of (BIR) and (E50) is the following

Corollary 6.3.1. On a 4n+3-dimensional qc manifold of constant qc scalar
curvature the next formulas hold

+ m(veaTo)([iea,Iz—X). (6.22)
AX) = %V*U(X) + o 1V*T0(X)_ (6.23)

We obtain from the contracted Bianchi identity (B121) and (6B223) the
next result established in [[94], Theorem 4.8].

Theorem 6.3.2. [97] On a (4n+3)-dimensional gc manifold with constant

qc-scalar curvature we have the formulas
1—n

VT = (n +2)A, VU = 5 A (6.24)

Hereafter in this section (M, g, n) will be a qc manifold with globally defined
qc structure 7 and constant positive qc-scalar curvature Scal. We may
assume Scal = 16n(n + 2) since we can always use a gc homothety to
arrange this constant.

Lemma 6.3.3. Let h be a positive smooth function on a gc manifold
(M,g,n) with a constant positive gc-scalar curvature Scal = 16n(n + 2)
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and 1 = ﬁn a conformal deformation of the qc structure . If 7 is a
positive 3-Sasakian structure, then we have the formulas
1 1
A (X) = —ih*“'dh(x) - 5if?’wh\?dh(x)
1
- 5ifl(vczh(m(,gg) + th(ng,gg))

+ %h‘Q(dh(fg)dh(IgX) + dh(gg)dh(ng))

1
+ Zh—z(vclh(IQX,IZVh) + th(IgX,Igvm). (6.25)

The expressions for As and Asz can be obtained from the above formula by
a cyclic permutation of (1,2,3). Thus, we have also

3
AX) = —gh‘gdh(X) - gh‘3|Vh|2dh(X)— h' " Vdh(IX, &)
s=1
3 1 3
+ A2 dh(&)dh(IX) + —h 2 Vdh(I,X,I,Vh).
; (&) dh(LX) + 5 ; ( )

Proof. First we calculate the sp (1)-connection 1-forms of the Biquard con-
nection V. For a positive 3-Sasakian structure we derive from (CT34),
applying (792) and (793), that
dni(&5,&) =2, &indifi =0,  as(&) = =20
and the qc-scalar curvature Scal = 16n(n + 2).
Then (63), (E292), and (E93) yield
2dn;(&;,€k) = 2h~" + h7?||dA|?,
ai(X) = —h7ldh(LiX), ai(§) = —hT'dh(&) = —a;(&), (6.26)
da(&) = —4 — 2h~1 — h72||dh)%
From the 3-Sasakian assumption the commutators are [&;, EJ] = —2&.
Thus, for X € H taking also into account (622) we have
9([€1, &), 3X) = —29(&s, 3X) = —29(2hé&s + I3Vh, I3 X)
= —2dh(X).
Therefore, using again (632), we obtain
—2dn(X) = g([1., &, [X)
= g([2h& + L Vh,2h& + I Vh], I3X)
— —4h® Ay(X) + 2hg([€1, LV, I3 X)
+ 2hg([I1Vh, &), Is X))+ g([I1 Vh, I2Vh], I3 X). (6.27)
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The last three terms we evaluate as follows. The first equals

g([gh IQVh]vl?)X) = g((vfl IQ)Vh + IQV51 Vha I3X)
- g(T(fl, IQVh), I3X) = —ag(fl)dh(IQX) + Oél(é-l)dh(X)
— Vdh (§&, 1 X) — g(T(&, I2Vh), [3X),

where we use (B210) and the fact that V preserves the splitting H ® V. We
obtain for the second term that

g([[1Vh, &), I3 X) = aa(§2) dh(X) + a3(§2) dh(1X)
— Vdh (&2, [,X) — g(T(I1Vh, &), I3X).

Working similarly, we obtain for the third term the equalities

g ( [11Vh, IQVM, Ig X) = —a3(11Vh) dh(IQX) + a1(11Vh) dh(X)
— Vdh(ILVh, 1 X) + as(I3Vh)dh(X)
+ a3(lbVh)dh([1X) — Vdh(IoVh, I, X).
Next we apply (6228) to the last three equalities, then substitute their sum

into (EZZ0), after which we use the commutation relations (BECI) to obtain
the following identity

4h?A3(X) = (—4h + A7 VA|?) dh(X)
—2h [Vdh ([, X,&) + Vdh(I2X,&)]
— [Vdh (I, X,1;Vh)) + Vdh(I2X,1,Vh)]
+ 2[dh(&) dh(I1X) + dh(&)dh(IX) + 2dh(&s) dh(I3X)]
+ 2h[T(&1,11X,Vh) + T(&, X, Vh)]
— 2h [T (&, 1,X,I35Vh) — T (&, 11X, I3VR)]. (6.28)

Using (20), (E251) and (E553), we obtain that the torsion endomor-
phism of the Biquard connection is given by

T(¢,, X,Y) = (TO(ISX,Y)+TO(X,ISY))+U(ISX,Y). (6.29)

1

4

The equation (6229) together with (A250) and (E252) help us to represent
the last two lines in (E228) in terms of the tensors 7° and U as follows

T(&, 11X, Vh) + T(&2, X, Vh) =T (&, [,X, I3Vh) + T(&, 11X, I3Vh)
=T%X,Vh) +T (13X, I3Vh) — 8U(X,Vh),
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which allows us to rewrite (E28) in the form

4A3(X) = (—4h™' + 73| VA|]?) dh(X)
— 2h7 M [Vdh (L X, &) + Vdh(1:X,&)]
+ 2h7? [dh(&) dh(1X) + dh(&) dh(I2X) + 2dh(&s) dh(I3X)]
— k72 [Vdh (I X,11Vh) + Vdh (12X, 1,Vh)]
+ K1 [2T°(X, Vh) + 2T°(I3X, I3Vh) — 8U(X,Vh)]. (6.30)

Using (512) the T° part of the torsion in (E22Z8) can be expressed by h as
follows,

2 T%Vh,X) +2T°I3Vh, I3X)
= —2h*1{[th]H] (Vh, X) + [Vdh] [y (I3Vh,I3X)}

—9op-1 i{dh(gs) [g(ISVh,X) + g(IsI3Vh, ISX)}}

s=1

= —n! {th (Vh,X)+ Vdh (Ith,IgX)}
+h? {th (LVh, LX) + Vdh(I,Vh, [,X) }
+ 4h~ L dh(€s) dh(I3X).

Invoking equation (BZ) we can put Vh in second place in the Hessian
terms, thus, proving the formula

2T%Vh,X) +2T°I3Vh,[3X) = — 4h™ " dh(&) dh(I3X)
_pt {th (X,Vh) + Vdh(I3X, 13Vh)}

+h_1{th(IlX711Vh) + th(IgX,IQVh)}. (6.31)
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Similarly, (E223) and the Yamabe equation (B223) give

3
8U(Vh,X) = —h—l{wh (Vh,X) + 3 Vdh(I,Vh, I,X)
s=1
2
o |AlP d(x) — 2 anx) 4 ont 1VRE an(x)}
n n

3
- —h*I{th(Vh,X) + Zth(ISVh,ISX)}
s=1

2n — 4nh + (n+ 2)h || Vh|? dh
n

~ pt {—2h‘1\|Vh||2dh(X) - (X)

1 [[VA)1?
+2n dh(X)}

3
= —h—l{wh (X,Vh) + > Vdh(LX, ISVh)}

s=1
— W (=3h7Y|VA? = 2 + 4h)dh(X). (6.32)

Substituting the last two formulas (E231) and (632) into (B30) gives As
in the form of (6223) written for Ay, cf. the paragraph after (6223). O

6.4 Divergence formulas

We shall need the divergences of various vector/1-forms through the almost
complex structures, so we start with a general formula valid for any hor-

izontal vector/l-form o. Let {e1,...,e4,} be an orthonormal basis of H.
The divergence of Iso is
Vi(Is0) = (Ve,(Ls0))(ea) = —(Ve,0)Lsea) — 0((Ve,Is)ea),

recalling I,o(X) = —o([;X).
We recall that an orthonormal frame
{e1,e2 = Iie1,e3 = Iser,eq = I3eq, ..., e4n = I3€an_3,61,82, &3}
is a qe-normal frame (at a point) if the connection 1-forms of the Biquard
connection vanish (at that point). Lemma B2 asserts that a qc-normal
frame exists at each point of a qc manifold. With respect to a qc-normal
frame the above divergence reduces to

V*(I;o0) = —(Ve,0)(Ise,).

Lemma 6.4.1. Suppose (M, g,Q) is a quaternionic contact manifold with
constant qc-scalar curvature. For any function h we have the following



170 Ezxtremals for the Sobolev inequality and the gc Yamabe problem

formulas

3 3
v* (Zdh(gs)ISAs) = Y Vdh (I, &) As(ea)
s=1 s=1

3 3
v* (Zdh(gS)ISA) = Y Vdh(Lea &) Alea).

Proof. Using the identification of the 3-dimensional vector spaces spanned
by {&1,&2,&) and {I, Iz, I3} with R3 the restriction of the action of
Sp(n)Sp(1) to this spaces can be identified with the action of the group
S0(3), ie., & = Y0 Uué and I, = Y0 W, with U € SO(3).
One verifies easily that the vectors

3 3 3
A, Y W€D A ==Y dh(&)[€, 6] and Y dh(&)IA
s=1

i=1 s=1
are Sp(n)Sp(1) invariant on H, for example A = (det¥)A = A. Thus,
it is sufficient to compute their divergences in a qc-normal frame. To
avoid the introduction of new variables, in this proof, we shall assume that
{e1,...,€an,&1,€2,€3} is a qe-normal frame.
To prove the first formula we show V*(I;As) = 0.
The formula (B=734) yields

—V*(I3A3) = V*[€1,62] = (Ve,p3)(11€4,&1).

