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Preface

These lecture notes grew out of our work on the quaternionic contact Yam-

abe problem and in particular the cases of the quaternionic Heisenberg

group and the quaternionic contact sphere. Similarly to its Riemannian

and CR counterparts the complete understanding of the problem requires

a number of beautiful and powerful techniques. Unlike the Riemannian

and CR cases, the solution of the quaternionic contact Yamabe problem

has yet to be achieved. Nevertheless, our efforts have been rewarded with

a complete solution on the seven dimensional quaternionic contact sphere

and quaternionic Heisenberg group. We have also determined the quater-

nionic contact Yamabe constant of the quaternionic contact sphere of any

dimension and all functions achieving this constant. More importantly, the

quaternionic contact Yamabe problem led to some new ideas and geometric

structures that are interesting on their own. Some of these developments

will find a place in this book, such as the quaternionic contact conformal

tensor and the qc-Einstein structures since both are crucial for the solution

of the quaternionic contact Yamabe problem. The book presupposes the

paper [94] from which we borrow a number of fundamental results without

supplying their proofs. On the other hand, we leave out completely some

results of [94] concerning anti-regular, quaternionic pluriharmonic and anti-

CRF functions (see also [154], [156], [138; 139], [140], [43], [44], [123], [12],

[86], [5; 6; 7], [8]), pseudo-Einstein strictures, and infinitesimal automor-

phisms of quaternionic contact manifolds.

The Yamabe problem arouse from two questions, one coming from the

area of geometry, the other from the area of analysis. Yamabe [174] consid-

ered conformal transformations, i.e., transformations that preserve angles,

of a Riemannian metric on a given compact manifold M to one with a

constant scalar curvature. The existence of such conformal deformation

v
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is equivalent to the existence of a positive solution of a non-linear partial

differential equation - the Yamabe equation,

4
n− 1

n− 2
△u+ Su = − S̃u2

∗−1, u ∈ C∞, u ≥ 0, (0.1)

where n is the dimension of M , △ is the Laplace operator of the fixed

Riemannian metric g, S and S̃ = const are the scalar curvatures of g and

g̃ = u2
∗−2 g respectively, and 2∗ = 2n/(n− 2). Any positive solution to

(0.1) gives a Yamabe metric, i.e., a metric of constant scalar curvature in

the fixed conformal class [g]. Yamabe [174] observed that (0.1) is (up to

a scaling) the Euler-Lagrange equation of the (Yamabe) functional defined

by

Υ(u) =

´
M

(
4n−1
n−2 |∇u|2 + Scalu2

)
dvg(´

M
u2∗ dvg

)2/2∗
which led him to consider the infimum of this functional thereby defining

the so called Yamabe constant of the conformal class

λ(M)
def
= λ(M, [g]) = inf{Υ(u) : u ∈ C∞(M), u > 0}.

Yamabe’s goal was to prove the existence of metrics of constant scalar cur-

vature conformal to a given metric g by showing that the Yamabe constant

is achieved, see also [163]. We shall refer to the question of the precise value

of this constant and the metrics in the fixed conformal class for which it

is achieved as the Yamabe constant problem. As well known, in general,

there are Yamabe metrics of higher energy that do not realize the Yamabe

constant.

When the ambient space is the Euclidean space Rn, G. Talenti [159]

and T. Aubin [14], [16] described all positive solutions of a more general

equation

△pu =
n∑
j=1

∂j(|∇u|p−2∂ju) = − |u|p
∗−2u, u ∈ C∞(Rn), (0.2)

that is, the Euler-Lagrange equation associated to the functional defining

the best constant, i.e., the norm, of the Lp Sobolev embedding theorem(ˆ
Rn

|u|p
∗
dx

)1/p∗

≤ Sp

(ˆ
Rn

|∇u|p dx
)1/p

, (0.3)

holding for any u ∈ C∞
o (Rn), where p∗ = np/(n − p) is the so-called

Sobolev conjugate to 1 < p < n. Remarkably, all of these solutions turned

the Sobolev inequality in an equality, hence we can determine the value
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of the smallest constant Sp for which the equality in (0.3) holds true. Of

course, this was Talenti’s motivation to consider (0.2).

In the case of the standard sphere, using the stereographic projection -

an example of a conformal transformation, the description of all Yamabe

metrics on the round sphere is equivalent to the above question on Rn in

the L2 case (p = 2). The solution of this special case is an important

step in solving the general Yamabe problem, the solution of which in the

case of a compact Riemannian manifold was completed in the 80’s after the

work of T. Aubin [14; 15; 16; 17] and R. Schoen [149], the latter using the

positive mass theorem of R. Schoen and S. T. Yau, see [122] for references

and history, see also [19].

More recently the CR Yamabe problem was studied, which is the prob-

lem of obtaining and classifying all contact forms of constant Webster-

Tanaka scalar curvature within a fixed conformal class of contact forms

compatible with the given CR structure. The solution of the existence

part of the general CR problem is now complete in the case of a compact

CR manifold after the works of D. Jerison and J. Lee, [101] - [104], and

N. Gamara and R. Yacoub, [72], [73]. Similarly to the Riemannian case, all

contact forms conformal to the standard CR pseudo-hermitian structure on

the (2n+1)-dimensional sphere in Cn that are of constant Tanaka-Webster

scalar curvature turn out to be minimizers of the corresponding CR Yam-

abe functional. The latter is defined with the help of the fixed contact form

θ with Tanaka-Webster scalar curvature S as follows, [101],

Υ(u) =

´
M

(
2n+2
n |∇u|2θ + S u2

)
θ ∧ (dθ)n(´

M
u2∗ θ ∧ (dθ)n

)2/2∗ , 2∗ = 2n+ 2,

with Yamabe constant given by

λ(M)
def
= λ(M, [θ]) = inf{Υ(u) : u ∈ C∞(M), u > 0}.

The case of the odd dimensional spheres equipped with the standard CR

structures turns out to be equivalent to the problem of determining the best

constant in the L2 Folland-Stein Sobolev type inequality on the Heisenberg

group and the functions for which equality is achieved.

Regarding the Folland-Stein inequality, it is known that on any Carnot

group G there is the following inequality, [65] and [67]. For any 1 < p <

Q, where Q is the homogeneous dimension of the manifold G, define the

Sobolev conjugate exponent p∗ = pQ
Q−p . There exists a constant Sp =

Sp(G) > 0 such that for any u ∈ C∞
o (G)(ˆ

G

|u(g)|p
∗
dH

)1/p∗

≤ Sp

(ˆ
G

|Xu(g)|p dH
)1/p

, (0.4)
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where Xu denotes the horizontal gradient involving only the derivatives

along the first layer of the Lie algebra of G and dH is a Haar measure on

the group.

Very important examples of Carnot groups are given by the so-called

Heisenberg type groups. Among them there are the Iwasawa type groups,

which arise as the nilpotent part N in the Iwasawa decomposition G =

KAN associated to a simple Lie group G of real rank one. From a different

point of view the Iwasawa groups are the ideal boundaries of the symmetric

spaces of non-compact type of real rank one, see [49] and also [24] where the

geometric structure on the boundary arises as a conformal infinity of the

hyperbolic metric. In the subsequent chapters we shall focus on the case of

the quaternionic Heisenberg group, which together with the standard and

the octonionic Heisenberg gives all groups of Iwasawa type. We shall be

more explicit at the appropriate place, but for the moment it suffices to say

that the quaternionic case is the main subject of these lecture notes.

The Folland-Stein inequality is a generalization of the Sobolev inequality

for functions on Rn and thus plays a fundamental role in the analysis on

Carnot groups. Denote by Sp the smallest possible constant for which the

equality in (0.4) holds. This is the so-called best constant in the Folland-

Stein inequality and the functions achieving the equality in (0.4) are called

sometimes minimizers. The precise value of the best constant is unknown.

A more modest problem is to determine S2 and the minimizers in the case

of groups of Iwasawa type. The above mentioned results of Talenti, Aubin,

and Jerison and Lee solve this problem, correspondingly, in the degenerate

Iwasawa group case of Euclidean space and the Heisenberg group. In either

case, it is shown that the extremals of the L2 Sobolev type inequality give,

in fact, all non-negative solutions of the Yamabe equation on the group. On

the quaternionic Heisenberg group of dimension seven this was achieved in

[95]. Furthermore, in [96] following the method of [70], the best constant in

the L2 Folland-Stein inequality and the functions for which it is achieved

were determined on the quaternionic Heisenberg group of any dimension.

On any Carnot group, the Yamabe equation is the non-linear second order

sub-elliptic equation

Lu = − u
Q+2
Q−2 , u ∈

o

D 1,2(G), u ≥ 0, (0.5)

where L is the sub-Laplacian on the group and Q is the homogeneous di-

mension of G. It is, up to a scaling, the Euler-Lagrange equation of the

variational problem associated with S2 (i.e., the L2 case), hence its positive

solutions are critical points of the natural functional. One consequence of
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[95] is that the solutions of (0.5) on the seven dimensional quaternionic

Heisenberg group have a certain symmetry, so-called cylindrical symmetry.

The classification of the cylindrically symmetric solutions of the Yamabe

equation on groups of Iwasawa type, not just on the quaternionic Heisen-

berg group, has been done in [76]. In the case of Rn, the Yamabe equation

(0.5) admits up to a translation only radial solutions, see [159] and also [78].

In the case of the Heisenberg group the solutions are known to be biradial

after a suitable translation [103]. Proving symmetry (geometric) proper-

ties of solutions of sub-elliptic equations is currently out of reach. The

method of the so-called moving plane was used in [76] but it worked only

in directions along the center of the group. Currently the only available

method of determining the positive entire solutions of the Yamabe equation

in the setting of groups of Iwasawa type is to invoke the relevant geometry

which helps in finding a very non-trivial analogue of the divergence for-

mula first used by M. Obata [133]. The latter exploited the Riemannian

geometry and the Levi-Civita connection of the Riemannian metric. This

was also the approach taken by D. Jerison and J. Lee [103] who found a

divergence formula in terms of the Tanaka-Webster connection. In either

case, the divergence formula is used to see that the ”new” Yamabe metric

is also Einstein, the latter notion interpreted appropriately. On the other

hand, functions for which the Sobolev inequality becomes an equality can

be found with symmetrization arguments. In the Euclidean case Talenti

[159] used the spherical symmetric rearrangement to reduce the problem to

an ordinary differential equation, see also Aubin [14] - [16]. Very recently,

another symmetrization argument was proposed in [30] and [70] based on

Szegö and Hersch’s center of mass method [158] and [89]. This method

yields not only the best constant but also all minimizers in the Euclidean

and Heisenberg group versions of the L2 Sobolev type inequality. We shall

apply this method successfully also on the quaternionic Heisenberg group in

Theorem 6.1.1 based on [96]. Again, we exploit the conformal nature of the

problem and reduce it to the corresponding Yamabe constant problem on

the quaternionic contact sphere where the actual symmetrization argument

is used.

In the second part of the book we consider the Yamabe problem on the

quaternionic Heisenberg group and the quaternionic contact sphere. This

problem turns out to be equivalent to the quaternionic contact Yamabe

problem on the unit (4n + 3)-dimensional sphere in the quaternion space

due to the quaternionic Cayley transform, which is a conformal quater-

nionic contact transformation. In the quaternionic setting, the relevant
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geometry was developed by O. Biquard [24]. Studying conformal bound-

aries at infinity of quaternionic hyperbolic spaces O. Biquard introduced in

[24] the notion of quaternionic contact structure. In particular, a connec-

tion, referred to as the Biquard connection, suitable for handling geometric

questions in geometries modeled on the quaternionic Heisenberg group was

defined in [24]. The quaternionic contact Yamabe problem consists of find-

ing in the conformal class of a given quaternionic contact structure one

with a constant scalar curvature of the Biquard connection and possibly

describing all such structures. Yet again, the question is of variational na-

ture. Given a compact quaternionic contact manifold M with a fixed con-

formal class defined by a quaternionic contact form [η] and volume form

V olη (6.9) the Yamabe equation characterizes the non-negative extremals

of the constrained Yamabe functional defined by (see also (6.2))

Υ(u) =

ˆ
M

(
4
n+ 2

n+ 1
|∇u|2 + Scalu2

)
V olη,

ˆ
M

u2
∗
V olη = 1, u > 0.

According to [168], and similarly to the Riemannian and CR Yamabe prob-

lems, the quaternionic contact Yamabe constant

λ(M)
def
= λ(M, [η]) = inf{Υ(u) :

ˆ
M

u2
∗
V olη = 1, u > 0}

of a compact quaternionic contact manifold is always less or equal than that

of the standard quaternionic contact sphere. Furthermore, if the constant

is strictly less than that of the sphere the quaternionic contact Yamabe

problem has a solution, i.e., there is a global quaternionic contact con-

formal transformation sending the given quaternionic contact structure to

a quaternionic contact structure with constant quaternionic contact scalar

curvature. For the seven dimensional quaternionic contact sphere or Heisen-

berg group we are able to describe all Yamabe quaternionic contact sctruc-

tures in the conformal class of the standard quaternionic contact structure

on the seven dimensional sphere, see Theorem 6.1.2.

A natural conjecture is that the quaternionic contact Yamabe constant

of every compact locally non-flat manifold (in conformal quaternionic con-

tact sense) is strictly less than the quaternionic contact Yamabe constant

of the sphere with its standard quaternionic contact structure. Guided by

the conformal and CR cases, we expect that the conformal quaternionic

contact curvature tensor (5.48) will be a useful tool in the analysis of the

quaternionic contact Yamabe problem.

Before giving the brief description of each chapter we should mention

that we consider 1 < p < Q rather than 1 ≤ p < Q, i.e., p = 1 is ex-

cluded. As well known, the case p = 1 (Gagliardo-Nireneberg inequality)
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is essentially the isoperimetric inequality and implies the validity of the

Sobolev (type) inequality for 1 < p < Q. However, when one is interested

in the value of the best constant the cases p = 1 and 1 < p < Q are

completely different. In addition, isoperimetric inequalities and profiles on

Carnot groups will certainly take us beyond the scope of this book, but the

reader can consult [164], [148], [85] and [36] for more details and references.

Chapter 1 contains the necessary results proving the existence Theorem

1.4.2 and C∞ smoothness Theorem 1.6.9 of the functions achieving the best

constant in (0.4). We devote a section for the case when only functions

with partial symmetry are allowed. This is due to the limitations of the

results of Chapter 3. The main results in this section come from [76], [165]

and [166].

Chapter 2 is devoted to the groups of Heisenberg and Iwasawa types.

The latter serve as the flat models for the Carnot-Caratheodory geometries

central for the whole book. We present the definitions and properties of the

Cayley and Kelvin transforms. We end the section with an explicit solution

of the Yamabe equation on a group of Heisenberg type [75].

In Chapter 3 Theorem 3.5.1, following [75], we determine the solutions of

the Yamabe equation on groups of Iwasawa type assuming a-priori that the

solutions are partially cylindrical. In addition, using [167] in Theorem 3.6.2

we determine the extremals of some Euclidean Hardy-Sobolev inequalities

involving the distance to a (n− k)-dimensional coordinate subspace of Rn.
We achieve the results as a direct consequence of [75] by relating extremals

on the Heisenberg groups to extremals in the Euclidean setting. When k =

n the above inequality becomes the Caffarelli-Kohn-Nirenberg inequality,

see [34], for which the optimal constant was found in [77].

In Chapter 4 we specialize to the quaternionic Heisenberg group and

the geometry modeled on it - the quaternionic contact geometry. We start

with a definition of a quaternionic contact structure and derive the Biquard

connection in a way slightly different from [24]. Our motivation was to give

a direct approach based on the existence of Reeb vector fields rendering the

construction more explicit and accessible for the general audience. In ad-

dition, this will facilitate the numerous explicit calculation that are needed

in the subsequent sections. An immediate consequence is the characteriza-

tion Theorem 4.3.15 of quaternionic contact structures locally isomorphic

to the quaternionic Heisenberg group. We proceed with the study of qc-

Einstein structures and the quaternionc contact conformal transformations

of quaternionic contact structures. In Proposition 4.3.8 we derive the struc-

ture equations of a quaternionic contact manifold and in Theorems 4.4.2
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and 4.4.4 give a characterization of qc-Einstein structures using the funda-

mental four form defining the quaternionic contact structure.

In Chapter 5 we turn to the construction of a quaternionic contact con-

formally invariant curvature tensor, Definition 5.3.2, characterizing quater-

nionic contact structures which are locally quaternionic contact conformally

equivalent to the standard flat quaternionic contact structure on the quater-

nionic Heisenberg group. We begin with a complete and slightly different

than [97] proof of the existence and invariance of the quaternionic contact

conformal curvature tensor discovered by the authors in [97]. We sketch the

proof of the quaternionic contact flatness Theorem 5.3.5 leaving out some

of the computational details, which can be found in [97].

Chapter 6 begins with a brief background from [94] and in particular

Theorem 6.2.5 which determines all qc-Einstein structures conformal to

the standard quaternionic contact structure on the quaternionic Heisen-

berg group. Then we turn to the divergence formula of [95] supplying the

final step in the proof of Theorem 6.1.2 which gives explicitly all solutions

of the quaternionic contact Yamabe equation on the seven dimensional

quaternionic Heisenberg group and seven dimensional quaternionic contact

sphere. We end the chapter with Theorem 6.1.1, based on [96], where we de-

termine the sharp constant and all functions for which equality holds in the

L2 Folland-Stein inequality on the quaternionic Heisenberg group of any

dimension. Equivalently, we determine all functions achieving the Yam-

abe constant of the conformal class of the standard quaternionic contact

spheres. Nevertheless, this leaves open the quaternionic contact Yamabe

problem on the standard quaternionic contact spheres of dimension greater

than seven. Naturally, we expect that there are no other solutions besides

those with lowest energy, i.e., the known functions achieving the Yamabe

constant.