On the other hand, taking the trace into (B108) and using that the torsion
endomorphism of the Biquard connection is traceless, we calculate

0= R(&1, &2, ev,e0) = —(Ve,p3)(L1€p,&1)
- T(§j7 eb? ea)T(Eia eav eb) + T(g_]a eav eb)T(€i7 eba ea)
= —(Ve,p3)(11ep,&1).

Hence V*(I3A3) = 0. The equalities V*(I1 A1) = V*(I342) = 0 with
respect to a qc-normal frame can be obtained similarly. Hence, the first
formula in Lemma 621 follows.

We are left with proving the second divergence formula. For that pur-
pose it is sufficient to show V*(I;A) = 0.

From the definition of A, we have

LA =—[6,&]+ I3[&, &) + L6, &) (6.33)

Since the qc scalar curvature is constant, we calculate taking suitable
traces from (B108) and applying (B=78) and (B=7d) that
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0 = 4n(p1(&1,&2) + p3(&3€2))
= R(&1, &2, e, 1en) — R(&2, 83, €0, 36p)
= (Ve,p3)(en; §1) — T(&2, €0, €a)T (€15 €a, L1en) + T(E2, €a, Irey)T(E1, €1, €4)
+(Veyp1)Lren, &) +T(€3, €5, €a)T (€2, €a, I3e) —T(€3, €q, I3€) T (&2, €5, €a)

= V(L [&1,&] + I3[é3, &) — T'(&2, es, €a)(T(fl, eq, ley) + T(&1, Lieq, eb))
— T (&, ep,€q) (T(Eg, eas Isep) + T'(€3, I3€q, 6b)>
= V*(Li[&1, &) + 13[63,82])  (6.34)

because the terms involving the torsion in (623d) vanish. Indeed, taking into
account that the scalar product af symmetric and skew-symmetric tensors
vanishes, using (£20), (23), (E=50), (B250) and (E53) we calculate

T(§2,€b7€a)( (51,ea,116b)+T(§1,I1ea,eb))
+T(&2, ep, €a) (T(§376a7136b +T(§3713€a76b)>
=2T"(&, €5, €q) (TO §1, eg,e5) + T (53,13%,6(7))
2(T0([2eb,ea) 4T (eb,Igea))> [3T <ea,eb)+T0(IQea,fgeb)}
= 1 (T°(Daer, €0) + T(e1, Toe) ) T ) = 0

using suitable switch to the basis {Ize, : a = 1,...,4n} to obtain the first
equality in the fifth line. To get the last equality we rely on the identity

T(Izep, e0)T (€5, €0) = 0
following, for example, from the equality
T%(Izep, e0)T(ep, €0) = =T (ep, €)T° (Inep, €4).

Combining (6533) with V*(I;42) = 0 we conclude from (6333) that
V*(I2A) = 0. Similarly, we derive V*(I;4) = V*(I3A) = 0 which proofs
the second formula in Lemma BEZ. O

We shall also need the following one-forms
1
Dy(X) = —5h™! [TO(X, Vh) + T°(I,X, I,Vh)). (6.35)

For simplicity, using the musical isomorphism, we will denote with D the
corresponding (horizontal) vector fields, for example g(Ds, X) = D (X).
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We also set
D = Dy + Dy + D3 = —h ' T°X,Vh), (6.36)
where we used (E250) to obtain the second equality in (EZ38).

Lemma 6.4.2. Suppose (M,n) is a quaternionic contact manifold with
constant qc-scalar curvature Scal = 16n(n + 2). Suppose 71 = ﬁn has

vanishing [—1]-torsion component 7’ =o.

a) We have

w

D(X) = i (3 Vdh(X,Vh) Z h(I,X, ISVh)>

- h‘QZdh(fs)dh(IsX).
s=1
b) The divergence of D satisfies

V*D = |[T°* —h7'g(dh,D) — h™*(n+2)g(dh,A).

Proof. a) The formula for D follows immediately from (6132).
b) We work in a qe-normal frame. Since the qc scalar curvature is
assumed to be constant we use (6224) to find

V*D = —h tdh(es)D(es)
— RTIVTO(VR) — h'T%eq, ) Vdh(eq,ep)
= —h7'dh(es)D(es) — h™ (n+2)dh(es)Ales) — g(T° h™' Vdh)
= |T°P —h~'dh(ea)D(ea) — h™'(n+2)dh(eq)A(eq),
applying (BI2) in the last equality. O

Let us also consider the following horizontal one-forms (and correspond-
ing horizontal vector fields)

Fy(X) = —h ' T°(X, I,Vh). (6.37)
From the definition of D, (6233), we find
— Di(I;X) + Dj(I; X) + Di(I; X)
o1
=-— T°(X,L;Vh) + T°(1; X,Vh) = T°(I; X, I;Vh) + T°(I; X, I;;Vh)
—h 'YX, I;Vh) = Fi(X),
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where we applied (E50) to establish the second equality.
Thus, the forms Fs can be expressed by the forms D, as follows

F,(X) = -D,(I;X) + D;(I,X) + Dy(1;X). (6.38)
Lemma 6.4.3. Suppose (M,n) is a quaternionic contact manifold with

constant qc-scalar curvature Scal = 16n(n + 2).  Suppose 7 = ﬁn has

vanishing [—1]-torsion component, T’ = 0. We have

v (idh(ss)Fs) i[wh (Leea, &) Fa(lsea)

s=1
3

+ 7Y dh(E)dh(Lea) Diea) + (n+2) dh(€)dh(Tseq) Alea) |-

s=1

Proof. We note that the vector Z§:1 dh(&s)Fs is an Sp(n)Sp(1) invariant
vector. Hence, we may work with a gqc-normal frame {ey, ..., e4n, &1, &2, &3}
Since the scalar curvature is assumed to be constant we can apply Theo-
rem 6332, thus V*T° = (n+2)A. Turning to the divergence, we compute

3 3
v* (Zdh(gs)FS) S Zh‘ldh(fs)V*To(ISVh)

+ [ Vah (ea € Fufea)] +Z[h dh(&.) dh(eq) T (eq, Lues) dhes)]

s=1

- Z[h—l dh(£,) T (ea, Isey) Vdh (eq, eb)}

s=1
3

3
= Y[ Vah(ea &) Fulea)] = D00V dh(&,) VITO(L,VR)

s=1 s=1

+ i[ B! dh(€.) dh(Lea) Die.)|

3
= 3| Vah(cas&)Falea) + h7"dR() dh(Te,) Dle,)|

+ Zh (n+ 2) dh(&,) dh(Iseq) Aleq), (6.39)

using the symmetry of T° in the next to last equality and the fact
T (eq, Iiey) Vdh (eq,ep) = 0.
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The latter can be seen, for example, by first using (6I2) and the formula for
the symmetric part of Vdh, the commutation relations (67), from which
we have

T (eq, Irep) Vdh (eq,ep)
3
= - hilth[sym][— ](eaalleb> [th[sym] 6aveb Z fs Ws eaveb)

=—h" th[sym][ 1](€aajleb)vdh[sym][ 1](6a,6b)

— W'V gym—1)(€as Tres) VR sym) 31 (€a, €1)
3
+ W7 Vdhigym-1(ea, Trer) Y dh(Es)ws(ea, e) = 0,
s=1
using the zero traces of the [-1]-component to justify the vanishing of the
third term in the last equality. Switching to the basis {Ise, :a =1,...,4n}
in the first term of the right-hand-side of (B239) completes the proof. [

6.5 The divergence theorem in dimension seven

At this point we restrict our considerations to the 7-dimensional case, i.e.
n = 1. Following is the main technical result. As mentioned in the intro-
duction, a motivation to seek a divergence formula of this type based on the
Riemannian and CR cases of the considered problem. The main difficulty
is to find a suitable vector field with non-negative divergence containing
the norm of the torsion. The fulfilment of this task was facilitated by the
results of [94], which in particular showed that similarly to the CR case,
but unlike the Riemannian case, we were not able to achieve a proof based
purely on the Bianchi identities, see [[#d], Theorem 4.8].

Theorem 6.5.1. Suppose (M7,77) is a quaternionic contact structure

conformal to a positive 3-Sasakian structure (M7,7), 71 = in. If
Scal, = Scali = 16n(n + 2), then with f given by
1 1
= - + h + —h VAP
f 5 + h + 1 |Vh[7,

the following identity holds

3 3
v*(fD + ;dh(gs)Fs n 4;dh(§s)IsA - —Zdh £,) IA)

_ IR 4 niQu v
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Here, Q is a positive semi-definite matriz and V = (D1, Do, D3, A1, Ag, A3)
with As, Ds defined, correspondingly, in (B220) and (6=33).

Proof. Using the formulas for the divergences of D, Z§:1 dh(&s) F.
E§:1 dh(&s)IsAs and 22:1 dh(&s) I, A given correspondingly in Lemmas
B2, 643 and B21 we have the identity (n = 1 here)

3
v (D + Zdh &) Fe + 4Zdh €)1 A, %OZdh(gs)IsA)
s=1

s=1

1
- (dh(eu) - Zh—“‘azh(ea)whﬁ’ + 5h7 th(ea,Vh)) D(e)

n f(|T0|2 — b Ydh(ea)D(ea) — h~t(n+2) dh(ea)A(ea))

I ea:fs (I ea)

HMN

3
+ h—lz[dh@s)dhuseaw(ea) (1 +2)dh(&) dh(lsea) Alea)]
- 10
+ 4> Vdh(Lea, &) As(ea) — 3 > Vdh(I.eq,&s) Alea)
s=1 s=1

3
1
_ (dh(ea) — h7dh(ed) VAP + h— Vdh eth) Z

3

+ f(|T°\2 — h=ldn( ea) ZDt (ca)) — fR (n+2) dh(ea) (3 Aslea)

+ th([lea,€1>(D1(€a) — Dz(ea) — D3<€a)) .
+ Vdh(Izeq,&2) (—Di(eq) + Da(ea) — Ds(eq))
+ th([gea,€3)(— 1(eq) — D2(ea) + Ds(ea))

Zdh &) dh(Ie,)) ZDt €a))

3 3
+ BN+ 2)(D dh(g,) dh(Iea)) (Y Adlea))
3 o 10 3 . 3
+ 4Zth(Isea7£s)As(ea) - ? (Z th(jseaags)) (Z Ay

(6.40)
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where the last equality uses (B338) to express the vectors Fy by Ds, and the
expansions of the vectors A and D according to (B220) and (BZ338). Since the
dimension of M is seven it follows U = U = [Vdh—2h"'dh®dh]3)0 =
0. This, together with the Yamabe equation (Z=33) , which when n = 1
becomes Ah =2 — 4h + 3h~1|Vh|?, yield the formula, cf. (E=32),

3
Vdh(X,Vh) + Y Vdh(I.X,I,Vh)

s=1
— (2 — 4h + 307 VR|*)dr(X) = 0. (6.41)
From equations (638) and (6231) we have
1
Di(X) = h72dh(&)dh(I;X) + Zh—2[wh (X,Vh) + Vdh(I; X, 1;Vh)

— Vdh(I;X,I;Vh) — Vdh (IkX,Ith)}.
Expressing the first term in (6221) by the rest and substituting with the
result in the above equations we come to

1
Di(eq) = 1h—2 (2 — 4h + 307" |Vh|?) dh(es) + h™2 dh(&;) dh(1ieq)

1
+ iif2 [~ Vdh (Ije,, I;Vh) —Vdh (Ixeq, [Vh)]. (6.42)
At this point, by a purely algebraic calculation, using Lemma BEZ33 and
(B22) we find:
2 11 1 1

22 2
bl I P | — D, — =Dy — =D
g4 T gde T gt o m g e gl

1 1
= —3p7! (1 + 5ffldh(ea) + 4h2|Vh|2) dh(eq)

3
+ 3h72 (Z dh(&s) dh(Isea)> + %h*lvdh(heaa&)

s=1
10 10
- Efflvczh(fzea,&) — gh*wh(fgea,gg).

Similarly,
1
3A; — Ay — A3+ 2D, = (—2h—1 + 5h*“‘ + h3|Vh|2> dh(eq)

3
1
- iff2 > Vdh(Iseq, I,Vh) + h™" Vdh(Iieq, &)

s=1

3
— h™! Vdh(Izeq, &) — h™" Vdh(Izeq, &) + ™Y dh(&) dh(lse,).

s=1
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On the other hand, the coefficient of A;(e,) in (620) is found to be, after
setting n =1,

1 1
h[— 3(1 +§h‘1 + 4h—2|Vh|2> h~t dh(e,)

3
+ 302 (Z dh(gs)dh(lsea)> + %h*th(h@av&)

s=1
1 1
— VAT, &) — S h T Vdh(Tsea, &)
while the coefficient of Dy (e,) in (E20) is
1
dh(es) — Zfﬂdh(ea)\vm2 + %h” Vdh(eq, Vh)

— fh7ldh(es) + Vdh(Lieq, &) — th<12€a7£2>
— Vdh(Iseq,&3)D1(ea) + b~ Zdh ) dh(Ise,)).
Substituting Vdh(e,, Vh) according to (E2d), i.e.,
Vdh (eq, Vh) inh Ieq, I,Vh) + (2 — 4h +3h7 "' |VA|*) dh(eq)
s=1

and using the definition of f transforms the above formula into

dh(es) — lh”dh(ea)wh\z - (; + h + ih1|Vh|2> h™tdh(eq)

< > Vdh (Ieq, I,Vh) + (2 — 4h +3h7'[Vh|?) dh( ea)>
=1

+ Vdh(lieq,&1) — Vdh(Izeq, &) — Vdh(Iseq,&3)Di(eq)

3
-1 (Z dh(&s) dh([sea)> :
s=1

Simplifying the above expression shows that the coefficient of Dj(e,)
in (BZD) is

3
1 -2 2 1
(-2 + 5h™+ B2 (VA )dh(ea) - 5h > Vdh (Ieq, I,V D)

s=1

+ th(]lea,fl) - th([Q@a,fg)— th(lg,ea,fg)

3
-t <Z dh(fs) dh(Isea)> .

s=1
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Hence, we proved that the coefficient of D;(e,) in (620) is
h (3A1 — AQ — A3 + 2D1) (ea),
while those of A;(e,) is

22 2 2 11 1 1
h(gAl — gAQ - §A3 + ng - gDQ - ng)(ea).

A cyclic permutation gives the rest of the coefficients in (6220). With
this, the divergence (620) can be written in the form

3 3 3
. 10
v (fD + S§:1dh(§s)FS + 48§:1:dh(§S)ISAS - 3;_1dh(§s)ISA)
— AT + h0172,3{g(D1,3A1 — Ay — As + 2Dy)

22 2 2 11 1 1
+ 9(1417?141 - gAQ - §A3 + ng - §D2 - §D3)}a

where 07 2 3 denotes the sum over all positive permutations of (1,2, 3). Let
Q@ be equal to

(2 0 o 2 _2_27
3 3 3

2 10 2

02 033 73
0 0 2 -2 210
Q= 3 33
10 2 2 22 2 2
3 3733 3 3
2 10 2 2 22 2
"33 3 33 3
2 2 10 2 2 22
73 73 3 "3 3 3 .

so that

. 3 10
v (0 + Do dM(E) P+ AdE) LA, - 7 2 ) 1.4)

= fIT°? + h(QV, V),

with V' = (D1, D, D3, A1, Ao, A3). It is not hard to see that the eigenvalues
of @ are given by

{0, 0, 2(2++v2), 2(2-+v72), 10, 10},

which shows that ) is a non-negative matrix. O
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6.6 The qc Yamabe problem on the qc sphere and quater-
nionic Heisenberg group in dimension seven

In this section we give the proof of Theorem BT2. We start with part a).
Integrating the divergence formula of Theorem BE5 it follows by Proposi-
tion B223 that the integral of the left-hand side is zero. Thus, the right-hand
side vanishes as well, which shows that the quaternionic contact structure
7 has vanishing torsion endomorphism, i.e., it is also qc-Einstein according
to Theorem A=33.

Next we bring into consideration the 7-dimensional quaternionic Heisen-
berg group and the quaternionic Cayley transform as described in chap-
ter 4 and 5. The quaternionic Heisenberg group of dimension seven is
G (H) = H x ImH. Let us identify the (seven dimensional) group G (H)
with the boundary ¥ of a Siegel domain in H x H,X = {(¢,p') €
HxH : Rp = |¢?}. ¥ carries a natural group structure and the
map (q,w) — (q,]q|?> —w) € ¥ is an isomorphism between G (H) and X,
see Section B2l

The standard contact form, written as a purely imaginary quaternion
valued form, on G (H) is given by 20 = (dw — ¢-dg + dq -7), where -
denotes the quaternion multiplication. Since dp = ¢q-dq + dq -q — dw,
under the identification of G (H) with ¥ we also have 20 = —dp’ + 2dq -
7. Taking into account that © is purely imaginary, the last equation can
be written also in the following form 40 = (dff — dp') + 2dq’-q' — 2¢'-d7'.

Recall from Section 52270 that the (quaternionic) Cayley transform is
the map C : S\ {(—1,0)} +— X from the sphere S = {(¢,p) € Hx H :
lg|?> + |p|> = 1} C H x H minus a point to the Heisenberg group ¥ =

{(a1,p1) €HXH : R py = |q1[*}, with C defined by (q1.p1) = € ((a.p)),

@ = (1+p) g po= (1+p) " (1-p). (6.43)
with an inverse (¢,p) = C~! ((ql,p1)> given by
g = 20+p) " q, p=(1-p)L+p) " (6.44)

By (6229) the Cayley transform is a conformal quaternionic contact dif-
feomorphism between the quaternionic Heisenberg group with its standard
quaternionic contact structure © and S\ {(—1,0)} with the standard con-
tact form on the sphere, 7 = = dq-q + dp-p — q-dg— p-dp. Hence, up to
a constant multiplicative factor and a quaternionic contact automorphism
the forms C,n and © are conformal to each other. It follows that the same
is true for C,n and ©. In addition, © is qc-Einstein by definition, while 7
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and hence also C,n are qc-Einstein as we observed at the beginning of the
proof. According to Theorem B3, up to a multiplicative constant factor,
the forms C.7 and C.n are related by a translation or dilation on the Heisen-
berg group. Hence, we conclude that up to a multiplicative constant, n is
obtained from 7 by a conformal quaternionic contact automorphism which
proves the first claim of Theorem GEI2. From the conformal properties of
the Cayley transform and the existence Theorem I3 it follows that the
minimum \(S%"+3) is achieved by a smooth 3-contact form, which due to
the Yamabe equation is of constant qc-scalar curvature. This completes
the proof of Theorem G172 a).