In Chapter 7 Theorem 7.3.5 we give a proof of the Cartan-Chern-Moser

result following the approach we took to derive the quaternionic contact

conformal curvature tensor thus presenting the new proof of the Cartan-

Chern-Moser theorem outlined in [99]. The reader should be aware that

the quaternionic contact case requires a considerable amount of calculations

while the details in the CR case are far less and reading of the CR case

before the quaternionic contact case might be useful.
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Chapter 1

Variational problems related to
Sobolev inequalities on Carnot groups

1.1 Introduction

This chapter contains the core of the analysis side of the subject of the book.

The main topic is the sharp form of the Sobolev type embedding theorem

(1.1) established by Folland and Stein on Carnot groups, [65]. Let G be a

Carnot group of homogeneous dimension Q and p a constant, 1 < p < Q.

There exists a constant Sp = Sp(G) > 0 such that for u ∈ C∞
o (G)(ˆ

G

|u|p
∗
dH

)1/p∗

≤ Sp

(ˆ
G

|Xu|pdH
)1/p

. (1.1)

Here, the ”horizontal” gradient, |Xu|, is defined by |Xu| =

(
∑m
j=1(Xju)

2)1/2, where X = {X1,. . . ,Xm} is a left invariant basis of the

first layer V1 whose commutators generate the whole algebra, p∗ = pQ
Q−p

and dH is a fixed Haar measure on G. Unlike the Euclidean case, [159] and

[14], the value of the best possible constant or the non-negative functions

for which it is achieved is presently unknown.

We start the chapter with reviewing some necessary background on

Carnot groups and their sub-Rimannian geometry in Section 1.2. The fol-

lowing Section 1.3 is devoted to the relevant Sobolev spaces, their duals,

and weak topologies. After these two preliminary sections we turn to the

question of existence of (extremals) minimizers in (1.1), i.e., functions for

which inequality (1.1) turns into an equality. The difficulty in finding such

functions stems from the fact that the considered embedding of Sobolev

spaces is not compact and, crucially, there is a (noncompact) group of dila-

tions preserving the set of extremals, see equation (1.29) and the paragraph

following it. In particular, starting from an extremal we can construct a

sequence of extremals which converge to the zero function. Thus, an ar-

gument proving the existence of an extremal by taking a sequence of func-

3
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tions converging to an extremal will fail unless a more delicate analysis and

modification (by scaling and translating) of the sequence is performed. The

concentration-compactness principle of P. L. Lions, see [125], [126], will be

applied in Section 1.4 in the homogeneous setting of a Carnot group G to

prove that for any 1 < p < Q the best constant in the Folland-Stein

embedding (1.1) is achieved. This method does not allow an explicit deter-

mination of the best constant or the functions for which it is achieved, but

it allows us to see that for any 1 < p < Q the quasi-linear equation with

critical exponent,

Lpu =
n∑
j=1

Xj(|Xu|p−2Xju) = − up
∗−1 in G, (1.2)

possesses a weak non-negative solution, which is also, up to a constant, an

extremal for the following variational problem,

I
def
= inf

{ˆ
G

|Xu|p | u ∈ C∞
o (G),

ˆ
G

|u|p* = 1

}
. (1.3)

Here, we used that Lp(cu) = cp−1u to reduce the equation given by the

Euler-Lagrange multiplier to (1.2). In general, the norm of the embedding

is achieved on the space
o

D 1,p(G), which is the closure of C∞
o (G) with

respect to the norm

∥u∥ ≡ ∥u∥ o
D 1,p(G)

=

(ˆ
G

|Xu|pdH
)1/p

. (1.4)

We shall also consider a similar problem restricting the test functions to

these with a certain symmetry, see Section 1.5. We prove that the corre-

sponding infimum is achieved again.

In the last section of Chapter 1 we study the optimal regularity of

solutions of the relevant non-linear sub-elliptic equations. Using Moser

iteration arguments in Section 1.6.1 we show that any weak solution of the

equation

Lpu =
n∑
j=1

Xj(|Xu|p−2Xju) = − |u|p
∗−2u (1.5)

is a bounded function. We actually will consider a more general equation

revealing the key properties that are needed in order for the proof to go

through. We proceed to show that in the case p = 2 the weak solutions are

smooth functions by employing sub-elliptic regularity estimates combined

with the Hopf Lemma or the Harnack inequality.
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As already mentioned, it is an open question to find the exact norm

of the Folland-Stein embedding. A more tractable problem is obtained by

requiring that the group be of Heisenberg (in fact Iwasawa) type. In the

particular case of the Heisenberg group this problem was solved in the L2

case, p = 2, in [103]. Later, in Chapter 3, we shall find the precise value of

the norm of the embedding on any group of Iwasawa type when considering

only functions with symmetries and p = 2. The proof will require the exis-

tence result of this chapter. More recently, this result, without any a-priori

symmetry assumption, in the case of the seven dimensional quaternionic

Heisenberg group was achieved in [95], and in any dimension in [96]. We

will present the results of [96] and [95] in Chapter 6. The variational prob-

lem in this case and the associated Euler-Lagrange equation when p = 2

lead to the Yamabe type equation

Lu = −u2
∗−1, (1.6)

where Lu =
m∑
j=1

X2
j u and L is the corresponding sub-Laplacian, cf. (1.16).

1.2 Carnot groups

In this section we review some well known facts, see for example

[82; 65; 21; 68; 132; 27], and set-up some of the notation we will use

throughout the book.

A Carnot group is a connected and simply connected Lie group G with

a Lie algebra g, which admits a stratification, i.e., g is a direct sum of

linear subspaces, g =
r
⊕
j=1

Vj , with commutators satisfying the conditions

[V1, Vj ] = Vj+1 for 1 ≤ j < r, [V1, Vr] = {0}, [65]. The number r is called

the step of the Carnot group. It tells us how many commutators of the first

layer are needed in order to generate the whole Lie algebra. Notice that

the ”last layer” Vr is the center of the Lie algebra, while the first layer V1
generates the whole Lie algebra. Clearly, every Carnot group is trivially a

nilpotent group.

As well known, see for example [[68], Proposition 1.2] and [[48], Theorem

1.2.1] for proofs, we have the following

Theorem 1.2.1. If G is a connected and simply connected nilpotent Lie

group with Lie algebra g, then:

a) the exponential map exp : g → G is an analytic diffeomorphism (with

inverse denoted by log);
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b) in exponential coordinates, i.e., if G is identified with g via exp, the

group law is a polynomial map;

c) the push-forward of the Lebesgue measure on g is a bi-invariant Haar

measure on G.

The Haar measure will be denoted by dH. According to part c), when

we use exponential coordinates to compute integrals we need to use the

Lebesgue measure on g. These results follow essentially from the Baker-

Campbell-Hausdorff formula

exp ξ exp η = exp (ξ + η + 1/2[ξ, η] + ...), ξ, η ∈ g, (1.7)

which for nilpotent groups reduces to a finite sum.

We shall use the exponential map to define analytic maps ξi : G →
Vi, i = 1, ..., r, through the equation g = exp ξ, i.e., ξ = log g, with

ξ(g) = ξ1(g) + ...+ ξr(g), ξi ∈ Vi.

Convention 1.2.2. We assume that on g there is a scalar product < ., . >

with respect to which the Vj ’s are mutually orthogonal, i.e., g =
r
⊕
j=1

Vj is

an orthogonal direct sum. We denote by ∥ . ∥ the corresponding norm.

This fixed scalar product induces a left-invariant metric onG and a distance

function dR(., .) on G called the Riemannian distance. With the help of

the exponential map the Riemannian distance on G is

dR(g, h) = ∥log(h−1g)∥, (1.8)

which is clearly left-invariant. However, this ”Euclidean” distance does not

preserve the homogeneous structure which we define next.

Every Carnot group is naturally equipped with a family of non-isotropic

dilations defining the so-called homogeneous structure,

δλ(g) = exp ◦∆λ ◦ exp−1(g), g ∈ G, (1.9)

where exp : g → G is the exponential map and ∆λ : g → g is defined

by ∆λ(ξ1 + ... + ξr) = λξ1 + ... + λrξr. The topological dimension of G

is N =
r∑
j=1

dimVj , whereas the homogeneous dimension of G, attached

to the automorphisms {δλ}λ>0, is given by Q =
r∑
j=1

j dimVj . Recalling

Theorem 1.2.1, we have

dH(δλ(g)) = λQdH(g), (1.10)
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so that the number Q plays the role of a dimension with respect to the

group dilations. Let Z be the infinitesimal generator of the one-parameter

group of non-isotropic dilations {δλ}λ>0. Such vector field is characterized

by the property that a function u : G → R is homogeneous of degree s with

respect to {δλ}λ>0, i.e., u(δλ(x)) = λsu(x) for every x ∈ G, if and only if

Zu = su.

Finally, the above fixed norm ∥ . ∥ on g (arising from the fixed inner

product on g) induces a homogeneous norm (gauge) | · |g on g and (via the

exponential map) one on the group G in the following way. For ξ ∈ g, with

ξ = ξ1 + ...+ ξr, ξi ∈ Vi, we let

|ξ|g =

(
r∑
i=1

∥ξi∥2r!/i
) 1

2r!

, (1.11)

and then define |g|G = |ξ|g if g = exp ξ. In particular, for a Carnot group

of step two we have

|ξ|g =
(
∥ξ1∥4 + ∥ξ2∥2

)1/4
. (1.12)

For simplicity of notation we shall use | . | to denote both the norm on the

group and on its Lie algebra with the meaning clear from the context. A ho-

mogeneous norm, see [110], [117] or [68], adapted to the fixed homogeneous

structure is any function | . | : G → [0,+∞) such that

|h| = 0 iff h = e − the group identity,

|h| = |h−1|, |δλh| = λ|h|, | . | ∈ C(G),
(1.13)

for any g1, g2, h ∈ G. The above defined gauge clearly satisfies these

conditions. We shall call the balls defined with the help of (1.11) the gauge

balls and denote them with Ωr(g) ≡ Ω(g, r), r > 0, thus

Ωr(g) ≡ Ω(g, r) = {h ∈ G : |g−1 h| < r}. (1.14)

The homogeneous norm is not unique and below we will see another widely

used example defined with the help of the so called Carnot-Carathéodory

distance. It is important to observe that the balls defined by a homogeneous

norm are compact in the topology defined by the Riemannian distance

on G. The proof of this fact uses only equation (1.13). Indeed, since

the unit Riemannian sphere is compact and does not contain the neutral

element it follows that | . | achieves a positive minimum on the Riemannian

sphere. The homogeneity of the gauge implies then that every gauge ball

is a bounded and compact set. In particular we can integrate over gauge
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balls. Another consequence of this compactness is that in addition to the

above properties we have for some γ ≥ 1

|g1g2| ≤ γ (|g1|+ |g2|)

for any g1, g2, h ∈ G, see [110] . The compactness also implies that

all homogeneous norms adapted to the fixed homogeneous structure are

equivalent, i.e., if | . |1 and | . |2 are two such norms then there are constants

M, m > 0 for which

m|g|1 ≤ |g|2 ≤M |g|1, g ∈ G.

A homogeneous norm on G can be used to define a homogeneous pseudo-

distance on G, which in the case of the fixed gauge is frequently called the

gauge distance,

ρ(g1, g2) = |g−1
2 g1|G, ρ(δλ(g1), δλ(g2)) = λρ(g1, g2)

ρ(g1, g2) ≤ γ (ρ(g1, h) + ρ(h, g2)) , g1, g2, h ∈ G.
(1.15)

Notice that (1.11) has one additional property, which we shall not use,

namely, it defines a smooth function outside the identity, i.e., | . | ∈
C(G)∩ C∞ (G \ {e}). It is known that a smooth homogeneous norm which

is actually a distance exists on every homogeneous group [87]. We shall

encounter such a norm when we consider the gauge (2.12) on groups of

Heisenberg type, see [54].

With m = dim(V1), we fix a basis X1,. . . ,Xm of V1 and continue to

denote by the same letters the corresponding left-invariant vector fields.

The sub-Laplacian associated with X is the second-order partial differential

operator on G given by

L = −
m∑
j=1

X∗
jXj =

m∑
j=1

X2
j , (1.16)

noting that in a Carnot group one has X∗
j = −Xj since the Haar measure

is bi-invariant under translations.

Since the left invariant vector fields {X1, ..., Xm} on G satisfy the

Hörmander finite rank condition we can define also the associated Carnot-

Carathéodory distance on G. A piecewise smooth γ(t) is called a horizontal

curve when γ′(t) belongs to the span of X1(γ(t)), ..., Xm(γ(t)), the so called

horizontal space. Given g, h ∈ G by the Chow-Rashevsky theorem there is

a horizontal curve between them, see [46], [141]. Therefore

d(g, h) = inf {|γ| : γ − horizontal curve between g and h}, (1.17)
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defines a distance on G, which is the Carnot-Carathéodory distance be-

tween g and h, see also [130]. Here |γ| denotes the length of γ with respect

to the fixed left invariant Riemannian metric on G. Note that only the

metric on the horizontal space is used to calculate the length of a horizon-

tal curve. Taking into account that we fixed a left invariant metric which is

homogeneous of order one on the horizontal space it follows that for every

f, g, h ∈ G and for any λ > 0

d(gf, gh) = d(f, h), d(δλ(g), δλ(h)) = λ d(g, h). (1.18)

In particular, g 7→ d(e, g) is a homogeneous norm on the considered Carnot

group. It is straightforward to estimate the Riemannian distance by the

Carnot-Carathéodory distance,

dR(g, h) ≤ d(g, h), (1.19)

which, in particular, shows that d(g, h) = 0 iff g = h. This can be used

to see that d(g, h) is a distance function since the other properties follow

from the definition. The estimate in the other direction can be found for

example in [160], where a more general situation is considered. In our case

we obtain that for every ball B(go, R) there exists a constant C = C(G, R)

such that if g, h ∈ B(go, R) we have

d(g, h) ≤ C dR(g, h)
1/r. (1.20)

The pseudo-distance (1.15) is equivalent to the Carnot-Carathéodory

distance d(·, ·) generated by the system {X1, ..., Xm}, i.e., there exists a

constant C = C(G) > 0 such that

C ρ(g, h) ≤ d(g, h) ≤ C−1 ρ(g, h), g, h ∈ G, (1.21)

taking into account the equivalence of all homogeneous norms. In fact the

inequalities (1.19) and (1.20) can be derived for the distance defined by any

homogeneous norm and the Riemannian distance, see [65].

We will almost exclusively work with the Carnot-Carathéodory dis-

tance d, except in few situations where we will find more convenient to

use the gauge distance (1.15). In general, we shall work with the Carnot-

Carathéodory balls which are defined in the obvious way,

Br(x) ≡ B(x,R) = {y ∈ G | d(x, y) < r}, r > 0.

By left-translation and dilation it is easy to see that the Haar measure of

B(x, r) is proportional to rQ, where Q is the homogeneous dimension of G.
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1.3 Sobolev spaces and their weak topologies

Let 1 ≤ p <∞ and Ω be an open set in G. We define the space S1,p(Ω) of

all functions u ∈ Lp(Ω) having a distributional horizontal gradient Xu =

(X1u, ...,Xmu) ∈ Lp(Ω). The space S1,p(Ω) will be endowed with the norm

||u||S1,p(Ω) = ||u||Lp(Ω) + ||Xu||Lp(Ω),

which turns it into a Banach space using the corresponding results in Eu-

clidean space. Here ||Xu||Lp(Ω) =
[´

Ω
|Xu|p dH

]1/p
. It is important to

note a version of the Rellich-Kondrachov compact embedding valid in the

sub-elliptic setting which was proven in [74], see also [69] for a proof of part

b).

Theorem 1.3.1.

a) If Ω denotes a bounded X-PS domain (Poincaré-Sobolev domain) in a

Carnot-Carathéodory space and 1 ≤ p < Q, then the embedding

S1,p(Ω) ⊂ Lq(Ω)

is compact provided that 1 ≤ q < p∗, where Q is the homogeneous di-

mension of the group G and p∗ = pQ/(Q− p) is the Sobolev exponent

relative to p.

b) The Carnot-Carathéodory balls are X-PS domains.

We also define the space
o

D 1,p(Ω), 1 ≤ p < Q, by taking the completion

of the space of all smooth functions with compact support C∞
o (Ω) with

respect to the norm

||u|| o
D 1,p(Ω)

= ||Xu||Lp(Ω) =

[ˆ
Ω

|Xu|p dH
]1/p

.

We shall consider
o

D 1,p(Ω) equipped with the norm ||u|| o
D 1,p(Ω)

. Notice that

because of the Folland-Stein’s inequality every element of
o

D 1,p(Ω) is in fact

a function u ∈ Lp
∗
(Ω). As usual, one can see that u ∈

o

D 1,p(Ω) implies that

|u| ∈
o

D 1,p(Ω).

The space
o

D 1,p(Ω) and, in particular,
o

D 1,p(G) are the most important

Sobolev spaces in this book. Both are easily seen to be Banach spaces -

see the next Proposition. Given a Banach space B we consider the dual

space B∗ of all continuous linear functionals on B equipped with the norm

∥l∥ = supx∈B,∥x∥≤1 |l(x)|, λ ∈ B∗. As well known B∗ is also a Banach
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space with this topology, see for example [145] for details. The space B
is called reflexive if its second dual B∗∗ = (B∗)∗ equals B. Of course,

B ⊂ B∗∗ is an isometric injection [[175], p.113, Theorem 2], which might

not be a surjection. The latter happens exactly when B is reflexive. It

is known that Lp spaces are reflexive for p > 1 and L1 is not reflexive.

In fact for 1 ≤ p < ∞ we have (Lp)∗ = Lp
′
, 1p + 1

p′ = 1. In particular,(
L1(G)

)∗
= L∞(G), where the latter space is equipped with the norm

∥u∥L∞(G) ≡ esssup
G

|u| def= inf{M : |u(g)| ≤M for dH a.e. g ∈ G}.

(1.22)

On the other hand, the dual of L∞(G) is the space of all absolutely contin-

uous (w.r.t. the Haar measure), finitely additive set functions of bounded

total variation on G, see [[175], Chapter IV.9]. The dual Banach space of
o

D 1,p(Ω) will be denoted by D −1,p′(Ω) and is identified in the next Proposi-

tion. Notice that the density of C∞
o (Ω) in

o

D 1,p(Ω) implies that a continuous

linear functional on the latter space is determined by its action on C∞
o (Ω).

Proposition 1.3.2. Let Ω be an open set in a Carnot group whose first

layer is of dimension m. Let 1 ≤ p <∞ and p′ be the Hölder conjugate to

p, 1
p′ +

1
p = 1.

a) The space
o

D 1,p(Ω) is a separable Banach space, which is reflexive if

1 < p <∞.

b) The dual space
o

D 1,p(Ω) is isometric to the Banach space of distribu-

tions

D −1,p′(Ω) = {T ∈ D′(Ω) : T =

m∑
j=1

Xjfj , fj ∈ Lp
′
(Ω)}, (1.23)

with the pairing between a function u ∈ C∞
o (Ω) and a distribution Tf =∑m

j=1Xjfj given in the usual fashion

T (u) = −
ˆ
Ω

m∑
j=1

fj (Xju) dH. (1.24)

The corresponding norm is

∥T∥D −1,p′ (Ω) = inf∥f⃗∥Lp′ (Ω), (1.25)

where the inf is taken over all f⃗ = (f1, . . . , fm) ∈ Lp
′
(Ω : Rm) for

which the representation T =
∑m
j=1Xjfj holds true and ∥f⃗ ∥Lp′ (Ω) =
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[´
Ω

(∑m
j=1 |fj |2

)p′/2
dH

]1/p′
for p′ <∞, and the corresponding sup norm

when p′ = ∞. Furthermore, D −1,p′(Ω) is a separable Banach space, which

is reflexive if 1 < p <∞.

Proof. a) By definition the map X :
o

D 1,p(Ω) → Lp(Ω : Rm) given by

X(u) = (X1u, . . . ,Xmu) is an isometry. If {un} is a Cauchy sequence

in
o

D 1,p(Ω) it follows from the completeness of Lq(Ω), 1 ≤ q, for every

j = 1, . . . ,m we have Xjun → fj in Lp(Ω), while Folland and Stein’s

embedding theorem implies un → u in Lp
∗
(Ω). For any function φ ∈ C∞

o (Ω)

we have then
ˆ
Ω

fjφdH = lim
n→∞

ˆ
Ω

(Xjun)φdH

= − lim
n→∞

ˆ
Ω

un(Xjφ) dH = −
ˆ
Ω

u(Xjφ) dH,

taking into account X∗
j = −Xj , hence Xju = fj , i.e., u ∈

o

D 1,p(Ω).

In particular,
o

D 1,p(Ω) embeds isometrically in Lp(Ω : Rm) as a sub-

space, i.e., the image is a closed subspace. Since Lp(Ω : Rm) is a separable

Banach space, which is reflexive if 1 < p < ∞, the same remains true for

every closed subspace.

b) The proofs are analogous to the Euclidean case, see for example [1]

and [128]. The fact that every distribution of the described type defines

a linear bounded functional on
o

D 1,p(Ω) follows from the Cauchy-Schwarz

and Hölder’s inequalities,

|T (u)| =

∣∣∣∣∣∣
ˆ
Ω

m∑
j=1

fj (Xju) dH

∣∣∣∣∣∣ ≤
ˆ
Ω

|f⃗ | |Xu| dH ≤ ∥f⃗∥Lp′ (Ω) ∥Xu∥Lp(Ω),

where |f⃗ | =
(∑m

j=1 |fj |2
)1/2

.

The other direction, i.e., that every linear bounded functional T on
o

D 1,p(Ω) can be written in the form T = −
∑m
j=1Xjfj , fj ∈ Lp

′
(Ω) can be

seen as follows. Let X be the image of
o

D 1,p(Ω) under the isometry X. The

linear functional T ′ on X defined by T ′(Xu) = T (u) is clearly bounded and

∥T ′∥ = ∥T∥. By the Hahn-Banach theorem there exists a norm preserving

extension of T ′ to a bounded linear functional on Lp(Ω : Rm), which by
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the Riesz representation theorem is a unique element f⃗ ∈ Lp
′
(Ω : Rm) and

has the form T ′(g⃗) =
∑m
j=1

´
Ω
fjgj dH. Thus

T (u) = T ′(Xu) =
m∑
j=1

ˆ
Ω

fj(Xju) dH,

which shows T = −
∑m
j=1Xjfj and ∥T∥ = ∥T ′∥ = ∥f⃗∥Lp′ (Ω). Let us

observe that any other f⃗∗ ∈ Lp
′
(Ω : Rm) for which T = −

∑m
j=1Xjf

∗
j cor-

responds to another extension of T ′ from X to Lp(Ω : Rm), which in general

will increase its norm. In fact, the vector f⃗ we found above corresponds to

the unique norm preserving extension at least when 1 < p < ∞. Finally,

the completeness of D −1,p′(Ω) follows from the isometry ∥T∥ = ∥T ′∥ =

∥f⃗∥Lp′ (Ω).

The last claim of the Proposition follows from the fact that X is a

subspace of the Banach space Lp(Ω : Rm) which has the listed properties.

Given a Banach space B with dual B∗ we define the weak topology,

denoted by ⇀ on B, see for example [145], as the weakest topology on B
for which all elements of B∗ are continuous functionals on B. In particular,

xn ∈ B ⇀ x ∈ B if l(xn) → l(x) for every l ∈ B∗.

We shall also make use of the weak-∗ topology on B∗ that is the weakest

topology on B∗ in which for all x ∈ B the functionals l ∈ B∗ 7→ l(x) are

continuous. Thus, a sequence ln ∈ B∗ converges to l ∈ B∗ in weak-∗ sense

if ln(x) → l(x) for every x ∈ B. Notice that this implies that the weak-∗
convergence on B∗ is even weaker than the weak convergence on B∗ since

the topology of the former is defined by using only the elements of B ⊂ B∗∗,

while the latter topology is determined by all elements of B∗∗. In particular,

for a reflexive space B we can regard B as the dual of X = B∗, B = X ∗, and

thus the weak-∗ topology of B is determined by the elements of X, while the

weak topology of B is determined by the elements of B∗. Since B∗ = X , the

two naturally defined weak topologies on a reflexive Banach space coincide.

On the other hand, if we consider the non reflexive space L1 (G) we have

that its dual is L∞ (G), and thus for a sequence un ∈ L∞ (G) we have

un ⇀ f in the weak-∗ topology of L∞ (G) when for each v ∈ L1 (G) we

have ˆ
G

unv dH →
ˆ
G

fv dH.

A basic fact in the theory is the Banach-Alaoglu theorem [145]. It says

that in the dual space B∗ (of a Banach space!) equipped with the weak-

∗ topology the closed unit ball is compact. Furthermore, if a sequence
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ln ∈ B∗ ⇀ l ∈ B∗ in the weak-∗ topology, then {ln} is a bounded sequence

and the norm is sequentially lower semi-continuous [[175], p.125, Theorem

9],

∥l∥ ≤ lim inf∥ln∥.

For our goals, we are actually interested in sequential compactness, i.e.,

in the possibility of extracting a convergent subsequence from a bounded

sequence. Very often it is useful to use a weaker version of the Banach-

Alaoglu’s theorem, namely Helly’s theorem, which is the fact that if B is a

separable Banach space then the closed unit ball of B∗ is weak-∗ sequen-

tially compact. With the help of this general results, Proposition 1.3.2

and the Folland-Stein embedding theorem we obtain the following weak

compactness result.

Proposition 1.3.3. Let Ω be an open subset of G. If {un} is a bounded

sequence in
o

D 1,p(Ω), p > 1, then it has a subsequence vn which converges

to a function v in:

i) weak sense in
o

D 1,p(Ω), ii) weak sense in Lp*(Ω).

Furthermore, by the sequentially lower semi-continuity of the norms we

have

∥u∥Lp∗ (Ω) ≤ lim inf∥un∥Lp∗ (Ω), ∥u∥ o
D 1,p(Ω)

≤ lim inf∥un∥ o
D 1,p(Ω)

.

For our needs we shall also need to consider the weak-∗ topology in

the space M(G) of all bounded regular Borel measures on G. Recall that

M(G) can be considered as the dual space of the Banach space C∞(G) of all

continuous functions on G which vanish at infinity. A continuous function

ϕ onG is said to vanish at infinity if for every ϵ > there is a compactK ⊂ G

such that |ϕ(g)| < ϵ, g ∈ G\K. Alternatively, since G is a locally compact

Hausdorff space, starting with the space of all continuous functions on G

with compact support Co(G) we have that C∞(G) is the completion of the

space Co(G) in the L∞ (G) norm. The proofs of these facts can be found

in [[146], Chapter 3]. By the Riesz representation theorem [[146], Chapter

6], the space M(G) is the dual of C∞(G) and in particular for a sequence

of measures dνn (bounded regular Borel measures on G) to converge to a

measure dν in the weak-∗ topology of M(G) it is necessary and sufficient

that for every ϕ ∈ Co(G) we haveˆ
G

ϕdνn →
ˆ
G

ϕdν.
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The following results will play an important role in the study of the varia-

tional problem (1.3).

Proposition 1.3.4. If {un} is a bounded sequence in
o

D 1,p(G), p > 1,

then it has a subsequence vn for which in addition to the convergence of

Proposition 1.3.3 the following convergence to the function v take place:

i) dµn = |Xvn|pdH ⇀ dµ and dνn = |vn|p
∗
dH ⇀ dν in the weak-∗

topology of M(G) for some dµ, dν ∈ M(G);

ii) a.e. point-wise on G;

Proof. By the Folland-Stein embedding theorem both |Xun|p and |un|p
∗

are bounded sequences in L1 (G), hence bounded sequences in M(G) con-

sidered with the weak-∗ topology, as for f ∈ L1 (G) we have |
´
G
ϕf dH| ≤

∥ϕ∥L∞ (G) ∥f∥L1 (G), ϕ ∈ C∞(G). The claim in i) follows then from the

Banach-Alaoglou theorem.

The a.e. convergence follows from the Rellich-Kondrachov Theorem

1.3.1 applied to an increasing sequence of Carnot-Carathéodory balls BRk

centered at the identity e ∈ G with radius Rk → ∞ so that BRk
⊂ BRk+1

⊂

G, ∪BRk
= G. Notice that

o

D 1,p(Ω) ⊂ Lp (Ω) being compact embedding

when Ω is an open bounded X-PS domain implies that weakly convergent

sequences in
o

D 1,p(Ω) are convergent in Lp (Ω).

Let us observe that dν ̸= |v|p∗dH in general! This is because the mea-

sure |vn − v|p∗dH can concentrate on a set of measure zero. Nevertheless,

even when vn fails to converge to v in Lp
∗
(Ω) we have the following result

of Brézis-Lieb [32], frequently called the Brézis-Lieb lemma, which will be

used in the proof of Lemma 1.4.5.

Theorem 1.3.5. Let 0 < q <∞. If un → u a.e. and ∥un∥Lq (G) ≤ C <∞
for all n ∈ N, then the limit limn→∞

{
∥un∥qLq (G) − ∥un − u∥qLq (G)

}
exists

and we have the equality

lim
n→∞

{
∥un∥qLq (G) − ∥un − v∥qLq (G)

}
= ∥u∥qLq (G).

In particular we obtain

Corollary 1.3.6. Under the conditions of the above Theorem 1.3.5 we have

|un|q dH − |u|q dH = |un − u|q dH − o(1), (1.26)

where o(1)⇀ 0 weak-∗ in M(G).
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Proof. For ϕ ∈ C∞(G) consider the sequence ϕun, which has the properties

ϕun → ϕu a.e. and supn∥ϕun∥Lq (G) < ∞. By the Brézis-Lieb lemma we

haveˆ
G

|ϕ|q|un|q dH −
ˆ
G

|ϕ|q|un − u|q dH →
ˆ
G

|ϕ|q|u|q dH, n→ ∞.

This implies equation (1.26) as every function in C∞(G) can be written as

the difference of its positive and negative parts, which are also in C∞(G).

1.4 The best constant in the Folland-Stein inequality

In this section we turn to the existence of minimizers of the problem (1.3),

i.e., we shall prove the main result on existence of global minimizers, [166].

Before stating the main Theorem 1.4.2 we define the relevant spaces of

functions. As before X = {X1,. . . , Xm} is the fixed left-invariant basis

of the first layer V1 generating the whole Lie algebra and also, with abuse

of notation, the corresponding system of sections on G. Correspondingly,

for a function u on G we shall use the notation |Xu| =

 m∑
j=1

(Xju)
2

1/2

for the length of the horizontal gradient. Two crucial aspects of equation

(1.2) and variational problem (1.3) are their invariance with respect to the

group translations and dilations, which are the cause of such concentration

phenomenon. The invariance with respect to translations is obvious, since

the vector fieldsXj are left-invariant. The invariance with respect to scaling

must be suitably interpreted and follows from the observation that

Lp(u ◦ δλ) = λp δλ ◦ Lpu. (1.27)

If we then define, for a solution u of (1.2) and for λ > 0, the rescaled

function uλ = λαu ◦ δλ, it is clear that uλ satisfies (1.2) if and only if

α = Q/p∗ = (Q − p)/p. These considerations suggest the introduction of

two new functions. For a function u ∈ C∞
o (G) we let

τhu
def
= u ◦ τh, h ∈ G, (1.28)

where τh : G → G is the operator of left-translation τh(g) = hg, and also

uλ ≡ λQ/p* δλu
def
= λQ/p* u ◦ δλ, λ > 0. (1.29)

It is easy to see that the norms in the Folland-Stein inequality and the func-

tionals in the variational problem (1.3) are invariant under the translations
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(1.28) and the rescaling (1.29). Only the second part requires a small com-

putation since the measure dH is bi-invariant with respect to translations.

Now,

∥δλu∥p*Lp∗ (G)
=

ˆ
G

|u(δλg)|p*dH(g)

=

ˆ
G

|u(g)|p*λ−QdH(g) = λ−Q∥u∥p*
Lp∗ (G)

.

hence ∥uλ∥Lp∗ (G) = ∥u∥Lp∗ (G). Similarly

∥δλu∥po
D 1,p(G)

= ∥λδλXu∥pLp(G)

= λp∥δλXu∥pLp(G) = λp−Q∥u∥po
D 1,p(G)

.

Taking into account p* = pQ
Q−p we obtain the claimed invariance

∥Xuλ∥ o
D 1,p(G)

= ∥Xu∥ o
D 1,p(G)

.

At this point we are ready to turn to the main result of this section,

Theorem 1.4.2, which is based on an adaptation of the concentration-

compactness principle of P.L. Lions to the case of a Carnot group G with

its homogeneous structure and Carnot-Carathéodory distance. An impor-

tant tool in the analysis is the concentration function of a measure, which

is given in the next definition.

Definition 1.4.1.

a) For a non-negative measure dν on G define the concentration function

Q on [0,∞) by

Q(r)
def
= sup

g∈G

(ˆ
Br(g)

dν
)
. (1.30)

b) For a function f ∈ Lp
∗

loc (G) on G we will call concentration function of

f the concentration function of the measure |f |p*dH.

Following Lions’ work, the crucial ingredients in the solution of the

variational problem of Theorem 1.4.2 are Lemmas 1.4.3 and 1.4.5, which

follow its proof.

Theorem 1.4.2.

a) Let G be a Carnot group. Every minimizing sequence un ∈
o

D 1,p(G) of

the variational problem (1.3),ˆ
G

|Xun|p dH → I,

ˆ
G

|un|p
∗
dH = 1, (1.31)
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has a convergent subsequence in
o

D 1,p(G), after possibly translating and

dilating each of its elements using (1.28) and (1.29).

b) The infimum in (1.3) is achieved by a non-negative function u ∈
o

D 1,p(G) which is a (weak) solution of the equation

Lpu = − up*−1. (1.32)

Proof. The claim in part b) of the Theorem follows trivially from part a)

together with the fact that for any u ∈
o

D 1,p(Ω) we have that |u| ∈
o

D 1,p(Ω)

and |Xu| = |X|u|| a.e.. Thus it is enough to show the existence of a

minimizer.

Consider the variational problem (1.3), p > 1, and a minimizing se-

quence un ∈ C∞
o (G) as in (1.31). By the weak compactness, Proposition

1.3.3, we can assume that un ⇀ u in
o

D 1,p(G) for some u ∈
o

D 1,p(G) and

also weakly in Lp*(G). The sequentially lower semi-continuity of the norms

shows that

∥u∥Lp∗ (G) ≤ lim inf∥un∥Lp∗ (G) = 1,

and

∥u∥ o
D 1,p(G)

≤ lim inf∥un∥ o
D 1,p(G)

= I1/p.

Thus, it is enough to prove that
´
G
|u|p* = 1, since by the above and the

Folland-Stein inequality (1.1), noting that I = (1/Sp)
p
(Sp is the optimal

constant in (1.1)), we have

I ≥
ˆ
G

|Xu|p ≥ I
(ˆ

G

|u|p*
)p/p∗

= I, when

ˆ
G

|u|p* = 1, (1.33)

which would give that u is a minimizer of problem (1.3). In other words,

we reduce to showing that un → u in Lp*(G) as for 1 < p < ∞ weak

convergence and convergence of the norms to the norm of the weak limit

imply strong convergence.