Next we prove part b) of Theorem BEI2. Let u be a positive entire
solution of the Yamabe equation

(T2 + X} + Y2 + ZY)u = —u®2 (6.45)

As before, let © be the standard contact form on G (H) identified with 3.
Using the inversion and the Kelvin transform on G (H), see Sections EZ32
and P33, we can see that if © = ﬁ(:) has constant scalar curvature, then
the Cayley transform lifts the qc structure defined by © to a qc structure
of constant qc-scalar curvature on the sphere, which is conformal to the

standard. Indeed, let us define two contact forms ©; and ©5 on X setting
/

0, = u*@ 20, and O, = (Ku)¥/@2 7 6 p—,
il
where v is as in (623), Ku is its Kelvin transform, see (E28) for the exact
formula and @ is the homogeneous dimension of the group. Notice that
|Z /‘ 0L il ’| defines the same qc structure on the Heisenberg group as © and, in
addition, Ku is a smooth function on the whole group according to Theorem
Z3X7. Now, we shall invoke the Cayley transform in order to see that these
two contact forms define a contact form on the sphere, which is conformal
to the standard and has constant qc-scalar curvature. Let P = (—1,0)
and P = (1,0) be correspondingly the 'south’ and north’ poles of the unit
sphere S = {|q|? + |p|* = 1}. Let C; and Cz be the corresponding Cayley
transforms defined, respectively, on S\ {P;} and S\ {P2}. Note that C;

was defined in (B23), while Cs is given by (g2,p2) = Ca ((q,p)),

@ =—-1-ptq p = (1-p) ' 1+p). (6.46)

In order that ©; and ©2 define a contact form 7 on the sphere it is enough
to see that

01(p,q) = ©20C20C; (p,q), ie, O; = (C20Cy')*Oy.  (6.47)
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A calculation shows that Cy 0 Cy .Y — ¥ is given by

@ = —p;q, p2 = pil,
or, equivalently, in the model G (H)

2 -1 w1
@2 = —(lan|” —w1) " q, Wy = —T—7 13-
(lar ) lqu|* + w1 |?
Hence, 0 = Cy0(C; ! is an involution on the group and we have

1
Cl.oC" © = —iOpu,  p = Lo
1] 1]
which proves the identity (627). Using the properties of the Kelvin trans-
form (2=32),

(Ku) (@,p) < 17O u(od ), (6.48)
proven in Theorem =374, we see that u and KCu are solutions of the Yamabe
equation (623). This implies that the contact form 7 has constant gc-scalar
curvature, equal to %.

Notice that 7 is conformal to the standard form 7 and the arguments in
the preceding proof imply then that n is qc-Einstein. A small calculation

shows that this is equivalent to the fact that if we set
u = 2" [(1+]q*)? + |w*]72, (6.49)

then @ satisfies the Yamabe equation (E23) and all other nonnegative solu-
tions of (623) in the space D12 are obtained from # by translations (I"28)
and dilations ("29) which in this case take the form

_ def _
T([Iovwo)u (q’ W) :f u(Qo + q7 w + w0)7 (650)
i (g) = Na(rg, Nw), A > 0. (6.51)

Thus, v which was defined in the beginning of the proof is given by equation
(B29) up to translations and dilations.
The proof of Theorem B2 is complete.

6.7 The qc Yamabe constant on the qc sphere and the best
constant in the Folland-Stein embedding on the quater-
nionic Heisenberg group

In this section we shall prove Theorem BEIl. The proof relies on the re-
alization made in [30] and used more recently in [[70] that the ”center of
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mass” idea of Szegd [[58] and Hersch [8Y] can be used to find the sharp
form of (logarithmic) Hardy-Littlewood-Sobolev type inequalities on the
Heisenberg group. This method does not give all solutions of the qc Yam-
abe equation on the quaternionic contact sphere, but is enough to solve the
Yamabe constant problem.

The conformal nature of the problem we consider is key to its solution.
In this respect, even though the quaternionic contact (qc) Yamabe func-
tional is involved, the qc scalar curvature is used in the proof without much
geometric meaning. Rather, it is the conformal sub-Laplacian that plays a
central role and the qc scalar curvature appears as a constant determined
by the Cayley transform and the left-invariant sub-Laplacian on the quater-
nionic Heisenberg group. It should be possible to extend this method to
a unified approach to all Iwasawa type groups using the results (and some
further known facts) of Section P23

The proof follows a sequence of lemmas, which we present next. We
start with the determination of (the first) an eigenvalue and corresponding
eigenfunctions of the horizontal sub-Laplacian on $*"*+3. In fact, we shall
show that the restriction of every coordinate function is an eigenfunction.

Lemma 6.7.1. If ¢ is any of the (real) coordinate functions in R4 =
H™ x H, then
. S
BC=-NC N=grs

where A is the horizontal sub-Laplacian (B4) of the standard qc form 7 on
S4nt3 and S = 8n(n + 2) is its scalar curvature, cf. (523).

5 =2, (6.52)

— +

Proof. It is enough to prove the claim for one of the coordinate functions,
say ( = t1, since by virtue of its definition, the horizontal sub-Laplacian of
the 3-Sasakian qc structure on the sphere is rotation invariant. Notice that
¢ is quaternionic pluri-harmonic [Definition 6.7, [94]] since it is the real part
of the anti-regular function ¢ + ix1 — jy; — kz1. Hence, its restriction to
the 3-Sasakian sphere is the real part of an anti-CRF function. Therefore
by [Corollary 6.24, [94]] it follows

AC =4Mn

for the horizontal sub-Laplacian of the 3-Sasakian qc structure on the
sphere, where A = & (z1) — &2(y1) — &3(21). Taking into account that the qc
structure is 3-Sasakian it follows the Reeb vector fields are obtained from
the outward pointing unit normal vector N as follows, &, = iN, & = jN
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and & = kN, where for a point on the sphere we have N(q) = ¢ € H"*1.
Therefore A\ = —t; = —(. Thus, for the horizontal sub-Laplacian of the
3-Sasakian qc sphere we have

AC = —4nd,

where ( is the restriction any of the coordinate functions of R4+ = H" x H.
Since the qc contact form © is twice the 3-Sasakian qc contact form on the
sphere it follows A is 1/2 of the 3-Sasakian sub-Laplacian. Thus

A = —2n(,
which shows Ay =2n = 1(Q — 6) = S/(Q+2). O

Following is a key result allowing the ultimate solution of the considered
problem. The idea follows Szeg6 and Hersch’s center of mass method which
was used on the Heisenberg group () in [80] and later in [70] in a manner
which lead to the following lemma.

Lemma 6.7.2. For every v € L'(S""3) with [gi,.. v Vol =1 there is a
quaternionic contact conformal transformation v such that

/ Yo Vol = 0.
gan+3

Proof. Let P € §4"*3 be any point of the quaternionic sphere and N be its
antipodal point. Let us consider the local coordinate system near P defined
by the Cayley transform Cy from N. As already used many times, Cy is a
quaternionic contact conformal transformation between $43\ N and the
quaternionic Heisenberg group, cf. (B229). Notice that in this coordinate
system P is mapped to the identity of the group. For every r, 0 < r < 1,
let v, p be the qc conformal transformation of the sphere, which in the
fixed coordinate chart is given on the group by a dilation with center the
identity by a factor 6,. If we select a coordinate system in R**+4 = H" x H
so that P = (1,0) and N = (—1,0) and then apply the formulas for the
Cayley transform the formula for (¢*,p*) = ¥, p(¢,p) becomes

. _ -1
¢ =2 (1+r1+p)7 (1-p) (1+p)q
p= (2 14p) T =) (=24 p) T (1= p)) e,

We can define then the map ¥ : B — B, where B ( B ) is the open

(closed) unit ball in R***4 by the formula

‘II(TP) = / ¢1_7-,p’U VOl;].
S4n+3
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Notice that ¥ can be continuously extended to B since for any point P
on the sphere, where r = 1, we have ¢;_, p(Q) — P when r — 1. In
particular, ¥ = id on S*"*3. Since the sphere is not a homotopy retract
of the closed ball it follows that there are r and P € S4"*+3 such that
U(rP) = 0, ie., [qunisth1—rpv Vol = 0. Thus, ¥ = ¢1_, p has the
required property. O

In the next step we prove that there is a minimizer of the Folland-Stein
inequality which satisfies the zero center of mass condition. A number of
well known invariance properties of the Yamabe functional will be exploited.
For the rest of the chapter, given a qc form n and a function u we will denote
by V"u the horizontal gradient (633) of w.

Lemma 6.7.3. Let v be a smooth positive function on the sphere with
fs4n+3 v? Vol = 1. There is a smooth positive function u such that

Jstnss (4% |Viu|? + Su2> Vol = [gunss (4% V)% + §v2) Vol
and [gi,s u? Volz = 1. In addition,

/ Pu? (P)Vol; =0, P eR¥"H = H" x H. (6.53)
G4n+3
In particular, the Yamabe constant
2 -
A(S*™3 () = inf {/ (4@ VI 4 §07) Vol
G4n+3 Q -2

/ v¥ Voly = 1, v> 0} (6.54)
S4n+3

1s achieved for a positive function u with a zero center of mass, i.e., for a
function u satisfying (653).

Proof. Let Vol, =n1 Ana Ans A (w1)2” be the volume form associated to
the qc contact form 7. Thus if 1 is a qc structure on the sphere which is
qc conformal to the standard qc structure 7, n = ¢*/ (=27, then Vol, =
¢2*V0l,~,. This allows to put equation (E3) in the form

¢~ o L(¢™ ) Vol, = vL(v) Vols.

Therefore, if we take a positive function v on the sphere | Gan+3 v Vol =1
and then consider the function

u=¢ t(voyt), (6.55)
where ) is the qc conformal map of Lemma EZ72, n = (¢~1)*7, and ¢ is
the corresponding conformal factor of i, we can see that u achieves the
claim of the Lemma. O
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We shall call a function u on the sphere a well centered function when
(B313) holds true. In the next step we show that a well centered minimizer
has to be constant.