Due to the translation and dilation invariance, all the above properties

hold if we replace the sequence {un} with any translated and rescaled se-

quence {vn} with corresponding weak limit denoted by v. We will consider

the following measures,

dνn
def
= |vn|p*dH and dµn

def
= |Xvn|pdH, (1.34)

where vn is a suitable translation and dilation of un that is to be defined in

a moment. From the weak-∗ compactness of the unit ball without loss of
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generality we can assume dνn ⇀ dν and dµn ⇀ dµ in the weak-∗ topology

of all bounded, nonnegative measures, cf. Proposition 1.3.4. In addition,

again by Proposition 1.3.4, we can also assume vn → v a.e. with respect to

the Haar measure.

The desired convergence i.e. the fact that
´
G
|v|p* = 1 will be obtained

by applying the concentration compactness principle exactly as in [125]

(see also [155]). We shall see that ν is a probability measure and also

dν =
´
G
|v|p*.

Let Q̂n(r) be the concentration function of un, i.e.,

Q̂n(r)
def
= sup

h∈G

(ˆ
Br(h)

|un|p
∗
dH
)
. (1.35)

Clearly, Q̂n(0) = 0, lim
r→∞

Qn(r) = 1 and Q̂n is a continuous non-decreasing

function. Therefore, for every n we can find an rn > 0 such that

Q̂n(rn) = 1/2. (1.36)

Since the integral in (1.35) is absolutely continuous, it defines a continuous

function of h, which tends to zero when d(h, e) → ∞ as un ∈ Lp*(G).

Consequently, the sup is achieved, i.e., for every n there exist a hn ∈ G,

such that

Q̂n(rn) =

ˆ
Brn (hn)

|un(g)|p
∗
dH(g). (1.37)

The concentration functions, Qn, of the dilated and translated sequence

vn
def
= rn

Q/p∗ u ◦ τh−1
n

◦ δrn =
(
τh−1

n
u
)
rn

(1.38)

satisfy

Qn(1) =

ˆ
B1(e)

dνn and Qn(1) =
1

2
, (1.39)

which follows easily from (1.28), (1.29), (1.18) and (1.10).

At this point we are ready to apply the key lemmas and we proceed

the proof by considering the function vn. Notice that the vanishing case in

Lemma 1.4.3 is ruled out by the normalization Qn(1) = 1/2. Following

Lions, let us embed our variational problem in the family

Iλ
def
= inf

{ˆ
G

|Xu|p : u ∈ C∞
o (G),

ˆ
G

|u|p* = λ

}
. (1.40)
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Since Iλ = λp/p
∗
I, where I was defined in (1.31), we see that Iλ is strictly

sub-additive i.e.

I1 < Iα + I1−α, for every 0 < α < 1. (1.41)

Assume, first, the compactness case of Lemma 1.4.3 holds when applied to

the sequence dνn, which was defined in (1.34). Let gn be a sequence of

points given in the compactness case of Lemma 1.4.3. For ϵ > 0 choose

R = R(ϵ) such that ˆ
BR(gn)

dνn ≥ 1− ϵ, for every n. (1.42)

If ϵ < 1/2 then
´
BR(gn)

dνn > 1/2 and since by construction
´
B1(e)

dνn =

1/2 while
´
G
dνn = 1 we see that B1(e) and BR(gn) have a non-empty

intersection and thus by the triangle inequality BR(gn) ⊂ B2R+1(e). This

implies ˆ
B2R+1(e)

dνn ≥
ˆ
BR(gn)

dνn ≥ 1− ϵ, for every n, (1.43)

and therefore the conclusions in the compactness case of Lemma 1.4.3 holds

with gn ≡ e for every n. By taking ϵ→ 0 we see thatˆ
G

dν = 1. (1.44)

If we now look at the sequence {dµn}, we have dµn ⇀ dµ and
´
G
dµn → I,

and thus
´
G
dµ ≤ I. On the other hand, Lemma 1.4.5 gives

dνn ⇀ dν =|v|p* +
∑
j

νjδgj

dµn ⇀ dµ ≥|Xv|pdH +
∑
j

µjδgj
(1.45)

for certain νj , µj ≥ 0 satisfying

Iνj
p/p* ≤ µj . (1.46)

We shall prove that all νj ’s are zero and thus
´
G
|v|p*dH = 1. Let α

def
=´

G
|v|p*dH < 1. Since

´
G
dν = 1 we have

∑
νj = 1−α. From

´
G
dµ ≤ I

we have
´
G
|Xv|pdH ≤ I −

∑
µj . Now (1.46) gives

I = I1 ≥
ˆ
G

|Xv|pdH +
∑

µj ≥ Iα +
∑

Iνj
p/p∗ ≥ Iα +

∑
Iνj .
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From the strict sub-additivity (1.41) of Iλ we conclude that exactly one of

the numbers α and νj is different from zero. We claim that α = 1 (and

thus all νj ’s are zero). Suppose that there is a νj = 1 and dν = δgj .

From the normalization Qn(1) = 1/2 and hence

1/2 ≥
ˆ
B1(gj)

|vn|p*dH →
ˆ
B1(gj)

dν = 1, (1.47)

which is a contradiction. Thus, we proved ∥v∥Lp∗ (G) = α = 1 and vn → v

in Lp*(G), which shows that v is a solution of the variational problem, see

(1.33).

Suppose the dichotomy case of Lemma 1.4.3 holds when applied to the

sequence dνn. We will reach a contradiction. By Remark 1.4.4 there exists

a sequence of positive numbers Rn > 0 such that

supp dν1n ⊂ BRn(gn), supp dν2n ⊂ GrB2Rn(gn) (1.48)

and

lim
n→∞

∣∣∣λ−
ˆ
G

dν1n

∣∣∣+ ∣∣∣(1− λ)−
ˆ
G

dν2n

∣∣∣ = 0. (1.49)

Let us fix a number ϵ, such that,

0 < ϵ < λp/p* + (1− λ)p/p* − 1. (1.50)

Such a choice of ϵ is possible as for 0 < λ < 1 and p/p* < 1 we have λp/p*+

(1− λ)p/p* − 1 > 0. Let ϕ be a cut-off function 0 ≤ ϕ ∈ C∞
0

(
B2(e)

)
, ϕ ≡ 1

on B1(e). Such smooth cut-off function can be constructed explicitly in

the usual manner for the gauge balls and hence by the equivalence (1.21)

also for the Carnot-Carathéodory balls. Let ϕn = (τgnϕ)1/Rn
, cf. (1.29),

so that each ϕn is a smooth function with compact support, 0 ≤ ϕ ∈
C∞

0

(
B2Rn(e)

)
, ϕ ≡ 1 on BRn(gn) . Then we haveˆ

G

|Xvn|pdH =

ˆ
G

|X(ϕnvn)|pdH +

ˆ
G

|X(1− ϕn)vn|pdH + ϵn.

Note that the remainder term ϵn is expressed by an integral over an annuli

An = B2Rn(gn)rBRn(gn). (1.51)

Furthermore, we claim that

ϵn ≥ o(1)− ϵ

ˆ
G

|Xvn|pdH, where o(1) → 0 as n→ ∞. (1.52)

Indeed, using the inequality

(|a|+ |b|)p ≤ (1 + ϵ)|a|p + Cϵ,p|b|p,
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which holds for any 0 < ϵ < 1, p ≥ 1 and a suitable constant Cϵ,p depending

on ϵ and p, we have

ϵn =

ˆ
An

|Xvn|pdH −
ˆ
An

|X(ϕnvn)|pdH −
ˆ
An

|X
(
(1− ϕn)vn

)
|pdH

≥
ˆ
An

|Xvn|p(1− ϕn
p − (1− ϕn)

p)dH − 2Cϵ,p

ˆ
An

|vn|p|Xϕn|pdH

− ϵ

ˆ
An

|Xvn|pdH.

Since p > 1 and 0 ≤ ϕ ≤ 1 it follows 1 ≥ ϕn
p + (1− ϕn)

p and thus

ϵn ≥ −C
ˆ
An

|vn|p|Xϕn|pdH − ϵ

ˆ
G

|Xvn|pdH.

First we use |Xϕn| ≤ C
Rn

and then we apply Holder’s inequality on An,

R−1
n ∥vn∥Lp(An) ≤ R−1

n |An|
1
p−

1
p* ∥vn∥Lp∗ (An).

Since 1
p −

1
p* = 1

Q and from the paragraph above (1.18)

|An| ∼ RQn , (1.53)

we obtain

R−1
n ∥vn∥Lp(An) ≤ C∥vn∥Lp∗ (An). (1.54)

The last term in the above inequality can be estimated as follows.

∥vn∥p*Lp∗ (An)
=

ˆ
An

dνn =

ˆ
G

dνn −
ˆ
G\An

dνn

≤
ˆ
G

dνn −
ˆ
G\An

dν1n −
ˆ
G\An

dν2n

=

ˆ
G

dνn −
ˆ
G

dν1n −
ˆ
G

dν2n.

Hence the claim (1.52) follows from

R−1
n ∥vn∥Lp(An) ≤ C

(ˆ
G

dνn −
ˆ
G

dν1n −
ˆ
G

dν2n

)1/p*
→ 0 as n→ ∞.

From the definition of I and the above inequalities we have

∥vn∥po
D 1,p(G)

=∥ϕnvn∥po
D 1,p(G)

+ ∥(1− ϕn)vn∥po
D 1,p(G)

+ ϵn

≥ I
(
∥ϕnvn∥pLp∗ (G)

+ ∥(1− ϕn)vn∥pLp∗ (G)

)
+ ϵn (1.55)

≥ I
((ˆ

BRn (gn)

dνn
)p/p*

+
(ˆ

GrBRn (gn)

dνn
)p/p*)

+ ϵn

(1.56)

≥ I
((ˆ

G

dν1n
)p/p*

+
(ˆ

G

dν2n
)p/p*)

+ ϵn.
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Letting n→ ∞ we obtain

I = lim
n→∞

∥vn∥po
D 1,p(G)

≥ I
(
λp/p* + (1− λ)p/p*

)
− ϵI

= Iλ + I1−λ − ϵI,

which is a contradiction with the choice of ϵ in (1.50) and hence the di-

chotomy case of Lemma 1.4.3 cannot occur. The proof of the theorem is

finished.

We end the section with the Lemmas that provide key steps in Lions’

method of concentration compactness.

Lemma 1.4.3. Suppose dνn is a sequence of probability measures on G.

There exists a subsequence, which we still denote by dνn, such that exactly

one of the following three cases holds.

• (compactness) There is a sequence gn ∈ G, n ∈ N, such that for

every ϵ > 0 there exists R > 0 for which, for every n,ˆ
B(gn,R)

dνn ≥ 1 − ϵ.

• (vanishing) For all R > 0 we have

lim
n→∞

(
sup
g∈G

ˆ
B(g,R)

dνn

)
= 0.

• (dichotomy) There exists λ, 0 < λ < 1 such that for every ϵ > 0

there exist R > 0 and a sequence (gn) with the following property:

Given R′ > R there exist non-negative measures dν1n and dν2n for

which for every n we have

0 ≤ dν1n + dν2n ≤ dνn (1.57)

supp dν1n ⊂ B(gn, R), supp dν2n ⊂ GrB(gn, R
′) (1.58)∣∣∣λ −

ˆ
dν1n

∣∣∣+ ∣∣∣(1− λ) −
ˆ
dν2n

∣∣∣ ≤ ϵ. (1.59)

Proof. Let Qn be the concentration function of dνn. Since {Qn} is a

sequence of non- decreasing, non-negative bounded functions on [0,∞) with

lim
r→∞

Qn(r) = 1 it is a locally bounded sequence in the space of functions

of bounded variation on [0,∞) and thus by Helly’s selection theorem there
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exist a subsequence, which we also denote by Qn, and a non-decreasing

function Q on [0,∞) such that

lim
n→∞

Qn(r) = Q(r)

for r on [0,∞). Let λ
def
= lim

r→∞
Q(r). Clearly 0 ≤ λ ≤ 1. If λ = 0 we

have the vanishing case. Suppose λ = 1. Then there exist R0 such that

Q(R0) > 1/2. For every n let gn be such that

Qn(R0) ≤
ˆ
BR0 (gn)

dνn +
1

n
. (1.60)

For 0 < ϵ < 1 fix R > 0 with Q(R) > 1 − ϵ > 1
2 and take hn ∈ G, such

that

Qn(R) ≤
ˆ
BR(hn)

dνn +
1

n
. (1.61)

Then for n sufficiently large we have

ˆ
BR(hn)

dνn +

ˆ
BR0

(gn)

dνn > 1 =

ˆ
G

dνn (1.62)

Therefore, from the triangle inequality, BR(hn) ⊂ B2γR+R0(gn) and hence

ˆ
B2γR+R0

(gn)

dνn ≥
ˆ
BR(hn)

dνn ≥ Qn(R)−
1

n
→ Q(R) for a.e. R. (1.63)

This shows that for n ≥ n0 and for a.e. R,ˆ
B2γR+R0

(gn)

dνn ≥ 1− ϵ.

Taking a possibly larger R, we can achieve that the above holds for every

n. This shows that the compactness case holds.

Finally suppose 0 < λ < 1. Given ϵ > 0 there exists R > 0 such that

Q(R) > λ− ϵ. Let be an arbitrary fixed sequence Rn → ∞. We can find a

subsequence of Qn, which we also denote by Qn, such that lim
k→∞

Qn(Rn) =

λ. This is trivial since lim
n→∞

Qn(Rn) = Q(Rn) and lim
k→∞

Q(Rn) = λ, and we

can take for example Qnk
sauch that |Q(Rk)−Qnk

(Rk)| < 1/k and nk > k.

Working from now on with this subsequence, there exists n0 = n0(ϵ) such

that

λ− ϵ < Qn(R) < λ+ ϵ n ≥ no.
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The definition of Qn implies we can find a sequence (gn) ⊂ G such that

λ− ϵ <

ˆ
BR(gn)

dνn < λ+ ϵ.

Let

dν1n
def
= dνn|BR(gn), dν2n

def
= dνn|GrBRn (gn). (1.64)

Obviously 0 ≤ dν1n + dν2n ≤ dνn and given R′ ≥ R for large n’s we also

have the condition on the supports of dν1n and dν2n. Finally for n ≥ n0(ϵ)

we have ∣∣∣λ−
ˆ
G

dν1n

∣∣∣+ ∣∣∣(1− λ)−
ˆ
G

dν2n

∣∣∣ = ∣∣∣λ−
ˆ
BR(gn)

dνn

∣∣∣
+
∣∣∣(−λ) + ˆ

BR′ (gn)

dνn

∣∣∣ ≤ 2ϵ. (1.65)

The proof of the lemma is complete.

Remark 1.4.4. By setting ϵn → 0 in the above proof and taking diagonal

subsequences we can also achieve

supp dν1n ⊂ BRn(gn), supp dν2n ⊂ GrB2Rn(gn) (1.66)

lim
n→∞

∣∣∣λ−
ˆ
G

dν1n

∣∣∣+ ∣∣∣(1− λ)−
ˆ
G

dν2n

∣∣∣ = 0. (1.67)

Lemma 1.4.5. Suppose un ⇀ u in
o

D 1,p(G), while dµn = |Xun|pdH ⇀

dµ and dνn = |un|p*dH ⇀ dν weak-∗ in measure, where dµ and dν are

bounded, non-negative measures on G. There exist points gj ∈ G and real

numbers νj ≥ 0, µj ≥ 0, at most countably many different from zero,

such that

dν = |u|p* +
∑
j

νjδgj ,

dµ ≥ |Xu|pdH +
∑
j

µjδgj , Iνj
p/p* ≤ µj ,

(1.68)

where I is the constant in (1.3). In particular,

∑
νj
p/p* <∞. (1.69)
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Proof. Using the Rellich-Kondrachov type compactness, see Proposition

1.3.4 we can assume un → u a.e. on G. Let vn
def
= un − u ⇀ 0 in

o

D 1,p(G)

and vn → 0 a.e. on G. By Corollary 1.3.6, which is a consequence of the

Brézis-Lieb lemma, we have

dωn
def
=
(
|un|p* − |u|p*

)
dH = |vn|p*dH + o(1), (1.70)

where o(1) ⇀ 0 in measure. Define also dλn
def
= |Xvn|pdH. Invoking

Proposition 1.3.4 we can assume, by passing to a subsequence if necessary,

that dλn ⇀ dλ, while dωn ⇀ dω = dν − |u|p*dH weakly in the sense of

measures for some non-negative measures dλ and dω. For ϕ ∈ C∞
0 (G) we

have
ˆ
G

|ϕ|p*dω = lim
n→∞

ˆ
G

|ϕ|p*dωn = lim
n→∞

ˆ
G

|vnϕ|p*dH

≤ I−p*/p lim
n→∞

(ˆ
G

|X(vnϕ)|pdH
)p*/p

= I−p*/p lim
n→∞

(ˆ
G

|ϕ|p|X(vn)|pdH
)p*/p

= I−p*/p
(ˆ

G

|ϕ|pdλ
)p*/p

,

using that
´
G
|vn|p|X(ϕ)|pdH → 0, which follows either from Hölder’s in-

equality and vn ⇀ 0 in Lp
∗
(G),( 

B

|vn|p|X(ϕ)|pdH
)1/p

≤
( 

B

|vn|p
∗
|X(ϕ)|pdH

)1/p∗

, ϕ ∈ C∞
0 (B),

or from Rellich-Kondrachov compact embedding Theorem 1.3.1. Thus, we

come to the following reverse Holder inequality(ˆ
G

|ϕ|p*dω
)1/p*

≤ I−1/p

(ˆ
G

|ϕ|pdλ
)1/p

.

Now, by Lemma 1.4.6 we obtain

dν = |u|p*dH +
∑
j∈J

νjδgj and dλ ≥ I
∑
j∈J

νj
p/p*.

From the weak convergence un ⇀ u in
o

D 1,p(G) it follows dµn − dλn =

|Xu|p dH+o(1) which combined with the inequality above gives the desired

estimate for dµ.
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We end the section with a technical lemma involving a reverse Hölder

inequality, which was used at the end of the above proof of Lemma 1.4.5.

Lemma 1.4.6. Let dλ and dω be two non-negative measures on G satisfy-

ing for some C0 and 1 ≤ p < q ≤ ∞(ˆ
G

|ϕ|qdω
)1/q

≤ C0

(ˆ
G

|ϕ|pdλ
)1/p

, for every ϕ ∈ C∞
0 (G). (1.71)

Then there exist an at most countable set J s.t.

dω =
∑
j∈J

νjδgj , dλ ≥ C−p
0

∑
j∈J

νj
p/qδgj

for some numbers νj ≥ 0 and gj ∈ G, j ∈ J . In particular
∑
j∈J

νj
p/q <∞.

Proof. Clearly dω is absolutely continuous w.r.t. dλ and thus dω = fdλ,

where f ∈ L1(dλ), f ≥ 0. Furthermore f is bounded since ω(E) ≤
C0λ(E)q/p and q/p > 1. Decomposing dλ = gdω + σ with σ ⊥ ω, it is

enough to prove (1.71) for dλ
def
= gdω since dσ is a non-negative mea-

sure. Let dωk
def
= gα1{g≤k}dω with α

def
= q

q−p . We are going to prove

that dωk is given by a finite number of Dirac measures. This will prove

that 1{g≤k}dω = g−αdωk is a sum of finite number of Dirac measures

for all k < ∞ and letting k → ∞ the claim on dω will be proved since

ω
(
{g = ∞}

)
= 0 as g ∈ L1(dω) Take ϕ = g

1
q−p1{g≤k}ψ, ψ an arbitrary

bounded measurable function. Then we haveˆ
G

|ϕ|qdω =

ˆ
G

g
q

q−p1{g≤k}|ψ|qdω =

ˆ
G

|ψ|qdωk.

On the other handˆ
G

|ϕ|qdλ =

ˆ
G

g
p

q−p1{g≤k}|ψ|pdω =

ˆ
G

g
q

q−p1{g≤k}|ϕ|pdω

=

ˆ
G

|ψ|pdωk.

In other words we showed that (1.71) holds also for dωk on both sides of

the inequality. Thus for any Borel set A we have

dωk(A)
1/q ≤ C0dωk(A)

1/p

and therefore either dωk(A) = 0 or dωk(A) ≥ C
− p

q−p

0 > 0. In particular

for any g ∈ G we have either dωk
(
{g}
)
≥ C

− p
q−p

0 or there exists an ϵ >

0 such that dωk
(
Bϵ(g)

)
= 0 since dωk

(
{g}
)

= lim
ϵ→∞

dωk
(
Bϵ(g)

)
. From

the boundedness of the measures we conclude that dωk is a sum of at

most finite number of Dirac measures. The proof is finished since the

second part follows trivially from the first having in mind the reverse Holder

inequality.
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1.5 The best constant in the presence of symmetries

We consider here the variational problem (1.3), but we restrict the class of

test functions.

Definition 1.5.1. Let G be a Carnot group with Lie algebra g = V1 ⊕
V2 · · · ⊕ Vn. We say that a function U : G → R has partial symmetry

with respect to go if there exist an element go ∈ G such that for every

g = exp(ξ1 + ξ2 + · · ·+ ξn) ∈ G one has

U(gog) = u(|ξ1(g)|, |ξ2(g)|, . . . , ξn(g)),
for some function u : [0,∞)× [0,∞) . . . [0,∞)× Vn → R.

A function U is said to have cylindrical symmetry if there exist go ∈ G

and ϕ : [0,∞)× [0,∞) · · · × [0,∞) → R for which

U(gog) = ϕ(|ξ1(g)|, |ξ2(g)|, . . . , |ξn(g)|),
for every g ∈ G.

We define also the spaces of partially symmetric and cylindrically symmetric

function
o

Dps
1,p(G) and

o

Dcyl
1,p(G), respectively, as follows

o

Dps
1,p(G)

def
= {u ∈

o

D 1,p(G) : u(g) = u(|ξ1(g)|, . . . , |ξn−1(g)|, ξn(g))},
(1.72)

and
o

Dcyl
1,p(G)

def
= {u ∈

o

D 1,p(G) : u(g) = u(|ξ1(g)|, . . . , |ξn(g)|)}. (1.73)

The effect of the symmetries, see also [126], is manifested in the fact that

if the limit measure given by Lemma 1.4.5 concentrates at a point, then it

must concentrates on the whole orbit of the group of symmetries. Therefore,

in the cylindrical case there could be no points of concentration except at

the origin, while in the partially-symmetric case the points of concentration

lie in the center of the group.

Theorem 1.5.2.

a) The norm of the embedding
o

Dps
1,p(G) ⊂ Lp*(G) is achieved.

b) The norm of the embedding
o

Dcyl
1,p(G) ⊂ Lp*(G) is achieved.

In order to rule out the dichotomy case in the first part of the theorem we

prove the following lemma.

Lemma 1.5.3. Under the conditions of Lemma 1.4.3, the points gn in the

dichotomy part can be taken from the center of the group.
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Proof. Define the concentration function of νn by

Qpsn
def
= sup

h∈C(G)

(ˆ
Br(h)

dνn

)
. (1.74)

The rest of the proof is identical to the proof of Lemma 1.4.3, with the

remark that in the dichotomy part, the definition of Qpsn shows that the

points gn can be taken to belong to the center.

We turn to proof of Theorem 1.5.2.

Proof. We argue as in Theorem 1.4.2.

a) Finding the norm of the embedding
o

Dps
1,p(G) ⊂

o

D 1,p(G) leads to

the following variational problem,

Ips ≡ Ips1
def
= inf

(ˆ
G

|Xu|p : u ∈
o

Dps
1,p(G),

ˆ
G

|u|p* = 1
)
. (1.75)

Let us take a minimizing sequence (un), i.e.,ˆ
G

|un|p* = 1 and

ˆ
G

|Xun|p →
n→∞

Ips. (1.76)

It is clear that
o

Dps
1,p(G) is invariant under the dilations (1.29). Using the

Baker-Campbell-Hausdorff formula it is easy to see that
o

Dps
1,p(G) is in-

variant, also, under the translations (1.28) by elements in the center, C(G),

of G. In order to extract a suitable dilated and translated subsequence of

{un} we have to make sure that we translate always by elements belonging

to C(G). In order to achieve this we define the concentration function of

un as

Q̂psn (r)
def
= sup

h∈C(G)

(ˆ
Br(h)

|un|p
∗
dH
)
. (1.77)

We can fix rn > 0 and hn ∈ C(G), such that (1.36), and (1.37) hold.

Define the sequence {vn} as in (1.38), hence vn ∈
o

Dps
1,p(G). Using the

translations and scaling as before we obtain (1.39). At this point we can

apply Lemma 1.5.3. The case of vanishing is ruled out from the normaliza-

tion (1.39) of the sequence {vn}. Suppose we have dichotomy. Let us take

a sequence Rn > 0 such that (1.48) and (1.49) hold. We choose a cut-off

function, ϕ, from the space
o

Dps
1,p(G), satisfying also

supp ϕ ⊂ Ω2(e), and ϕ ≡ 1 on Ω1(e), (1.78)
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where Ωr(g) denotes a gauge ball centered at g and radius r, i.e.,

Ωr(g) = {h ∈ G : N(h−1g) < r}. (1.79)

This can be done by setting ϕ = η(N(g)), where η(t) is a smooth function

on the real line, supported in |t| < 2 and η ≡ 1 on |t| ≤ 1. We

define the cut off functions ϕn as before, ϕn = (τgnϕ)1/Rn
. From the

Baker-Campbell-Hausdorff they have partial symmetry with respect to the

identity since gn ∈ C(G), see Lemma 1.5.3, and the gauge is a function

with partial symmetry G. By letting

An = Ω2Rn(gn)r ΩRn(gn) (1.80)

and noting that

|An| ∼ RQn , (1.81)

we see that (1.52) holds. Now, from the definition of Ips, having in mind

that ϕn and vn have partial symmetry with respect to the identity, we

obtain

∥vn∥po
D 1,p(G)

=∥ϕmvn∥po
D 1,p(G)

+ ∥(1− ϕn)vn∥po
D 1,p(G)

+ ϵn

≥ Ips

(
∥ϕmvn∥pLp∗ (G)

+ ∥(1− ϕn)vn∥pLp∗ (G)

)
+ ϵn

≥ Ips

((ˆ
BRn (gn)

dνn
)p/p*

+
(ˆ

GrBRn (gn)

dνn
)p/p*)

+ ϵn

≥ Ips

((ˆ
G

dν1n
)p/p*

+
(ˆ

G

dν2n
)p/p*)

+ ϵn

≥ Ips

(
λp/p* + (1− λ)p/p*

)
+ ϵn.

Letting n→ ∞ we come to

lim
n→∞

∥vn∥po
D 1,p(G)

≥ Ips

(
λp/p* + (1− λ)p/p*

)
> Ips, (1.82)

since 0 < λ < 1 and p
p* < 1 This contradicts ∥vn∥po

D 1,p(G)
→ Ips as n→ ∞,

which shows that the dichotomy case of Lemma 1.5.3 cannot occur. Hence

the compactness case holds. As in Theorem 1.4.2 we see thatˆ
G

dν = 1.

Next, we apply Lemma 1.4.5, with I replaced by Ips. The important fact

here is that the partial symmetry of the sequence {vn} implies the points

of concentration of dν must be in the center of the group if they occur.
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Having this in mind and also the definitions of the concnetration functions,

we can justify the validity of (1.47), and finish the proof of part a).

b) The vanishing case is ruled out by using the dilation (but not transla-

tion because of the symmetries) invariance and normalizing the minimizing

sequence with the condition Qn(1) = 1/2, see (1.39).

Suppose that the dichotomy case occurs. We shall see that this leads

to a contradiction. The points {gn} in the dichotomy part of Lemma 1.4.3

must be a bounded sequence. If not, let ϵ = λ/2 and R be the as in the

Lemma. Due to the invariance by rotations in the layers of the functions

vn and the Haar measure dH, which is just the Lebesgue measure, for any

arbitrarily fixed natural number, No, we can find a point gn and No points

on the orbit of gn under rotations in one of the layers, such that the balls

with radius R centered at all these points do not intersect. This leads to a

contradiction since the integral of the probability measure dνn over each of

these balls is greater than λ/2. Thus, {gn} is a bounded sequence. This is

however impossible since dνn are probability measures.

Therefore, the compactness case holds. Exactly as in the dichotomy

part we see that the sequence {gn} is a bounded sequence. This amounts

to saying, using the triangle inequality, that we can take all of them at the

identity. We conclude that ˆ
G

dν = 1.

We can finish the proof as in Theorem 1.4.2.

1.6 Global regularity of weak solutions

1.6.1 Global boundedness of weak solutions

Let 1 < p < Q and denote by p* the Sobolev conjugate p* = pQ
Q−p and by

p′ the Hölder conjugate p′ =
p

p− 1
. Let u ∈

o

D 1,p(Ω) be a weak solution in

an open set, not necessarily bounded, Ω ⊂ G of the equation (1.5). Weak

solution means that for every ϕ ∈ C∞
o (Ω) we have

ˆ
Ω

|Xu| p−2 < Xu,Xϕ > dH =

ˆ
Ω

|u|p*−2uϕ dH. (1.83)

Note that up*−1 ∈ L
p∗

p∗−1 (Ω) = L(p*)′ . From the definition of
o

D 1,p(Ω) we

obtain that (1.83) holds for every ϕ ∈
o

D 1,p(Ω). The main result of this sec-

tion is that weak solutions as above are bounded functions. In the following
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Theorem we prove a more general result. For the ordinary Laplacian in a

bounded domain, Brezis and Kato [31] established a result similar to part

a) of Theorem 1.6.1, see [33] for b). The proofs rely on a suitable modifica-

tion of the test function and truncation ideas introduced in [152] and [131].

We note that in all these results the solution is assumed a-priori to be in

the space Lp(Ω) since this is part of the definition of the considered Sobolev

spaces. This is not true in the Sobolev spaces
o

D 1,p(Ω) we consider, since

we include only the Lp norm of the horizontal gradient in our definition.

Therefore, the results here are not exactly the same, besides that we are

working on a Carnot group. Subsequently Serrin’s ideas were generalized

to the subelliptic setting in [38], and also in different forms in [91], [92],

[119], [173].

Theorem 1.6.1. Let u ∈
o

D 1,p(Ω) be a weak solution to the equation

m∑
i=1

Xi(|Xu|p−2Xiu) = − V |u|p−2u in Ω, (1.84)

i.e., for every ϕ ∈ C∞
o (Ω) we have

ˆ
Ω

|Xu| p−2 < Xu,Xϕ > dH =

ˆ
Ω

V |u|p−2uϕ dH. (1.85)

a) If V ∈ LQ/p(Ω), then u ∈ Lq(Ω) for every p∗ ≤ q < ∞.

b) If V ∈ Lt(Ω) ∩ LQ/p(Ω) for some t > Q
p , then u ∈ L∞(Ω).

Proof. The assumption V ∈ LQ/p(Ω) together with the Folland-Stein in-

equality shows that (1.85) holds true for any ϕ ∈
o

D 1,p(Ω). This follows

from the density of the space C∞
o (Ω) in the space

o

D 1,p(Ω), which will al-

low to put the limit in
o

D 1,p(Ω) of a sequence ϕn ∈ C∞
o (Ω) in the left-hand

side of (1.85). On the other hand, the Folland-Stein inequality implies that

ϕn → ϕ in Lp
∗
(Ω). Set to =

Q

p
and its Hölder conjugate t′o =

to
to − 1

.

An easy computation gives

1

to
+

p− 1

p∗
= 1− 1

p∗
=

1

(p∗)′
.

Hölder’s inequality shows that V |u|p−2u ∈ L(p∗)′(Ω), which allows to pass

to the limit in the right-hand side of (1.85). We turn to the proofs of a)

and b).
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a) It is enough to prove that u ∈
o

D 1,p(Ω) ∩ Lq(Ω), q ≥ p∗ implies

u ∈ Lκq with κ =
p∗

p
> 1. Let G(t) be a Lipschitz function on the real

line, and set

F (u) =

ˆ u

0

|G′(t)|p dt. (1.86)

Clearly, F is a differentiable function with bounded and continuous deriva-

tive. From the chain rule, see for ex. [74], F (u) ∈
o

D 1,p(Ω) is a le-

gitimate test function in (1.85). The left-hand side, taking into account

F ′(u) = |G′(u)|p, can be rewritten as

ˆ
Ω

|Xu| p−2 < Xu,XF (u) > dH =

ˆ
Ω

|XG(u)|p.

The Folland-Stein inequality (1.1) gives

ˆ
Ω

|Xu| p−2 < Xu,XF (u) > dH ≥ Sp

(ˆ
Ω

|G(u)|p
∗
)p/p∗

. (1.87)

Let us choose G(t) in the following way,

G(t) =

{
sign (t) |t|

q
p if 0 ≤ |t| ≤ l,

l
q
p−1t if l < |t|.

From the power growth of G, besides the above properties, this function

satisfies also

|u|p−1|F (u)| ≤ C(q)|G(u)|p ≤ C(q)|u|q. (1.88)

The constant C(q) depends also on p, but this is a fixed quantity for us.

At this moment the value of C(q) is not important, but an easy calculation

shows that C(q) ≤ C qp−1 with C depending on p. We will use this in

part b). Note that p t′o = p∗. Let M > 0 to be fixed in a moment and
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estimate the integral in the right-hand side of (1.85) as follows.ˆ
Ω

V |u|p−2uF (u) dH

=

ˆ
(|V |≤M)

V |u|p−2uF (u) dH +

ˆ
(|V |>M)

V |u|p−2uF (u) dH

≤M
ˆ
(|V |≤M)

|u|p−1F (u)dH+
(ˆ

(|V |>M)

|V |todH
) 1

to
(ˆ

Ω

(
|u|p−1F (u)

)t′odH) 1
t′o

≤ C(q)M

ˆ
Ω

|G(u)|p dH +
(ˆ

(|V |>M)

|V |to
)

1
to

(ˆ
Ω

|G(u)|p
∗
dH
) p

p∗

.

(1.89)

At this point we fix an M sufficiently large, so that

C(q)
(ˆ

(|V |>M)

|V |to dH
) 1

to

≤ Sp
2
,

which can be done because V ∈ Lto . Putting together (1.87) and (1.89) we

come to our main inequality

Sp
2

(ˆ
Ω

|G(u)|p
∗
dH
) p

p∗ ≤ C(q)M

ˆ
Ω

|G(u)|p dH ≤ C(q)M

ˆ
Ω

|u|q dH.

By the Fatou and Lebesgue dominated convergence theorems we can let l

in the definition of G to infinity and obtain

Sp
2

(ˆ
Ω

|u|
p∗
p q dH

) p
p∗ ≤ C(q)M

ˆ
Ω

|u|q dH.