Lemma 6.7.4. If u is a well centered local minimum of the problem (65d),
then u = const.

Proof. Let ¢ be a smooth function on the sphere S4**3 and

Ew) /S +3( gf V)2 + S )Vozﬁ.

After applying the divergence formula, Proposition 23, we obtain the

formula
S(Cu)z/SAMC ( g+2 IViu* + Su ) Volj
Q+2 - )
- 42 /S wCAC Vol (656)

Next, we let ¢ be any of the coordinate functions in H” x H in which case
A¢ = —A1( according to Lemma BZ1. It will be useful to introduce also

the functional
2/2*
N(w) = (/ v? Vol;,)
S4n+3

so that the Yamabe functional (63) can be written as Y (v)=E(v)/N(v)
and the Yamabe constant is

AS* S, [i]) = nf{Y() : ve D (573)). (6.57)

Computing the second variation 627 (u)v = %T(u +tv)|,_, of T(u) we see
that the local minimum condition §2Y (u)v > 0 implies

£(v) — (2" — 1)5(u)/ W22 Vol >0

S4n+3

for any function v such that [ gan+3 u? ~lv Vol; = 0. Therefore, for ¢ being
any of the coordinate functions in H"™ x H we have

£(Cu) — (2° — DE() /S vl 20,

which after summation over all coordinate functions taking also into ac-
count (E30) gives

E(u) — (2% — DE(W) + 40 (2° 1)/ 2 Voly > 0,
S4IL+3
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which implies, recall 2* — 1= (Q +2)/(Q — 2),

0<4(2*—1)(2" - 2)/ |VTul* Vol

San+3
< (4)\1(2* —1)—(2*-2) S) / u?” Volj.
S4n+3

Thus, our task of showing that w is constant will be achieved once we see
that

AN (2 —1)— (2 =2)§ <0, ie, A\ <S5/(Q+2). (6.58)

By Lemma 52 we have actually equality A\; = S/(Q + 2), which completes
the proof. It is worth observing that inequality (E58) can be written in the
form

/\1&S(2*—2)S,

where a is the constant in front of the (sub-)Laplacian in the conformal
(sub-)Laplacian, i.e., a = 4% in our case. O

After these preliminaries we turn to the proof of Theorem EIl.

Proof of Theorem BEI1. Let F' be a minimizer (local minimum) of the
Yamabe functional £ on G (H) and g the corresponding function on the
sphere defined by

g=C(FO1). (6.59)

By the conformality of the qc structures on the group and the sphere we
have

Vole = ®* Volg, (6.60)

hence F2 Volg = I (b_?*Volﬁ. This, together with the Yamabe equation
implies that the Yamabe integral is preserved

/ [VOF|? Volg = / Vig]? + =¢*| Vols, (6.61)
G (H) S4n+3 a

where ¢ = 4(Q + 2)/(Q — 2). By Lemma G773 and (653) the function
go = ¢~ (g o™ will be well centered and a minimizer (local minimum)
of the Yamabe functional T on S4"+3. The latter claim uses also the fact
that the map v — u of equation (653) is one-to-one and onto on the space
of smooth positive functions on the sphere. Now, from Lemma B4 we
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conclude that g, = const. Looking back at the corresponding functions on
the group we see that

—(Q-2)/4
FO:’Y[(1+|q/|2)2—|—\w’|2] )/

for some v = const. > 0. Furthermore, the proof of Lemma B2 shows
that Fy is obtained from F' by a translation (IT28) and dilation (IZ29).
Correspondingly, any positive minimizer (local minimum) of problem (B=83)
is given up to dilation or translation by the function

F=~[0+¢1)2+ 7] " 5 =const. > 0. (6.62)

Of course, translations (I"Z8) and dilations (I"2Z9) do not change the value
of £. Incidentally, this shows that any local minimum of the Yamabe func-
tional Y on the sphere or the group has to be a global one.

We turn to the determination of the best constant. Let us define the

constants
. |Vév\2 Volg o
Aé d:f inf fG () - 26/2* S Dl’Q(G), v >0
(fG (H) ‘11 2 VOlé)
and
. V|2 dH
A% inf fG(H) Y velo?l’Q(G),”U>O ,
(Jo oy o> )

where G = G (H). Clearly, Ay = SéQ, where Sg is the best constant in
the L? Folland-Stein inequality

1/2* 1/2
</ ul? Vozé> < Ss (/ |VOul? Vozé) . (6.63)
G (1) G (1)

while A = S5 2 is the best constant in the L? Folland-Stein inequality ()
(taken with respect to the Lebesgue measure !). Notice that we have the
relation

Volg = kg dH, kg =273(2n)! (6.64)

where dH is the Lebesgue measure in R¥"*3, which is a Haar measure on
the group. Thus, we have

Ag = g PN (6.65)
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Furthermore, by Lemma BE74 and equations (B61) and (659) with g =
const, we have

1 _ fG ‘VéF‘QVOIQ B fS4n+3 (|V’~’g\2+392> VOZ;,

Ao = o5 = ;= :
S5 ([ |FP Volg)*? [fsinsa lg12" Vol *?

(__):

=2n(n+ 1) (kpounta) 2" = dn(n + 1) [(2n)! ognaa] /@

Here, 0444 = 272"72/T(2n + 2) = 272"F2/(2n + 1)! is the volume of
the unit sphere S"*+3 C R4"+4 see (6&1) below, and we also took into
account Remark 624, which shows that Vol gives 223 ((2n)!) wap,43 for
the volume of S4"+3. Alternatively, we could have used the function (652)
and (B), which now reads

/ 1 dH (4n+3)/2 F(4n2+3) (6.66)
=T 5 .
@ [(1+]a])? + |7 [(4n+3)

to compute Ag. To compare the two values it is useful to recall some

standard formulas involving the Euler’s gamma function

I'(n+1) =nl, T(z+n)=z(z+1)...(z+n—-1T(2), n €N,

1
[(22) =221 7712 0(2)T (z + 2) — the Legendre formula,

o(m+2)/2 m/2

Om4+1 = 27-‘-(m+1)/2/1-w ((m + 1)/2) _ (m?)l/)zl! , m-even ,
’ %?),, m~odd .
(6.67)
Using either of these approaches, it follows that
20)! Gun —1/(4n+6)
Sé _ [(2n)! 04p 4 4] (6.68)

2¢/n(n+1)
Furthermore, from (653) it follows the identity

A=2n(n+1) (:7 Odn+4
6

)1/(2n+3)

hence

G _ [22n+60_4n+4]71/(4n+6)
5 =

)

2n(n+1)
which completes the proof of part a).
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b) The Yamabe constant of the sphere is calculated immediately by
taking a constant function in (6254)

nt3d [~ Q+2 n+ 2
MS*H3 7)) = aAg, a= 4m = 4n+ T (6.69)

This completes the proof of Theorem GEII. O

Remark 6.7.5. The quaternionic case of the conjecture mentioned in Re-
mark B35 follows. Indeed, the above computed value of A shows that
SP? = S5 on the quaternionic Heisenberg group. Again, we should keep in
mind that (B) uses an orthonormal basis which turns the group into a
group of H-type. The standard basis (E124)) on G (H) is not an Iwasawa
basis, cf. also (210) and the paragraph above it. The two constants differ
by a multiple of 473 (47% in the general case of a group of Iwasawa type
with center of dimension k) - compare (658) and (BZ).
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Chapter 7

CR manifolds - Cartan and
Chern-Moser tensor and theorem

7.1 Introduction

In this section, based on [99], we give a new proof of the well known
Chern-Moser theorem [d5; [6Y] which states that a non-degenerate CR-
hypersurface in C"*1, n > 1, is locally CR equivalent to a hyperquadric in
C™*! if and only if the Chern-Moser curvature vanishes. In dimension three
we define a symmetric tensor and show that its vanishing is a sufficient con-
dition a three dimensional CR-manifold to be locally CR equivalent to a
hyperquadric in C? thus giving a new proof of the Cartan theorem [d0]. Our
proof is based on the classical approach used by H.Weyl in Riemannian ge-
ometry [62]. The proof [99] is along the lines of the proof of Theorem B34
in the quaternionic contact geometry and it is instrumental to understand
the whole proof of Theorem 533 in [97].

7.2 CR-manifolds and Tanaka-Webster connection

A CR manifold is a smooth manifold M of real dimension 2n+1, with a fixed
n-dimensional complex subbbundle H of the complexified tangent bundle
CTM satisfying HNH =0 and [H,H] C H. If we let H= ReH ® H, the
real subbundle H is equipped with a formally integrable almost complex
structure J. We assume that M is oriented and there exists a globally
defined contact form 6 such that H = Ker6. Recall that a 1-form 0 is a
contact form if the hermitian bilinear form

29(X,Y) = —do(JX,Y)

is non-degenerate. The vector field ¢ dual to 8 with respect to g satisfying
¢udf = 0 is called the Reeb vector field. The almost complex structure J

191
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is formally integrable in the sense that
(X, Y]+ [X,JY]) e H
and the Nijenhuis tensor
N/(X,Y)=[JX,JY] - [X,Y] - J[JX,Y] - J[X,JY] = 0.
A CR manifold (M, 0, g) with fixed contact form 6 is called a pseudohermi-
tian manifold. In this case the 2-form
gy, = 2Q

is called the fundamental form. Note that the contact form is determined
up to a conformal factor, i.e. § = v for a positive smooth function v,
defines another pseudohermitian structure called pseudo-conformal to the
original one.

Convention 7.2.1. In this chapter we use the conventions:

a) X,Y, Z... will be a horizontal vector fields, i.e. X,Y,Z... ¢ H

b) {e1,...,€n,Je€1,...,Je, } denotes an adapted orthonormal basis (see for
ex. [I21]) of the horizontal space H.