The proof of a) is finished.

b) It is enough to prove that the Lq(Ω) norms of u are uniformly

bounded by some sufficiently large but fixed Lqo norm of u, qo ≥ p∗,

which is finite from a). We shall do this by iterations [131]. We use the

function F (u) from part a) in the weak form (1.85) of our equation. The

left-hand side is estimated from below as before, see (1.87). This time,

though, we use Hölder’s inequality to estimate from above the right-hand

side,ˆ
Ω

V |u|p−2uF (u) dH ≤ ∥V ∥t ∥|u|p−1F (u)∥t′

≤ ∥V ∥t ∥C(q)|G(u)|p∥t′ ≤ C(q)∥V ∥t ∥u∥qqt′ . (1.90)
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With the estimate from below we come to

Sp∥G(u)∥pp∗ ≤ C(q) ∥V ∥t ∥u∥qqt′ .
Letting l → ∞ we obtain

∥|u|q/p∥pp∗ ≤ C(q)

Sp
∥V ∥t ∥u∥qqt′ . (1.91)

Let δ =
p∗

p t′
. The assumption t > Q

p implies δ > 1, since the latter is

equivalent to t′ <
p∗

p
= t′o from to =

Q

p
. With this notation we can

rewrite (1.91) as

∥u∥δqt′ ≤
[C(q)
Sp

] 1
q ∥V ∥

1
q

t ∥u∥qt′ . (1.92)

Recall that C(q) ≤ Cqp−1. At this point we define qo = p∗t′ and

qk = δkqo, and after a simple induction we obtain

∥u∥qk ≤
k−1∏
j=0

[
C qp−1

j

] 1
qj ∥V ∥

∑k−1
j=0

1
qj

t ∥u∥qo . (1.93)

Let us observe that the right-hand side is finite,
∞∑
j=0

1

qj
=

1

qo

∞∑
j=1

1

δj
<∞ and

∞∑
j=1

log qj
qj

< ∞, (1.94)

because δ > 1. Letting j → ∞ we obtain

∥u∥∞ ≤ C ∥u∥qo .

Remark 1.6.2. When Ω is a bounded open set we have trivially V ∈
LQ/p(Ω) when V ∈ Lt(Ω), t > Q

p . Also, in this case one can obtain

a uniform estimate of the L∞(Ω) norm of u by its Lp
∗
(Ω) norm, which

does not depend on the distribution function of V , as we have in the above

Theorem. This can be achieved even in the unbounded case, assuming only

V ∈ LQ/p(Ω) if we required though u ∈ Lp(Ω).

With the above Theorem we turn to our original equation (1.5).

Theorem 1.6.3. Let 1 < p < Q and Ω ⊂ G be an open set. If u ∈
o

D 1,p(Ω)

is a weak solution to equation

Lpu =
n∑
j=1

Xj(|Xu|p−2Xju) = − |u|p
∗−2u in Ω,

then u ∈ L∞(Ω).



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

36 Extremals for the Sobolev inequality and the qc Yamabe problem

Proof. We define V = |u|p∗−p. From the Folland-Stein inequality we

have u ∈ Lp
∗
(Ω) and thus V ∈ L

p∗
p∗−p (Ω). Since

p∗

p∗ − p
=

Q

p
, part

(a) of Theorem 1.6.1 shows that u ∈ Lq (Ω) for p∗ ≤ q < ∞. Therefore

V ∈ L
q

p∗−p (Ω) for any such q and thus by part (b) of the same Theorem

we conclude u ∈ L∞(Ω).

1.6.2 The Yamabe equation - C∞ regularity of weak

solutions

In this section we explain how one obtains the C∞ smoothness of the ex-

tremals of the L2 Folland-Stein embedding, i.e., we prove the C∞ smooth-

ness of the non-negative weak solutions of the Yamabe equation.

Thus, given a Carnot group G we consider the sub-Laplacian associated

with the system {X1, . . . , Xm}, which is the second-order partial differential

operator given by

L = −
m∑
j=1

X∗
jXj =

m∑
j=1

X2
j ,

see (1.16). By the assumption on the Lie algebra the system {X1, . . . , Xm}
satisfies the well-known finite rank condition, therefore thanks to

Hörmander’s theorem [93] the operator L is hypoelliptic, see also [144].

However, it fails to be elliptic, and the loss of regularity is measured in

a precise way, which becomes apparent in the corresponding sub-elliptic

regularity estimates, by the number of layers r in the stratification of g.

On a stratified group G we have the analogues of Sobolev and Lips-

chitz spaces, the so called non-isotropic Sobolev and Lipschitz spaces [67],

[65], defined as follows. Using BC for the space of all bounded continuous

functions and |h| for the homogeneous norm of h ∈ G we let

Sk,p(G) = {f ∈ Lp(G, dH) : XIf ∈ Lp(G, dH) for |I| ≤ k},
k ∈ N ∪ {0},

Γα(G) = {f ∈ BC : sup
g,h∈G, h ̸=e

|f(gh)− f(g)|
|h|α

<∞}, 0 < α < 1,

Γ1(G) = {f ∈ BC : sup
g,h∈G, h ̸=e

|f(gh) + f(gh−1)− 2f(g)|
|h|

<∞},

Γk+α(G) = {f ∈ BC : XIf ∈ Γα(G) for every |I| ≤ k},
0 < α ≤ 1, k ∈ N.

(1.95)
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As usual, in the above definition we used the notation XI to denote

Xi1Xi2 . . . Xil , 1 ≤ ij ≤ m, where I is the multi-index I = (i1, . . . , il)

with |I| = l. In other words, XIf is obtained by differentiating f along the

first layer |I| times. We equip the above spaces with norms turning them

into Banach spaces, for example, for 0 < α < 1,

∥f∥Γα(G) = ∥f∥L∞(G) + sup
g,h∈G

|f(gh)− f(g)|
|h|α

.

The local versions of the above spaces are defined in the obvious way. It

is possible to define non-isotropic Sobolev spaces for non-integer k’s using

fractional powers of the sub-Laplacian [65], but we will not do this.

The non-isotropic spaces are known to satisfy the following inclusion

properties when related to the corresponding isotropic spaces in Euclidean

space.

Theorem 1.6.4. [67] Let G be a Carnot group of step r and W k,p
loc (G),

and Λα,loc(G) denote correspondingly the isotropic (the ”usual”) Sobolev

and Lipschitz spaces on the Euclidean space g. The following embeddings

hold true.
W k,p
loc (G) ⊂ Sk,ploc (G) ⊂W

k/r,p
loc (G) for 1 < p <∞, k ∈ N

Λα,loc(G) ⊂ Γα(G) ⊂ Λα/r,loc(G), α > 0.
(1.96)

Sometimes it is useful to have in mind the following characterization of the

non-isotropic Lipschitz spaces on Carnot groups.

Theorem 1.6.5. [118] f ∈ Γα(G) if and only if f(gt) ∈ Λα for every

horizontal curve gt starting from any g0 ∈ G.

A curve is called horizontal if d
dtgt ∈ span {X1, . . . , Xm}.

For completeness, we also state the generalization of the Sobolev em-

bedding theorem relating the non-isotropic spaces.

Theorem 1.6.6. [67]

a) Sk,ploc (G) ⊂ Sl,qloc(G) for any 1 < p < q <∞ and l = k−Q (1/p− 1/q) ≥
0.

b) Sk,ploc (G) ⊂ Γα(G) when α = k − (Q/p) > 0.

The main regularity result concerning the sub-Laplacian acting on non-

isotropic Sobolev or Lipschitz spaces is the following Theorem.

Theorem 1.6.7. [67; 65] Let G be a Carnot group of step r. If Lu is in

one of the spaces Sk,ploc (G) or Λα,loc(G) for some α > 0, 1 < p < ∞ and

k ∈ N ∪ {0}, then u is in Sk+2,p
loc (G) or Λα+(2/r),loc(G), respectively.
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Remark 1.6.8. The above theorem is valid for any system of vector fields

that satisfy the Hörmander condition of order r, see [66] for a general

overview and further details.

The Hölder regularity of weak solutions of equation (1.97) follows from

a suitable adaptation of the classical De Giorgi-Nash-Moser result. The

higher regularity when p = 2 follows by an iteration argument based on

Theorem 1.6.7.

Theorem 1.6.9. Let Ω be an open set in a Carnot group G.

a) If u ∈
o

D 1,p(Ω) is a non-negative weak solution to the equation
m∑
i=1

Xi(|Xu|p−2Xiu) = − V up−1 in Ω (1.97)

and V ∈ Lt(Ω) for some t > Q
p , then u satisfies the Harnack inequality:

for any Carnot-Carathédory (or gauge) ball BR0(g0) ⊂ Ω there exists a

constant C0 > 0 such that

esssup
BR

u ≤ C0essinf
BR

u, (1.98)

for any Carnot-Carathédory (or gauge) ball BR(g) such that B4R(g) ⊂
BR0(g0).

b) If u ∈
o

D 1,p(Ω) is a weak solution to (1.97) and V ∈ Lt(Ω) ∩ LQ/p(Ω),
then u ∈ Γα(Ω) for some 0 < α < 1.

c) If u ∈
o

D 1,2(Ω) is a non-negative weak solution, which does not vanish

identically, of the Yamabe equation on the domain Ω,

Lu = −u2
∗−1, (1.99)

then u > 0 and u ∈ C∞ (Ω).

Part a) is a particular case of the Harnack inequality of [[38], Theorem

3.1], where the result is proven for more general Hörmander type vector

fields and a non-linear sub-elliptic equation modeled on (1.97). Notice that

[38] uses the Sobolev spaces S1,p(Ω) rather than
o

D 1,p(Ω). In particular

the Harnack inequality is proven for solutions which are locally in S1,p(Ω).

The first step in the proof of the Harnack inequality is the establishment

of the local boundedness of weak solutions (without the non-negativity

assumption). Under the assumption V ∈ Lt(Ω) ∩ LQ/p(Ω), t > Q
p , we

have even global boundedness u ∈ L∞ (Ω), a detailed proof of which was

given in Theorem 1.6.1.
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The claim of part b) is contained in [[38], Theorem 3.35] as a special

case.

For the proof of part c) we observe first that by part b) u is Hölder

continuous, while part a) gives that u > 0. Furthermore, by Theorem 1.6.3

there existsM > 0 such that u ≤M <∞. Thus, if we define f(u) = u2
∗−1,

the fact that 0 < u ≤ M allows us to use that f ∈ C∞ ((0,+∞)). A

bootstrap argument using the Lipschitz case of Theorem 1.6.7 proves the

claim in part c).

In the case of a group of Heisenberg type, cf. Definition 2.2.1, parts

b) and c) can be proved also with the help of the Hopf boundary Lemma

3.2.2 in a manner independent of the Harnack inequality. Since this is the

most important case in this book, we present the argument. By Theorem

1.6.1 u is a bounded function, thus u ∈ S0,p
loc (G) = Lploc(G) for any p > 0.

Now, Theorem 1.6.7 shows u ∈ S2,p
loc (G) for any p > 0. By the embedding

Theorem 1.6.6 it follows u is a Lipschit continuous function in the sense

of non-isotropic Lipschit spaces, u ∈ Γα(G) when α = 2 − (Q/p) > 0. In

particular, u is a continuous function by Theorem 1.6.4 since the Heisenberg

type groups are Carnot groups. Thus, the set {u > 0} is an open subset

of G. Iterating this argument and using Theorem 1.6.4 we see that u ∈
C∞ smooth function on the set where it is positive, while being of class

Γ2,α
loc (G) on the whole group using that the Heisenberg type groups are

two-step Carnot groups. Again, by Theorem 1.6.4 we conclude that u is

a continuously differentiable function. Applying the Hopf Lemma 3.2.2 on

the set where u is positive shows that u cannot vanish, i.e., u > 0 and

u ∈ C∞ (Ω). The existence of an interior gauge ball needed to apply Hopf’s

lemma can be seen as in Corollary 3.2.3.
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Chapter 2

Groups of Heisenberg and Iwasawa
types explicit solutions to the

Yamabe equation

2.1 Introduction

In this section we consider a special class of Carnot groups, those so-called

of Heisenberg type. Such groups were introduced by Kaplan [105] and have

been subsequently intensively studied by several authors, with [49] and [50]

being of crucial importance for the problems considered in this book. We

shall construct a family of explicit entire solutions to the Yamabe equation

(1.6) on such groups. The second part of the section consists of proving

various properties of the Kelvin transform. Such properties are particularly

far reaching in the context of Iwasawa groups, where we show that the

Kelvin transform is an isometry between the spaces
o

D 1,2(Ω) and
o

D 1,2(Ω*),

where Ω* denotes the image of Ω under a suitably defined inversion. This

will be a useful fact when we consider equations on unbounded domains. In

particular, we can obtain the precise asymptotic behavior at infinity of finite

energy solutions to the Yamabe equation. It is worth mentioning that this

behavior can be obtained also without the use of the Kelvin transform, see

[119], which is useful when studying finite energy solutions on non-compact

Riemannian and sub-Riemannian manifolds, see also [167].

2.2 Groups of Heisenberg and Iwasawa types

In this section we give the definitions of groups of Heisenberg and Iwasawa

types. In addition, we shall include a background, albeit incomplete, which

nevertheless points to the importance of these groups in analysis and ge-

ometry. In this section it will be convenient to use the established notation

N for groups of Heisenberg or Iwasawa type rather than G as we do in the

rest of the book.

41
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Let n be a 2-step nilpotent Lie algebra equipped with a scalar product

< ., . > for which n = V1 ⊕ V2-an orthogonal direct sum, V2 is the center of

n. Consider the map J : V2 → End(V1) defined by

< J(ξ2)ξ
′
1, ξ

′′
1 > = < ξ2, [ξ

′
1, ξ

′′
1 ] >, for ξ2 ∈ V2 and ξ′1, ξ

′′
1 ∈ V1. (2.1)

By definition we have that J(ξ2) is skew-symmetric. Adding the additional

condition that it is actually an almost complex structure on V1 when ξ2 is

of unit length [105] brings about the next definition.

Definition 2.2.1.

a) A 2-step nilpotent Lie algebra n is said to be of Heisenberg type if for

every ξ2 ∈ V2, with |ξ2| = 1, the map J(ξ2) : V1 → V1 is orthogonal.

b) A simply connected connected Lie group N is called of Heisenberg type

(or H-type) if its Lie algebra n is of Heisenberg type.

We stress that the scalar product needs to be compatible with the linear

operator J in order to have a group of H-type, see the discussion below

concerning the ”standard” Heisenberg groups (2.7). We shall continue to

use the exponential coordinates and regard N = exp n, so that the product

of two elements of N is

(ξ1, ξ2) · (ξ′1, ξ′2) = (ξ1 + ξ′1, ξ2 + ξ′2 +
1

2
[ξ1, ξ

′
1]), (2.2)

taking into account the Baker-Campbell-Hausdorff formula (1.7). In [105]

Kaplan found the explicit form of the fundamental solution of the sub-

Laplacian (1.16) on every group of H-type. We note that when working

with agroup of Heisenberg type we shall consider the sub-Laplacian the

operator

L = −
m∑
j=1

X∗
jXj =

m∑
j=1

X2
j , (2.3)

where the vector fields Xj , j = 1, . . . ,m are an orthonormal basis of V1.

In a subsequent paper [106], exploiting the Clifford module structure of V1,

he studied the left invariant Riemannian structure and the associated com-

pact nil-manifolds induced by the fixed scalar product on n. In particular,

Kaplan showed that the group of isometries of N is the semidirect product

product A(N)nN (with N acting by left translations). Here, A(N) denotes

the group of automorphisms ofN (or n) that preserve the left-invariant met-

ric, see also [143]. In particular A(N) preserves the decomposition V1⊕V2.
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Remark 2.2.2. In regards to the above group of isometries, the reader

might want to recall the construction of the Euclidean group I(Rk) =

O(k) n Rk with Io(Rk) = SO(k) n Rn the connected component of the

identity. The semidirect product becomes apparent by recalling that the

product of two isometries (A, b) ∈ O(k) × Rn and (A′, b′) ∈ O(n) × Rn
representing, respectively, y 7→ Ay + b and x 7→ A′x + b′ = y, is given by

(A, b) ◦ (A′, b′) = (AA′, b + Ab′) in agreement with the composition rule.

The Euclidean space Rk can be regarded as the degenerate case of groups of

Heisenberg type when V1 is trivial and the groups is Abelian. We shall not

consider explicitly this case in what is to follow since some of the formulas

need to be adjusted for this special case.

The definition of J and the orthogonality assumption respectively imply

< J(ξ2)ξ1, ξ1 > = 0, |J(ξ2)ξ1| = |ξ2| |ξ1|. (2.4)

It is easy to see that we have in addition

J(ξ2)
2 = −|ξ|2 IdV1 , < J(ξ2)ξ1, J(ξ

′
2)ξ1 > = < ξ2, ξ

′
2 > |ξ1|2,

J(ξ2)J(ξ
′
2) + J(ξ′2)J(ξ2) = −2 < ξ2, ξ

′
2 > IdV1 ,

(2.5)

for any ξ1 ∈ V1 and ξ2, ξ
′
2 ∈ V2.

Shortly after the introduction of groups of Heisenberg type Kaplan and

Putz [108], see also [[115], Proposition 1.1], observed that the nilpotent

part N in the Iwasawa decomposition G = NAK of every semisimple Lie

group G of real rank one is of Heisenberg type. We shall refer to such a

group as Iwasawa group and call the corresponding Lie algebra Iwasawa

algebra. Specifically, by the Iwasawa decomposition we have g = n⊕ a⊕ k

with n = g−α ⊕ g−2α a direct sum of the (restricted) negative root spaces.