¢) The summation convention over repeated vectors from the basis
{€1,..., €2} will be used.

The Tanaka-Webster connection [60; [6Y; I70] is the unique linear
connection V¢ preserving a given pseudohermitian structure with torsion
T°" having the properties

V(= V] =V0 = Vg =0, (7.1)
T (X,Y) =dO(X,Y)C = 20X, V)¢, T((.X)eH, (7.2
g(T7 (¢, X),Y) =g(T((,Y), X) = —g(T (¢, JX), JY). (7.3)

It is well known that the endomorphism 7¢"((,.) is the obstruction a
pseudohermitian manifold to be Sasakian. The symmetric endomorphism
T¢" : H — H is denoted by A and it is call the torsion of the pseudoher-
mitian manifold. The torsion A is completely trace-free satisfying

A(Gi, 61') = A(Q‘, JQ) = 0, A(X, Y) = A(Y,X) = —A(JX, JY) (74)
Let R°" be the curvature of the Tanaka-Webster connection. The pseudo-
hermitian Ricci tensor 7", the psudohermitian scalar curvature s and the
pseudohermitian Ricci 2-form p" are defined by

r"(A,B) = R(e;, A, B, ¢;), s =r(e;,¢€),

P (A, B) = %R”’(A,B,ei,[ei).
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We summarize below the well known properties of the curvature R" of the
Tanaka-Webster connection [[69; I70; [20] using real expression, see also
[60].

RT(X,Y,JZ,JV)=R"(X,Y,Z,V) = —R"(X,Y,V, Z),

R"(X,Y,Z,() =0,
(7.5)

1
= [R”(X, Y,Z,V) - R (JX, Y, Z, V)}

= —g(X, 2)A(Y,JV) — g(Y,V)A(X, JZ) + g(Y, Z)A(X, JV)
+ (X, VA(Y,JZ) — QX, Z)A(Y, V) — Q(Y,V)A(X, Z)
+QY, 2)AX, V) + QX,V)A(Y, Z), (7.6)

R7(G XY, Z) = (VY A)(Z, X) = (VZ A)(Y, X), (7.7)

(X, Y) = (Y, X), .
rT(X,Y) =T (JX,JY) = 4(n — 1)A(X,JY), (7:8)

207 (X,JY) = —r"(X,Y) — " (JX,JY) = R (e;, Jei, X, JY), (7.9)

2(VEre) (e, X) = ds™ (X).
(7.10)

7.3 The Cartan-Chern-Moser theorem

In this section we give a new proof of the well known Cartan-Chern-Moser
theorem [d0; @5; 069]. Our proof is based on the classical approach used
by H. Weyl in Riemannian geometry [62].

Let v be a smooth function on a pseudohermitian manifold (1,6, g).
Let 0 = %6_21}9 be a pseudoconformal deformation of #. We will denote
the objects related to 6 by over-lining the same object corresponding to 6.
Thus,

_ 1 1
df = —e ZdoNO + 56_2Ud9, g= 56_21’9. (7.11)

The new Reeb vector field ¢ is
¢ = 2e*¢ +2e* JVTu, (7.12)
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where Vv is the horizontal gradient, g(V° v, X) = dv(X). The hori-
zontal sub-Laplacian and the norm of the horizontal gradient are defined
respectively by

Av = trf,(V"dv) = Vdv(ei,€), |[V0]* = do(e)?.
The connections V" and Ve are related by a (1,2) tensor S,
Ve 4B =VYB+S(A, B). (7.13)

Suppose the contact structure is integrable. The conditions (C2) and
Verg =0 determine g(S(X,Y), Z) due to the equality

9(S(X,Y),Z) = —dv(X)g(Y, Z) + dv(JX)QY, Z) — dv(Y)g(Z, X)
— d(JY)QUZ, X) + dv(Z)g(X,Y) — do(JZ)QX,Y). (7.14)

We obtain after some calculations using (12) that

A(X,Y) —2e*A(X,Y) — g(S((, X),Y)
= 22"V dv(X, JY) — 4e*dv(X)dv(JY). (7.15)

From (13) and (IZ3) we find
9(S(¢, X),Y) + g(S(¢, JX)JY)
— 2e20 [V”dv(x, JY) - Ve du(J X, Y)}
+ 4e2 [dv(X)dv(JY) - dv(JX)dv(Y)} . (7.16)

The conditions VrJ = Ve J = 0 yield g(S({, X),Y) = g(S(¢, JX)JY).
Substitute the latter into (Z13) and (13), use (1) and (I1A) to get

9(S(¢, X),Y) = % [V”dv(X, JY) - Ve du(J X, Y)]
— dv(X)dv(JY) + dv(JX)du(Y) + |[Vu|?Q(X,Y)  (7.17)
and for the pseudohermitian torsion we obtain [IZ1]]
AX,Y) = 2e2 [A(X, Y) — dvo(X)dv(JY) — dv(JX)dv(Y)]
— e [V”’dv(X, JY) + Vdu(JX, Y)] . (7.18)
The identity d* = 0 together with (IZ2) yields
Vdu(X,Y) = [V dv](gym) (X, Y) — dv(O)QUX,Y). (7.19)
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We consider the symmetric (0,2) tensor C' defined on H by the equality
C(X,Y)=A(JX,Y)
8(/’7'

St m ol (720

LR
and define the (0,4) tensor CW on H by

g(CW(X,Y)Z,V)=g(R(X,Y)Z,V)+9(X,Z)C(Y,V)+g(Y,V)C(X, Z)
—9(Y, 2)C(X,V)=g(X,V)C(Y, Z)-QUX, Z)C(Y, JV)-Q(Y,V)C(X, J Z)
+QY, 2)C(X, JV) +Q(X,V)CO(Y,JZ) - Q(X,Y) [O(Z, JV)—=C(JZ,V)

—Q(Z,V) [C(X, JY) - C(JX, Y)}. (7.21)
Take the corresponding traces in (ZZI) keeping in mind (Z20) to verify
that the tensor CW is completely trace-free, i.e. r"(CW) = p"(CW) =
Compare ([Z20) with (IZ7) to obtain the following

Proposition 7.3.1. The (2,0)+(0,2)-part of the tensor CW vanishes iden-
tically,

CW(X,Y,Z,V)-CW(JX,JY,Z,V)=0
The (1,1)-part of CW is precisely the Chern-Moser tensor S defined in 73]
and it is determined completely by the Ricci 2-form as follows

S(X,Y,Z,V)=CW1.(X,Y,Z,V)
1
=2 [CW(X, Y, Z,V) + CW(JX,JY,Z, V)}

1
=3 [R(X, Y,Z,V) + R(JX, JY, Z, V)}

SCT

C4(n+1)(n+2)
FQX, Z2)QY, V) — QY, Z2)QX, V) + 20X, Y)Qu(Z, V)}

s [0 2T V) — g(v, ) (X, V)]

[9(X, 2)9(¥,V) = g(¥. 2)g(X. V)

2(n+2)
- Q(H—lm) [9V: V)7 (X, 72) - (X, V)™ (v, T 2)
[Q P (Y, V) — QUY, Z)p° (X, V)}
7 [Q P (X, Z) — Q(X, V)p (Y, Z)}
1

— [Q(X, V) (2, V) + Q(Z,V)p (X, Y)} . (7.22)
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For n = 1 the tensor S vanishes identically and we consider the following
(0,2) tensor defined on H by

Feor(X,Y) = (Vds™) (X, JY) + (V"ds) (Y, JX)
+16((V")%e, AV, €a) +16((V)Fre, A) (X, €a) + 3657 A(X,Y)
+A8((V)2, 1o A) (X, JY) + 39(X, V) (V" ds) (ea, Jea).  (T.23)

We call the tensor F*" the Cartan tensor in view of Theorem [Z33 below.
The relevance of the tensors CW and F“*" become clear from the next result
and Theorem [Z33 below proved by Chern and Moser [@5] and Cartan [47]
in a completely different way using the Cartan method of equivalences

Theorem 7.3.2. The tensor CW is a pseudohermitian invariant, i.e. if v
is a smooth function and 20 = e=2"0, then 2e>*CWy = CW,.

Proof. By a straightforward computations using (ZId) and (IZT2), we ob-
tain the formula

2% g(R(X,Y)Z,V) — g(R(X,Y)Z,V) = —g(Z,V) [N(X, Y) - N(Y, X)}
—9(X,Z)N(Y,V) = g(Y,V)N(X, Z) + g(Y, Z)N(X, V) + g(X, V)N(Y, Z)
FQX, Z)N(Y, JV) + QY, V)N(X, JZ) — Q(Y, Z)N(X, JV)
—QX,V)N(Y,JZ) + Q(X,Y) [N(Z, JV) - N(JZ, V)}

+Q(Z,V) [N(X7 JY) - N(Y, JX)} . (7.24)
where the (0,2) tensor N is given by
N(X,Y) = Vdu(X,Y)
+ dv(X)do(Y) — dv(JX)du(JY) — %g(X, V)|Vero2. (7.25)
We denote trN = N(eq,eq) the trace of the tensor N. Using (Z-23) and
(IT9), we obtain

trN = Av — n|dv|?,

(7.26)
N(X,Y) = N(JX,JY)=N(Y,X) - N(JY, JX),

N(Ei, JEZ) = —2’/’Ld’l)(€)7
(7.27)
N(ei, Je)QUX,Y) = n[N(X, Y) - N(Y,X)].
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Taking the traces in (C24) and using (Z23), (C28) and (C24) we obtain
TXY) = (X Y) = (n+ 1)N(X,Y) +nN(Y, X)
FN(JX,JY) +2N(JY, JX) + trN g(X,Y), (7.28)
e2VFT — 25 = 8(n + 1)trN.
Equation (C2R) together with (9) and (Z¥) imply
X, Y) — (X, Y) 47 (JX, TY) — 1 (JX, TY)
= —2[p7(X,JY) = p (X, JY)] = 2(trN) g(X.Y)