Letting V1 = g−α, V2 = g−2α, a scalar product turning N into an H-type

group and the almost complex structures J are given by

< ξ, ξ′ > = − 1

m+ 4k
B(ξ, θξ′), ξ, ξ′ ∈ n,

J(ξ2) = ad(ξ2)θ, ξ2 ∈ V2,

(2.6)

where B and θ are the killing form and the Cartan involution, and

m = dim g−α, k = dim g−2α are the dimensions of the negative (restricted)

root spaces. Very often the notation n is used for the space generated by the

positive roots gα ⊕ g2α and n̄ = θ(n) is the standard notation for the space

we defined above. From a geometrical point of view, the above Iwasawa

groups can be seen as the nilpotent part in the Iwasawa decomposition of

the isometry group of the non-compact symmetric spaces M of rank one.
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Such a space can be expressed as a homogeneous space G/K where G is

the identity component of the isometry group of M , i.e., one of the simple

Lorentz groups SOo(n, 1), SU(n, 1), Sp(n, 1) or F4(−20), and K is a max-

imal compact subgroup of G, see [88]. Thus, K = SO(n), S(U(n)U(1)),

Sp(n)Sp(1), or Spin(9), respectively, see for example [171] or [88]. In this

wayM becomes one of the hyperbolic spaces over the real, complex, quater-

nion or Cayley (octonion) numbers, respectively. Writing G = NAK and

letting S = NA, A-one-dimensional Abelian subalgebra, we have that S is

a closed subgroup of G, which is isometric with the hyperbolic space M ,

thus giving the corresponding hyperbolic space a Lie group structure. The

nilpotent part N is isometrically isomorphic to Rn in the degenerate case

when the Iwasawa group is Abelian, see Remark 2.2.2, or to one of the

Heisenberg groups G (K) = Kn × ImK with the group law given by

(qo, ωo) ◦ (q, ω) = (qo + q, ω + ωo + 2 Im qo q̄), (2.7)

where q, qo ∈ Kn and ω, ωo ∈ ImK. Here, K denotes one of the real division

algebras: the real numbers R, the complex numbers C, the quaternions H,

or the octonions O, see Section 4.3.4 for further details in the quaternion

case. In particular, in the non-Euclidean case the Lie algebra n of N has

center of dimension dimV2 = 1, 3, or 7. On the other hand, there exist non-

Euclidean H-type groups with centers of arbitrary dimensions as shown in

[105], hence the Iwasawa groups are a proper subset of the set of all H-type

groups.

Iwasawa groups are distinguished also by the properties of the sphere

product S1(R1) × S2(R2) where Sj(Rj) is the sphere of radius Rj in Vj ,

j = 1, 2. In fact, for a group of Iwasawa type the Kostant double-transitivity

theorem shows that the action of A(N) is transitive, where as before A(N)

stands for the orthogonal automorphisms of N , see [[50], Proposition 6.1].

This fact points to the importance of the bi-radial or cylindrically sym-

metric functions, see Definition 3.1.1. Notice that both the fundamental

solution (2.13) of the sub-Laplacian and the solution (2.48) of the Yamabe

equation posses such symmetry.

Given the ubiquitous role of the Heisenberg group G (C) in analysis, we

give some explicit formulas in this special setting. These formulas will also

be made explicit in Part 2 for quaternionic contact structures in which case

the quaternionic Heisenberg group will play the role of the flat model space,

see 4.3.4. G (C) arises as the nilpotent part in the Iwasawa decomposition

of the complex hyperbolic space. Specifically, G (C) is a Lie group whose

underlying manifold is Cn × R with group law

(z, t) (z′, t′) = (z + z′, t+ t′ + 2Im(z · z′)), (2.8)
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where for z, z′ ∈ Cn we have let z · z′ =
∑n
j=1 zjz

′
j . In real coordinates a

basis for the Lie algebra of left-invariant vector fields on G (C) is given by

Xj =
∂

∂xj
+2yj

∂

∂t
, Xn+j ≡ Yj =

∂

∂yj
−2xj

∂

∂t
,

∂

∂t
, j = 1, ..., n. (2.9)

Here, we have identified z = x+ iy ∈ Cn, with the real vector (x, y) ∈ R2n.

Since [Xj , Yk] = −4δjk
∂
∂t , the Lie algebra is generated by the system X =

{X1, ..., X2n}. The relative sub-Laplacian L =
∑2n
j=1X

2
j is the real part

of the Kohn complex Laplacian. In this case the exponential map is the

identity and, as for any group of step two, the dilations are the parabolic

ones δλ(z, t) = (λz, λ2t). The corresponding homogeneous dimension is

Q = 2n+ 2. A little care has to be taken when defining the scalar product

which turns G (C) into a group of Heisenberg type. For example, the

standard inner product of Cn×R, i.e., the inner product in which the basis

of left invariant vector fields given in (2.9) is an orthonormal basis will not

make the Heisenberg groupG (C) a group of Heisenberg type. For example,

if this were the case, we would have J( ∂∂t )Xi =
∑2n
j=1 < J( ∂∂t )Xi, Xj > =

−4Yi, i = 1, . . . , n, which contradicts the orthogonality of J( ∂∂t ). However,

this calculation shows that an orthonormal basis of an H-type compatible

metric is given by, j = 1, ..., n,

Xj =
∂

∂xj
+ 2yj

∂

∂t
, Xn+j ≡ Yj =

∂

∂yj
− 2xj

∂

∂t
, T =

1

4

∂

∂t
. (2.10)

To compute the corresponding homogeneous gauge (1.12) we let X =∑2n
j=1 ajXj+bT be an element of the Lie algebra and use the orthonormality

condition to derive the standard formula

|X|4 =

 2n∑
j=1

a2j

2

+ 16b2, i.e., |(z, t)| = (|z|4 + 16t2)1/4, (2.11)

the latter equation written for the corresponding gauge on the group using

|z| =
(∑n

j=1(x
2
j + y2j )

)1/2
- the Euclidean norm.

On a groupN of Heisenberg type there is a very important homogeneous

norm (gauge) given by

N(g) =
(
|x(g)|4 + 16|y(g)|2

)1/4
, (2.12)

which induces a left-invariant distance, cf. (1.15). Kaplan proved in [105]

that in a group of Heisenberg type the fundamental solution Γ of the sub-

Laplacian L, see (2.3), is given by the formula

Γ(g, h) = CQ N(h−1g)−(Q−2), g, h ∈ N, g ̸= h, (2.13)
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where CQ is a suitable constant. Equation (2.13) will play a key role in

Definition 2.3.2 below.

Remark 2.2.3. It is known that the distance induced by the gauge (2.12)

is the Gromov limit of a one parameter family of Riemannian metrics on

the group N [115], see also [21] and [36].

It should be noted that frequently when working exclusively with the

Heisenberg group G (C) one uses the gauge

|(z, t)| = (|z|4 + t2)1/4, (2.14)

which may be the cause for a difference in some constants. Similar conven-

tion is also used in the quaternionic setting.

Motivated by the way the Iwasawa type groups appear as ”boundaries”

of the hyperbolic spaces, Damek [56] introduced a generalization of the hy-

perbolic spaces by starting with a group N of H-type and taking a semidi-

rect product with a one dimensional Abelian group. Specifically, consider

the multiplicative group A = R+ acting on an H-type group by dilations

given in exponential coordinates by the formula δa(ξ1, ξ2) = (a1/2ξ1, aξ2)

and define S = NA as the corresponding semidirect product. Thus, the

Lie algebra of S is s = V1⊕V2⊕ a, n = V1⊕V2, with the bracket extending

the one on n by adding the rules

[ζ, ξ1] =
1

2
ξ1, [ζ, ξ2] = ξ2 ξi ∈ Vi, (2.15)

where ζ is a unit vector in a, so that S is the connected simply connected

Lie group with Lie algebra s. In the coordinates (ξ1, ξ2, a) = exp(ξ1 +

ξ2) exp(log aζ), a > 0, which parameterize S = exp s, the product rule of S

is given by the formula

(ξ1, ξ2, a) · (ξ′1, ξ′2, a′) = (ξ1 + a1/2ξ′1, ξ2 + aξ′2 +
1

2
a1/2[ξ1, ξ

′
1], aa

′), (2.16)

for all (ξ1, ξ2, a), (ξ
′
1, ξ

′
2, a

′) ∈ n × R+. Notice that S is a solvable group.

We equip the Lie algebra s with the inner product

< (ξ1, ξ2, a), (ξ̃1, ξ̃2, ã) > = < (ξ1, ξ2), (ξ̃1, ξ̃2) > +aã (2.17)

using the fixed inner product on n and then define a corresponding trans-

lation invariant Riemannian metric on S. The main result of [56] is then

that the group of isometries Isom(S) of S is as small as it can be and

equals A(S) n S with S acting by left translations, unless N is one of the

Heisenberg groups (2.7), i.e., S is one of the classical hyperbolic spaces.
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Here, A(S) denotes the group of automorphisms of S (or s) that preserve

the left-invariant metric on S. The spaces constructed in this manner be-

came known as Damek-Ricci spaces, see [22] for more details. It is worth

recalling [57] where it is shown that the just described solvable extension of

H-type groups, which are not of Iwasawa type, provide noncompact counter-

examples to a conjecture of Lichnerowicz, which asserted that harmonic

Riemannian spaces must be rank one symmetric spaces.

The Heisenberg type groups allowed for the generalization of many im-

portant concepts in harmonic analysis and geometry, see [108], [109], [115],

[58] and the references therein, in addition to the above cited papers. An-

other milestone was achieved in [49], which allowed for avoiding the classifi-

cation rank one symmetric spaces and the heavy machinery of the semisim-

ple Lie group theory, when studying the non-compact symmetric spaces

of real rank one. Specifically, in [49] the authors considered the H-type

algebras satisfying the so called J2 condition defined in [49], see also [50].

Definition 2.2.4. We say that the H-type algebra g satisfies the J2

condition if for every ξ2, ξ
′
2 ∈ V2 which are orthogonal to each other,

< ξ2, ξ
′
2 > = 0, there exists ξ′′2 ∈ V2 such that

J(ξ2)J(ξ
′
2) = J(ξ′′2 ). (2.18)

The key result here is the following Theorem of [49], see also [47], which can

be used to show that if N is an H-type group, then the Riemannian space

S = NA is symmetric iff the Lie algebra n of N satisfies the J2 condition,

see [[49], Theorem 6.1].

Theorem 2.2.5. If n is an H-type algebra satisfying the J2-condition, then

n is an Iwasawa type algebra. In other words, the H-type groups N whose

Lie algebras satisfy the J2 condition are precisely the groups that arise as

the nilpotent component in the Iwasawa decomposition of a semisimple Lie

group of real rank one.

This fundamental result has many consequences in allowing a unified proof

of some classical results on symmetric spaces, in addition to some beautiful

properties of extensions of the classical Cayley transform, inversion and

Kelvin transform, which are of a particular importance for our goals.
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2.3 The Cayley transform, inversion and Kelvin transform

2.3.1 The Cayley transform

In this section we focus on the Cayley transform, of which we shall make

use later in Example 5.2.1 in the case of the quaternionic Heisenberg group.

Starting from an H-type group, its solvable extension S has the following

realizations, [58], [49] and [50].

First, it can be viewed as a ”Siegel domain” or an upper-half plane

model of the hyperbolic space

D = {p = (ξ1, ξ2, a) ∈ s = V1 ⊕ V2 ⊕ a : a >
1

4
|ξ1|2}. (2.19)

Consider the map Θ : S → S,

Θ(ξ1, ξ2, a) = (ξ1, ξ2, a+
1

4
|ξ1|2), (2.20)

which is injective map of S into itself. Here we use a to denote the element

aζ ∈ A, ζ defined after (2.15), and we regard D as a subset of S using the

exponential coordinates. Thus, the group S acts simply transitively on D

by conjugating left multiplication in the group S by Θ, s · p = Θs · (Θ−1p)

for s ∈ S and p ∈ D, while N acts simply transitively on the level sets of

h = a − 1
4 |ξ1|

2. In particular, we can define an invariant metric on D by

pulling via Θ the left-invariant metric (2.17) of S to D, thus making Θ an

isometry, cf. [[50], (3.3)]. It is very instructive to see this explicitly in the

case of the Heisenberg group G (C) for which the reader can consult [[153],

Chapter XII].

Second, there is the ”ball” model of S,

B = {(ξ1, ξ2, a) ∈ s = V1 ⊕ V2 ⊕ a : |ξ1|2 + |ξ2|2 + a2 < 1}, (2.21)

equipped with the metric obtained from D via the inverse of the so-called

Cayley transform C : B → D defined by C(ξ1, ξ2, a) = (ξ1
′, ξ2

′, a′), where

ξ′1 =
2

(1− a)2 + |ξ2|2
((1− a)ξ1 + J(ξ2)ξ1) ,

ξ′2 =
2

(1− a)2 + |ξ2|2
ξ2, a′ =

1− a2 − |ξ2|2

(1− a)2 + |ξ2|2
.

(2.22)

The inverse map C−1 : D → B is given by C−1(ξ1
′, ξ2

′, a′) = (ξ1, ξ2, a),

where

ξ1 =
2

(1 + a′)2 + |ξ2′|2
((1 + a′)ξ1

′ − J(ξ2
′)ξ1

′) ,

ξ2 =
2

(1 + a′)2 + |ξ2′|2
ξ2

′, a =
−1 + a′

2 − |ξ2′|2

(1 + a′)2 + |ξ2′|2
.

(2.23)
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The proof of the above formulas is elementary. For example, we can see

that C(ξ1, ξ2, a) ∈ D, i.e., a′ > 1
4 |ξ

′
1|2 from the computation

a′ =
1− a2 − |ξ2|2

(1− a)2 + |ξ2|2
>

|ξ1|2

(1− a)2 + |ξ2|2
,

|ξ′1|2 =
4

((1− a)2 + |ξ2|2)2
|(1− a)ξ1 + J(ξ2)ξ1|2

=
4
(
(1− a)2|ξ1|2 + |ξ2|2|ξ1|2

)
((1− a)2 + |ξ2|2)2

=
4|ξ1|2

(1− a)2 + |ξ2|2
,

(2.24)

using equations (2.4) in the next to last equality. For other versions of

the Cayley transform see [[63], Chapter X]. The Jacobian of C and its

determinant were computed in [58]. The latter is given by the formula

det C′(ξ1, ξ2, a) = 2m+k+1
(
(1− a)2 + |ξ2|2

)−(m+2k+2)/2
, (2.25)

where, as before, m = dimV1, k = dimV2.

It is very important and we shall make use of the fact that the Cayley

transform can be extended by continuity to a bijection (denoted by the

same letter!)

C : ∂B \ {(0, 0, 1)} → ∂D, (2.26)

where (0, 0, 1) (referred to as ”ζ” for short) is the point on the sphere where

ξ1 = ξ2 = 0 and the third component is ζ in agreement without notation

set after equation (2.20). The boundaries of the ball and Siegel domain

models are, respectively,

Σ ≡ ∂D = {p = (ξ′1, ξ
′
2, a

′) ∈ s = V1 ⊕ V2 ⊕ a : a′ =
1

4
|ξ′1|2} (2.27)

and

∂B = {(ξ1, ξ2, a) ∈ s = V1 ⊕ V2 ⊕ a : |ξ1|2 + |ξ2|2 + a2 = 1}. (2.28)

The group of Heisenberg type N can be identified with Σ via the map

(ξ′1, ξ
′
2) 7→ (ξ′1, ξ

′
2,

1

4
|ξ′1|2). (2.29)

With this identification we obtain the form of the Cayley transform (stere-

ographic projection) identifying the sphere minus the point ”ζ” and the

H-type group, C : ∂B \ {(0, 0, 1)} → N defined by C(ξ1, ξ2, a) = (ξ1
′, ξ2

′),

where

ξ′1 =
2

(1− a)2 + |ξ2|2
((1− a)ξ1 + J(ξ2)ξ1) ,

ξ′2 =
2

(1− a)2 + |ξ2|2
ξ2.

(2.30)
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Later, we shall encounter the ”boundary” Cayley transform, also called

(generalized) stereographic projection, in the case of the quaternionic

Heisenberg group. At that place we shall give some other explicit formulas

valid in the quaternionic contact setting, see Section 5.2.1. In particular,

we shall see that the Cayley transform is a quaternionic contact conformal

transformation. We shall exploit this fact in the solution of the quaternionic

contact Yamabe problem on the seven dimensional quaternionic Heisen-

berg group and sphere Theorem 6.1.2 and in the determination of the best

constant in the Folland-Stein embedding inequality on any quaternionic

Heisenberg group Theorem 6.1.1. However, it is worth noting that, in fact,

given any Iwasawa group N the Cayley transform preserves the horizontal

space, i.e., the Cayley transform is a multicontact transformation. This fact

should allow for the generalization of Theorem 6.1.1 and the earlier result

on the Heisenberg group [70] in the unified setting of groups of Iwasawa

type. The Cayley transform is also a 1-quasiconformal map [20], see also

[13]. The definition of the ”horizontal” space in the tangent bundle of the

sphere and the distance function on the sphere require a few more details

for which we refer to [50] and [20]. Multicontact maps and their rigidity in

Carnot groups have been studied recently in [137], [142], [116], [52], [53],

[35], [59].

2.3.2 Inversion on groups of Heisenberg type

In [114] Korányi introduced an inversion on the Heisenberg group and used

it to define an analogue of the Kelvin transform in such setting. Sub-

sequently, such inversion formula, as well as the Kelvin transform, were

generalized in [51] and [49] to all groups of Heisenberg type.

Similarly to the Cayley transform, the inversion on groups of Heisen-

berg type can be seen as the restriction to the boundary of an inversion

transformation on the ball (2.21) or Siegel domain (2.19) models. On the

latter space the inversion is defined by the formula

σ(ξ1, ξ2, a) =
1

|ξ2|2 + a2
((−a+ J(ξ2)) ξ1,−ξ2, a) . (2.31)

The formula on the ball B is obtained by transporting the above inversion

to B via the Cayley transform, i.e., conjugating with C. Remarkably, it

was proven in [[49], Theorem 6.1], see also [[50], Theorem 4.1], that σ is an

isometry of D if and only if the J2 condition holds on the Heisenberg type

group N . This happens exactly when S is a symmetric space.
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We turn to the definition of the inversion as a map on a group of Heisen-

berg type.