+(n+2) [N(X, Y) + N(Y,X) + N(JX, JY) + N(JY, JX)] . (7.29)

(X, Y) — (X, Y) — 7 (JX, JY) + 1 (JX, TY)
= 4(n— )[ (X,JY) - A(X,JY)}
_ (n—l)[ (X,Y) + N(Y,X) - N(JX,JY) — N(JY, JX)] (7.30)

The equalities (28), (C29) and (Z30) yield

N[sym}(X’Y)
[ ﬁpw(x JY) - m g(X,Y) + A(JX, Y)]

= C(X,Y) - C(X,Y). (7.31)
We obtain from (25) and (1Y) that

Substituting (=31) in (=32), and then inserting the obtained equality in
(Z22), invoking also (C28), completes the proof of Theorem [-33. O

Remark 7.3.3. If we substitute (CZ3), (=28) and (Z22) in (28) one
recovers the transformation formulas of the pseudo hermitian Ricci tensor
and the pseudo hermitian scalar found in [21]

5T = 225 — 8n(n + 1)e?|Vu|? +8(n + 1)e?" Av. (7.33)

The result due to Chern and Moser [d5] follows from Theorem 32 and
Proposition =3

Theorem 7.3.4. [45] The Chern-Moser tensor S is a pseudo-conformal
invariant.
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The rest of the section is devoted to a new proof of the next theorem due
to Chern-Moser [45] and Webster [6Y] in dimension bigger than three and
due to Cartan [d0] in dimension three.

Theorem 7.3.5. [40; 77, I69] Let (M,0,g) be a 2n+1-dimensional non-
degenerate pseudo-hermitian manifold.

i) [28; 169) If n > 1 then (M, 0, g) is locally pseudoconformal equivalent
to a hyperquadric in C"* if and only if the Chern-Moser tensor vanishes,
S =0;

ii) [40] If n = 1 then (M, 0, g) is locally pseudoconformal equivalent to
a hyperquadric in C? if and only the tensor F°*" vanishes, F°*" = 0.

Proof. It is well known that a pseudohermitian manifold with flat Tanaka-
Webster connection is locally isomorphic to the (complex) Heisenberg
group. For n > 1 the vanishing of the horizontal part of the Tanaka-
Webster connection implies the vanishing of the whole curvature, as follows
from (I8) and (7). If n = 1, in addition to the vanishing of the horizontal
part of the curvature one needs also the vanishing of the pseudohermitian
torsion to have zero curvature.

On the other hand, the complex Cayley transform is a pseudo-conformal
equivalence between the Heisenberg group with its flat pseudo-hermitian
structure and a hypersphere h,;2°Z° + WW = 1 in C"! [[45], p.223].
We shall show that the condition S = 0 is a sufficient condition a given
pseudohermitian manifold to be locally pseudoconformally flat on H pro-
vided the dimension is bigger than three. In dimension three S vanishes
identically and the sufficient condition is the vanishing of the tensor F¢"
which also implies the vanishing of the pseudohermitian torsion.

Suppose S = 0. Then CW = 0 due to Proposition 3. We shall
show that in this case there (locally) exists a smooth function v which
sends the pseudo-hermitian structure to the flat one by a pseudoconformal
transformation.

We consider the following system of differential equations with respect
to an unknown function v:

Vrdu(X,Y) = —C(X,Y) — dv(X)dv(Y)
+ dv(JX)dv(JY) + %g(X, Y)|V0]2 — dv(Q)QX,Y), (7.34)
Verdv(X,¢) = —D(X,¢)
— C(X,JVv) + %dv(JX)W”"vF —dv(X)dv(¢), (7.35)
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1
Vedu((, () = —D((.¢) — D(JVTv,Q) + E\VCT’U\‘L — (dv(¢))?, (7.36)
where D(X, ¢) and D(¢,¢) do not depend on the function v and are deter-
mined by
(VEC)(Jei, JX) = —(2n 4+ 1)D(J X, ()

(7.37)
—(VEtr C) + (VO (e, X) = 3D(J X, €),

D) = 5 [(VID)(Jer, Q) + Cler, J)ClTe ). (T.38)
The consistences of the first and second equality in ([Z34) is precisely equiv-
alent to (11).

To prove Theorem [Z33 it is sufficient to show the existence of a local
smooth solution to (IZ3d) because of (I8) and the proof of Theorem 3.
However, if equation (Z34) has a smooth solution then (I=38) and ([Z33) ap-
pear as necessary conditions, so we considered the complete system ([=34)-
(38) and reduced the question to showing that this system has (locally)
a smooth solution.

The integrability conditions for the overdetermined system (=34)-([=30)
are furnished by the Ricci identities,

Vdv(A,B,C) —Vdv(B,A,C) =
— R“(A,B,C,Vv) = V"dv((T" (A, B),C). (7.39)
We consider all possible cases.
Case 1: |Z,X,Y € H]. The equation (=39) on H has the following
form
Ve dv(Z,X,Y) - V" dv(X,Z,Y)
—R(Z,X,Y, V") — 20(Z, X)V"dv((,Y), (7.40)
where we have used (2).

When we take the covariant derivative of (=3d) along Z € H, substitute
in the obtained equality (Z=34) and (Z=33), then anticommute the covariant
derivatives, substitute into (20), and use (IC20) with S = 0 = CW we see
that the integrability condition here is

(VZO)X,Y) = (VKO)(Z,Y)
— Q(Z,Y)DX, ) + X, Y)D(Z,0) - 202, X)B(Y, (). (7.41)

Lemma 7.3.6. If the dimension of M is bigger than three and S = 0, then
(Zm) holds.
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Proof. Using (I2), the second Bianchi identity (BIT3) gives
> [(VRRY 2,V W) +20(X, V)RV Z, VW) = 0. (T42)

(X.Y,Z)
Trace in (232) yields
(VERT)NX,Y, Z,ei) = (VEr)(Y, 2) + (Vyr)(X, Z) (7.43)
—2R"((,Y, Z, JX)+ 2R (¢, X, Z,JY) — 2Q(X,Y)r°((, Z) = 0,
(V&)Y Z2) + (V¥ p)(Z2, X) + (V7 p")(X,Y) (7.44)
+2Q(X,Y)p (¢, Z) + 2QY, 2)p" (¢, X) + 29 Z, X)p°" (¢, Y) =0,
(Vxp™)Y, 2) + (Ve RT)(Jei, X, Y, Z,) (7.45)

+2(n —1)R(¢,X,Y,Z) =0.
We use S = 0 and (Z20) to express r", p and A in terms of C' and tr C,
namely
pXY)
=n+2)C(X,JY)—-(n+2)C(JX,Y) - (tr O)QX,Y), (7.46

)

rr(X,Y) = (2n+ 1)C(X,Y) + 3C(JX,JY) + (tr C)g(X,Y),  (7.47)
A(JX,Y) = %[C(X, Y)—C(JX,JY)]. (7.48)

)

Inserting ([Z20) and (I72) in (C43), and then using (21), (28) and (=32
we come after some standard calculations to the following identity
—39(Z, X)D(JY, ) +39(Z,Y)D(J X, ()
—(2n+ 1)QX, 2)D(Y,¢) + 2n + DQY, Z)D(X,¢)
—2(2n+ 1)QUX,Y)D(Z,¢) — 2n[(V§?C) Y, Z2) - (VY C)(X, Z))
+(V7zO)(X, JY) = (V7 O)(J X, Y)]
—[(VixO)JIY, Z) = ( ?fsxc)(JX 7))
—2[(VixO)Y, JZ) = (ViyCO) (X, ] Z)]
=3[(VKO)JIY,JZ) - (VY C)JIX,JZ)] =0. (7.49)
A substitution of (Z20) and (I2) in (C24) together with (M) give

(n+2)[(VXO)Y, JZ) = (V¥ O)(X, I Z)]
- (n+2)[(VXCO)IY, Z) - (V¥ CO)(JX, Z)]
+(n+2)(VZO)X,JY) - (VZO)JX,Y)]+2(n+2)[QUX,Y)D(JZ,()
+Q(Y, Z)D(JX, ) + UZ, X)D(JY, ()] = 0. (7.50)
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Taking JZ instead of Z in (30), and then evaluating at JX and JY,
correspondingly, instead of X and Y into the obtained result we derive
after a subtraction of the thus achieved equalities the following identity

— [(VEO)Y, Z) — (VEO)(X, 2)
- (V&5 O)(JY,JZ) - (V”C)(JX’JZ)]
(V5 C)(IY, 2) — (V5 C)(JX, Z)
(VOS2 — (T CNX.I2))+
+29(Y, Z)D(J X, () — 29(Z, X)D(JY, )
+20(Y, Z)D(X, ¢) — 20X, Z)D(Y,¢) = 0. (7.51)
Now we substitute (Z20), (1) in (C43) using (218), (28), then replace
Y and Z, respectively, with JY and JZ in the obtained equality and then
take the difference of both equations to obtain
(n = D(V7ZONX, JY) = (ViyC)(X, JZ)]
+ (n = D[(V7ZzO)(JX,Y) = (ViyC)(J X, Z)]
—(n=DVZO)X,Y) - (V¥ O)(X, Z)]
+(n—-DH[(VFC)IX,JY)—(VYC)JX,JZ)|=0. (7.52)
Substituting X by Z, and Z by X in (52) and then summing the obtained
equalities and (IZ51) yields
- (V5 O)Y, 2) = (V¥ O) (X, Z)]
+ (VixO)JY, Z2) = (Viy C)(J X, Z)]
—9(X, Z)D(JY,¢) + g(Y, Z)D(J X, ()
—QX, 2)D(Y,¢) + Y, Z2)D(X,¢) =0. (7.53)

The cyclic sum in (Z53) gives
) =

[(V7ZO) (X, JY) = (V7zC)(JX,Y)]
= CJTXC)(JKZ)_( Ty O)NJX, Z)]
—[(VixO)NY, JZ) = (Vi O) (X, ] Z)]
+2Q(Z, X)D (Y C) +2Q(Y, 2)D(X, () + 2Q(X,Y)D(Z,¢).  (7.54)
Now, identity (1) follows from (Z29), (253) and (=54). O

Case 2: [Z,X € H] In this case (Z39) reads

Vrdu(Z,X,¢) — Vdu(X, Z,() = —R(Z, X, ¢, V)
— VU Au(T(Z, X),¢) = —2Q(Z, X)Vdv(¢,¢), (7.55)
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where we used ().

First we take a covariant derivative of (Z33) along Z € H and then
substitute (=34) and (=33) in the obtained equality. Next, we anticommute
the covariant derivatives and substitute the result in (C53) together with
the already established (1), (7=38), (20) and (38) to see, after some
standard calculations, that the integrability condition in this case is

(VZD)(X,¢) = (VXD)(Z,C)
=-C(Z,JC(X))+C(X,JC(Z)) —2D((,)NZ, X). (7.56)

Lemma 7.3.7. If the dimension of M is bigger than three and S = 0, then
(18) holds.

Proof. We differentiate the already proved (&) and then take the cor-
responding traces, using the symmetry of L, to see
(V)2 0e, ONY. Z) = (V)2, yO)(Jea, 2)
= (VZD)(Y, Q) + Q(Y, 2)(VEi D) (Jea, ¢) + 2(VYD)(Z,¢), (7.57)
(VN2 yO)Jea, Z) + (V)Z, 2C0) (Jea, Y)
=—(VZD)(Y, Q) +2Q(Y, Z)(VED)(Jea, ¢) + (V¥ D)(Z,¢), (7.58)
(V)3 e, O)(Jea, Z) = —(2n+ 1)(VED)(Z, ). (7.59)
A combination of (A7), (hY) and (ICH8) yields
(V). C) = (V)2 yO) | (Jeu, 2)

~ [(9)3.,0) = (V)2 20)| (Jew, )
=2n(VZD)(Y, () + Y, Z2)(VEID)(Jea, ¢) — 2n(VYD)(Z,C).  (7.60)
The Ricci identities, (2), (9), (1), (I2Z8) and (I2R) give

(V30,0 = (V)2 C)| (Jew, 2) = 2V C)(Y, 2)

— (trO)[C(Y, JZ) + C(JY, Z)] + (2n + 1)C(Y, JC(Z)) + C(Z, JC(Y))
—3C(JY,C(Z)) - 3C(JZ,C(Y)) — QY Z)C(ea, JC(Jeo)).  (7.61)

(V)2 16, ONY, Z) = (n+2)[C(JY,C(Z)) = C(Y, JC(Z))]
— (n+2)C(Z,JC(Y)) + (n+2)C(JZ,C(Y))
—2m(VEC)(Y, Z) + (trC)(C(JY, Z) + C(Y, I Z)). (7.62)

The identity (Z58) follows from (ZB0) and (ZGD). O
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Case 3: {X, Y e H] In this case (=39) reads

Vedu(¢, X,Y) — Vrdv(X,(,Y)
—R((, XY, V) = V"dv(T(¢, X),Y). (7.63)
Take the covariant derivative of (Z34) along ¢ and a covariant derivative
of (IZ33) along a horizontal direction, apply (=38), (Z34), (238), use (1)
and a suitable traces of (Z34) and (ZR) to get from (CHA) with the help of
(ZR), () and the already proved (&) that the integrability condition

(13) becomes

(VED)(Y,C) - (VEC)(X,Y) =
CY,JO(X))+ AX,C(Y))+ AY,C(X)) = D((, )X, Y). (7.64)
Clearly Case 3 implies Case 2 since (Z58) is the skew-symmetric part of

r.mw

Lemma 7.3.8. If the dimension of M is bigger than three and S = 0, then
(T:A) holds.

Proof. Combine (C31), (59), (H3) and the already proved (IZ5H) to
obtain
(V)2 50OV 2) + [(V)30.C) = (V2,4 O)| (Jea, 2)
= —2(n - 1)(V¥D)(Z,() +20(Y, 2)D((, ¢) + C(Y, JC(Z))
—C(Z,JCY))+ Y, 2)(VID)(Jeq,¢). (7.65)
Now, (@), (H2) and (CBH) imply (CH4). O

Case 4: [X € H} In this case (=39) has the form

Vedu(X,(,¢) — VI du((, X, () =
- R(X,¢,(, V) + Vdu(T((, X), () = A(X,€)Vdv(e;, ¢).  (7.66)
We take the covariant derivative of (IZ33) along ¢ and a covariant derivative
of (IZ38) along a horizontal direction, then use (=32) and the already proved
(rBa). An application of (Z=33) shows that (CBH) is equivalent to
+ A(X, 61')]1))(61', C) = 0. (767)

Lemma 7.3.9. If the dimension of M is bigger than three and S = 0, then
(B3) holds.
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Proof. First we differentiate the already proven (Z58), (64), and the first
equality in (Z32). Then we take the corresponding traces use the symmetry
of C, A and ([337) to obtain

(V2,1 DY) = (n+2)[C(JY, &) = C(Y, Jew)|D(e, €)
— (trO)D(JY, () = 2n(V(D)(Y, ();  (7.68)

(V)2 5, DY) = (V)2 O (Jen, V)
= —(2n + 1)D(eq, Q[C(Y, Jea) + A(Y, e0)] + (VY D)(C, ¢)
+ (Ve O)Y, Jea) + (Ve A) (Y, eq)]C(J ey, €q)
+ (VErA)(Jep, e)C(Y, ea) + A(Jep, €a)(VEO) (Y, eq)  (7.69)

(V)Ee,O)(Jen, Y) = —(2n + 1)(VED)(Y, (). (7.70)
The Ricci identities, equations (-7), (3), () and the symmetry of C
imply
(V)Ee,O)(Jen,Y) = (V)2 cO)(Jen, Y)
=—( f,’;bA)(eb, eq)C(Y, eq) + Alep, Jea) (Ve O)(ey, Y)
+ (Ve A)(en, Y) — (V¥ A)(en, €a)|Cea, Jep).  (7.71)
A small calculation taking into account (GR), (Z89), (M), (Z) and
using (ICZR) yields
(VED)(Y, ) — (VED)(C, ¢) — 3IC(Y; Jea) + A(Y, e0)DleasC)
—(trC)D(JY,¢) + (Ve, O)(Y, Jea)C(Jey, eq)
+(VE A, ea) = (VEA)Y, e0) + (Vi A) (e, €a)IC(Jep, €a).  (7.72)
Now, an application of the already proven (IZZd) together with (ZZ) to
(C2) yields the proof of (ICHa). O

The proof of Theorem 233 i) is complete.

7.3.1 The three dimensional case

If the dimension is equal to 3 then it is easy to check that S = 0 and
the integrability conditions (1) and (Z58) are trivially satisfied. Thus,
the existence of a smooth solution depends only on the validity of (Z6d)
since the proof of Lemma 39 shows that (67) follows from (IZ6d) also
in dimension three. The next Lemma -310 implies Theorem 33 ii).

Lemma 7.3.10. If n =1 and F" =0 then (CB4) holds.
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Proof. Suppose n = 1. Then identity (8) with n = 1 and (ZJ) imply

r(X,Y) = —p“(X,JY) = £-g(X,Y) which inserted into (Z=20) yields

cr

C(X,Y) = 5’1—69()(, Y) + A(X, JY). (7.73)
Apply (IZ73) to (IH2) to get
2AVEC)X,Y) = (V)2 1, O)X,Y) = s A(X,Y). (7.74)

The skew symmetric part of (Z64) is satisfied because n = 1. Now, (39),
(C) and (Z73) give that the symmetric part of (B4) is equivalent to

Fear(X,Y) = 0. O
The proof of Theorem [Z33 is complete. O

Let us remark that the vanishing of F°*" is equivalent to the vanishing
of the Cartan curvature, cf. [Theorem 12.3, [If1]]. As a consequence, we
obtain [A9]

Corollary 7.3.11. A 3-dimensional Sasakian manifold (M,0,g,() is lo-
cally pseudoconformally equivalent to the three dimensional Heisenberg
group if and only if its Riemannian scalar curvature Scal? satisfies

(VId(Scal?))(X,JY) + (VId(Scal?))(Y,JX) =0, (7.75)
where VY is the Levi-Civita connection of g.

Proof. It is well known that a pseudohermitian structure is Sasakian, i.e.
its Riemannian cone is Kahler, exactly when the Webster torsion vanishes,
A =0. In particular, the Bianchi identities imply ((s“") = 0. Then the
terms in the second and third lines of (Z23) vanish in view of (Z19). On
the other hand, for a Sasaki manifold, we have V¥Y = VY + g(JX,Y)¢
and the Riemannian scalar curvature and the scalar curvature of the Web-
ster connection differ by an additive constant depending on the dimension,
25°" = Scald + 2n (see e.g. [60]). Now, (IZ73) becomes equivalent to (=23).
Hence, (M, 0) is locally pseudoconformally flat. O
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