Definition 2.3.1. Let G be a group of Heisenberg type with Lie algebra

g = V1 ⊕V2. For g = exp(ξ) ∈ G, with ξ = ξ1 + ξ2, the inversion σ : G∗ →
G∗, where G∗ = G \ {e} is defined by

σ(g) =
(
−
(
|x(g)|2 IdV1 + 4J(ξ2)

)−1
ξ1,−

ξ2
|x(g)|4 + 16|y(g)|2

)
, (2.32)

where the map J is as in (2.1), and IdV1
denotes the identity map on V1.

One easily verifies that

σ2(g) = g, g ∈ G∗.

As before, see (2.12), N(g) will be the gaugeN(g) =
(
|x(g)|4+16|y(g)|2

)1/4
.

Writing σ(g) = exp (η), with η = η1+η2, for the image of g, we easily obtain

from Definition 2.3.1 and (2.4) that

|η1| =
|ξ1|
N(g)2

, and |η2| =
|ξ2|
N(g)4

(2.33)

An immediate consequence of (2.33) is the identity

N(σ(g)) = N(g)−1, g ∈ G∗. (2.34)

A direct verification using (2.1) and the definition of the group dilations

shows that the inversion anti-commutes with the group dilations (1.9), i.e.,

σ(δλ(g)) = δλ−1(σ(g)), g ∈ G∗. (2.35)

We finish this sub-section by writing the formulas for the inversion on

G (C), see [114]. Let A = |z|2 + it so that AĀ = |(z, t)|4, cf. (2.14). The

inversion of a point (z, t) is given by

(w, τ) = σ(z, t)
def
=
(
− z

Ā
, − t

AĀ

)
.

The expression of the inversion in the real variables is

u = − |z|2x− ty

|z|4 + t2
, v = − |z|2y + tx

|z|4 + t2
, τ = − t

|z|4 + t2
, (2.36)

where w = u+ iv.
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2.3.3 The Kelvin transform

The purpose of this section is to recall the relevant definitions and establish

some more properties of the Kelvin transform, [51] and [49]. Such properties

are particularly far reaching in the context of Iwasawa groups, where we

show that the Kelvin transform is an isometry between the spaces
o

D 1,2(Ω)

and
o

D 1,2(Ω*), where Ω* denotes the image of Ω under the inversion (2.32)

on the group. This will be a useful fact when considering the Yamabe

equation on unbounded domains.

Definition 2.3.2. Let G be a group of Heisenberg type, and consider a

function u on G. The Kelvin transform of u is defined by the equation

u*(g) = N(g)−(Q−2) u(σ(g)), g ∈ G∗, (2.37)

where σ is the inversion on the group and N(g) is the gauge (2.12).

When G is a group of Iwasawa type, then it was proved in [49] that the

inversion and the Kelvin transform possess various properties generalizing

those of the well-known Kelvin transform of functions defined on the Eu-

clidean space. In the following theorem we collect the two which will be

used in this book.

Theorem 2.3.3 (see [49]). Let G be a group of Iwasawa type and L the

sub-Laplacian operator (2.3). The Jacobian of the inversion is given by

d(H ◦ σ)(g) = N(g)−2Q dH(g), g ∈ G∗

using the Haar measure dH on the group, cf. (1.2.1). The Kelvin transform

u∗ of a function satisfies the equation

Lu*(g) = N(g)−(Q+2)(Lu)(σ(g)), g ∈ G∗.

Remark 2.3.4. We shall denote by Ω* the image of a generic domain

Ω under the inversion σ. We stress that, since we have chosen not to

define the inversion of the point at infinity, in the case in which Ω is a

neighborhood of ∞, by which we mean that there exists a ball B(e,R) such

that (G\B(e,R)) ⊂ Ω, then Ω∗ is a punctured neighborhood of the identity,

i.e., Ω∗ = D \ {e}, for an open set D such that e ∈ D. The reader should

keep this point in mind for the proof of the next result, as well as for the

results in the following sections. The following theorem is a consequence of

the conformal properties of the inversion and of the Kelvin transform. Such

result will be used in the next section in combination with the conformal

invariance of the Yamabe type equation expressed by Lemma 2.3.6.
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Theorem 2.3.5. The Kelvin transform is an isometry between
o

D 1,2(Ω)

and
o

D 1,2(Ω*).

Proof. Let u, v ∈
o

D 1,2(Ω) and u*, v* ∈
o

D 1,2(Ω*) be their Kelvin trans-

forms. We begin by observing that thanks to Theorem 2.3.3 and (2.34)

ˆ
Ω∗

(u∗(g′))2
∗
dH(g′) =

ˆ
Ω∗

[
N(g′)−(Q−2)u(σ(g′))

]2Q/(Q−2)

dH(g′)

=

ˆ
Ω

[
N(σ(g))−(Q−2)u(g)

]2Q/(Q−2)

N(g)−2QdH(g) =

ˆ
Ω

u(g)2
∗
dH(g).

We want to show next that
ˆ
Ω

< Xu(g), Xv(g) > dH(g) =

ˆ
Ω*

< Xu*(g′), Xv*(g′) > dH(g′).

(2.38)

By density it suffices to assume that u, v ∈ C∞
o (Ω). An integration by parts

shows that (2.38) is equivalent to

ˆ
Ω

u(g) Lv(g) dH(g) =

ˆ
Ω*

u*(g′) Lv*(g′) dH(g′).

Using again Theorem 2.3.3 and (2.34) we obtain

ˆ
Ω*

u*(g′) Lv*(g′) dH(g′)

=

ˆ
Ω*

N(g′)−(Q−2) u(σ(g′)) N(g′)−(Q+2) (Lv)(σ(g′)) dH(g′)

=

ˆ
Ω

u(g) Lv(g) N(g)(Q−2) N(g)(Q+2) N(g)−2Q dH(g)

=

ˆ
Ω

u(g) Lv(g) dH(g).

This completes the proof.

Next we are going to show that the Yamabe equation is invariant under

the Kelvin transform in a sense to be made precise in Theorem 2.3.7. Let

G be an Iwasawa group and Ω* be an unbounded open set. By Ω we

denote the image of the open set Ω* under the inversion with center at

the identity e. We recall Remark 2.3.4. We also note that since problem
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(2.42) is translation invariant we can by left-translation send Ω∗ to another

conveniently chosen unbounded domain. If the complement of Ω∗ contains

a ball we can thus suppose from the beginning that such ball is centered

at the group identity e. Furthermore, by a simple rescaling we can without

restriction assume that the radius of the ball is one. We start with a simple,

yet crucial, lemma.

Lemma 2.3.6. Let u be a solution of{
Lu = − up

u ∈
o

D 1,2(Ω), u ≥ 0,
(2.39)

and denote by u* its Kelvin transform. Then u* satisfies

Lu∗(g) = − N(g)p(Q−2)−(Q+2) u∗(g)p g ∈ Ω∗. (2.40)

In particular, when p = Q+2
Q−2 , if u is a solution in Ω of the equation

Lu = −(u)(Q+2)/(Q−2), u ∈
o

D 1,2(Ω), u ≥ 0, (2.41)

then u* is a solution in Ω* of the equation

Lu∗ = −(u∗)(Q+2)/(Q−2), u∗ ∈
o

D 1,2(Ω∗), u∗ ≥ 0. (2.42)

Proof. Let u be a solution to (2.39). From Theorem 2.3.5 we know u∗ ∈
o

D 1,2(Ω∗). Consider an arbitrary function ψ ∈ C∞
o (Ω∗), then we can write

ψ = ϕ∗, for some ϕ ∈ C∞
o (Ω). Integrating by parts and applying Theorem

2.3.3 givesˆ
Ω*

< Xu*(g′), Xψ(g′) > dH(g′) =

ˆ
Ω*

< Xu*(g′), Xϕ*(g′) > dH(g′)

= −
ˆ
Ω*

u*(g′)Lϕ*(g′)dH(g′) = −
ˆ
Ω*

N(g′)−2Qu(σ(g′))Lϕ*(σ(g′))dH(g′)

= −
ˆ
Ω

u(g)Lϕ(g)dH(g) =

ˆ
Ω

< Xu(g), Xϕ(g) > dH(g)

=

ˆ
Ω

u(g)pϕ(g)dH(g),

where in the last equality we have used the fact that u is a solution to

(2.39). We now make the change of variable g = σ(g′), g′ ∈ Ω∗, and use

Theorem 2.3.3 again to obtainˆ
Ω

u(g)pϕ(g)dH(g) =

ˆ
Ω*

u(σ(g′))pϕ(σ(g′))N(g′)−2QdH(g′)

=

ˆ
Ω*

u*(σ(g′))pϕ*(σ(g′))N(g′)(Q−2)p−(Q+2)dH(g′).
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In conclusion we have found

ˆ
Ω*

< Xu*(g′), Xψ(g′) > dH(g′)

=

ˆ
Ω*

u*(σ(g′))pϕ*(σ(g′))N(g′)(Q−2)p−(Q+2)dH(g′).

By the arbitrariness of ψ ∈ C∞
o (Ω∗), (2.40) follows.

In the following theorem we show that if u∗ is a solution to (2.42) in a

neighborhood of infinity (see Remark 2.3.4), then the Kelvin transform of

u∗ has a removable singularity at the group identity e.

Theorem 2.3.7. Let G be an Iwasawa group. Suppose that u* is a solution

of (2.42) in Ω*, with Ω* a neighborhood of infinity. Let u be the Kelvin

transform of u* defined in Ω, then the group identity e is a removable

singularity, i.e., u can be extended as a smooth function in a neighborhood

of e where the equation is satisfied.

Proof. Due to the assumptions on Ω∗ we can write Ω = D\{e}, where D is

a bounded open set containing e. Theorem 2.3.5 implies that u ∈
o

D 1,2(Ω),

moreover from Lemma 2.3.6 (with the roles of u and u∗ reversed) we know

that u satisfies (2.41) in Ω, hence for every ψ ∈ C∞
o (D \ {e}) one has

ˆ
D

< Xu,Xψ > dH =

ˆ
D

u2*−1ψdH. (2.43)

According to [[37], Proposition 6.1], we can find a sequence of functions

ζk ∈ C∞(D \ {e}) with e /∈ supp ζk, such that, 0 ≤ ζk ≤ 1, ζk(g) → 1 for

every g ∈ D \ {e} and for which

ˆ
D

|Xζk|2dH → 0, (2.44)

as k → ∞. We fix ϕ ∈ C∞
o (D) arbitrarily. For every k ∈ N one has

ϕζk ∈ C∞
o (D \ {e}), and therefore we obtain from (2.43)

ˆ
D

u2*−1ϕζkdH =

ˆ
D

< Xu,X(ϕζk) > dH

=

ˆ
D

ζk < Xu,Xϕ > dH +

ˆ
D

ϕ < Xu,Xζk > dH.
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Since u ∈
o

D 1,2(Ω) ⊂ D1,2(D) we can apply Lebesgue dominated conver-

gence theorem to conclude, using (2.44),ˆ
D

< Xu,Xϕ > dH =

ˆ
D

u2*−1ϕdH. (2.45)

The arbitrariness of ϕ ∈ C∞
o (D) shows that the identity is a removable

singularity. This completes the proof.

2.4 Explicit entire solutions of the Yamabe equation on

groups of Heisenberg type

When u is a solution of the Yamabe equation on G,

Lu = −u2
∗−1, (2.46)

then we say that u is an entire solution of the Yamabe equation. Kaplan and

Putz [[107], Proposition 2] are the first to find an explicit entire solution

of the Yamabe equation on groups of Iwasawa type, even though their

result seems to have been forgotten. Jerison and Lee [103] made the deep

discovery that, up to group translations and dilations, a suitable multiple

of the function

u(z, t) = ((1 + |z|2)2 + t2)−(Q−2)/4, (2.47)

is the only positive entire solution of (2.46) on the Heisenberg group G (C)
(2.8). Here, we have denoted with (z, t), z ∈ Cn, t ∈ R, the variable point

in G (C) and Q = 2n + 2 is, as usual, the homogeneous dimension. The

goal of this section is to give an explicit family of entire solutions on groups

of Heisenberg type by proving the following result of [[76], Theorem 1.1].

Theorem 2.4.1. Let G be a group of Heisenberg type. For every ϵ > 0 the

function

Kϵ(g) =

(
m(Q− 2)ϵ2

(ϵ2 + |x(g)|2)2 + 16|y(g)|2

)Q−2
4

, g ∈ G, (2.48)

is a positive, entire solution of the Yamabe equation (2.46).

The proof requires a few formulas which are stated in the next Lemmas.

Let k = dimV2 and m = dimV1. The coordinates of the projection ξ1 in

the basis X1,. . . ,Xm will be denoted by x1 = x1(g), . . . , xm = xm(g), i.e.,

xj(g) = < ξ(g), Xj > j = 1, ...,m, (2.49)



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

Groups of Heisenberg and Iwasawa types 57

and we set x = x(g) = (x1, . . . , xm) ∈ Rm. Similarly, we fix an orthonormal

basis Y1, . . . , Yk of the second layer V2 and define the exponential coordi-

nates in the second layer V2 of a point g ∈ G by letting

yi(g) = < ξ(g), Yi >, i = 1, . . . , k, (2.50)

and y = (y1, . . . , yk) ∈ Rk.
A simple consequence of the Baker-Campbell-Hausdorff formula is the

following Lemma. This result shows in particular that in a Carnot group

the coordinates in the first and second layers of the Lie algebra g are L-
harmonic, where as before L is the associated sub-Laplacian.

Lemma 2.4.2. Let G be a Carnot group. The function ψ(g)
def
= |x(g)|2

enjoys the following properties

|Xψ|2 = 4ψ, Lψ = 2m. (2.51)

Proof. Define the functions

ψj(t) = |ξ1(g exp(tXj))|2 j = 1, ...,m.

The Baker-Campbell-Hausdorff formula implies

g exp(tXj) = exp(ξ1(g)+tXj+ξ2(g)+...+ξr(g)+
1

2
[ξ1(g)+...+ξr(g), tXj ]+...).

From this one immediately sees the equation

ψj(t) = |ξ1(g)|2 + 2t < ξ1(g), Xj > + t2, (2.52)

which implies

ψ′
j(0) = 2 < ξ1(g), Xj > = 2xj(g), ψ′′

j (0) = 2. (2.53)

Now, equation (2.53) gives

Lψ =
m∑
j=1

ψ′′
j (0) = 2m,

|Xψ|2 =

m∑
j=1

ψ′
j(0)

2 = 4

m∑
j=1

< ξ(g), Xj >
2= 4

m∑
j=1

|xj(g)|2 = 4ψ,

which proves the lemma.
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Lemma 2.4.3. Let G be a Carnot group. One has

Lxj = 0, j = 1, . . . ,m, Lyi = 0, i = 1, . . . , k.

From the latter equation we infer, in particular, that the function g →
|y(g)|2 is L-subharmonic and in fact

L(|y|2) = 2
k∑
i=1

|X(yi)|2 ≥ 0.

There exists a constant C = C(G) > 0 such that

|X(|y|2)|2 ≤ C |x|2 |y|2.

Proof. Let g = exp(ξ) with ξ = ξ1+...+ξr. For t ∈ R the Baker-Campbell-

Hausdorff formula and the stratification of g give for l = 1, ...,m

xj(g exp tXl) = xj(g) + tδjl,

yi(g exp tXl) = yi(g) +
t

2
< [ξ1, Xl], Yi > .

(2.54)

From (2.54) the L-harmonicity of xj(g) and yi(g) is obvious. Using (2.54)

we now define for l = 1, ...,m

ϕl(t) = |y(g exp tXl)|2

=

k∑
i=1

(
y2i + t < [ξ1, Xl], Yi > yi +

t2

4
< [ξ1,Xl], Yi >

2
)
. (2.55)

Differentiating with respect to t we find

ϕ′l(0) =

k∑
i=1

< [ξ1, Xl], Yi > yi, (2.56)

hence

ϕ′l(0)
2 ≤ |y|2

k∑
i=1

(< [ξ1, Xl], Yi >)
2.

Keeping in mind that ξ1 =
∑m
j=1 xjXj we easily obtain

k∑
i=1

(< [ξ1, Xl], Yi >)
2 ≤ |x|2

m∑
j=1

k∑
i=1

(< [Xj , Xl], Yi >)
2.

In conclusion

|X(|y|2)|2 =
m∑
l=1

ϕl(0)
2 ≤ C |x|2 |y|2,

where

C =

m∑
j,l=1

k∑
i=1

(< [Xj , Xl], Yi >)
2.
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Another technical lemma which we shall need gives the following for-

mulas valid on groups of Heisenberg type.

Lemma 2.4.4. Let G be a group of Heisenberg type. The following formu-

las hold

L(|y(g)|2) =
k

2
|x(g)|2 (2.57)

|X(|y|2)|2 = |x|2 |y|2 (2.58)

< X(|x(g)|2), X(|y(g)|2) > = 0, (2.59)

where |x|2 = x21 + · · ·+ x2m, |y|2 = y21 + . . . , y2k.

Proof. Recalling (2.55) one sees

ϕ′′l (0) =
1

2

k∑
i=1

(< Yi, [ξ1, Xl] >)
2 =

1

2

k∑
i=1

(< J(Yi)ξ1, Xl >)
2.

This implies in view of (2.1), (2.4)

L(|y|2) =
m∑
l=1

ϕ′′l (0) =
1

2

m∑
l=1

k∑
i=1

(< J(Yi)ξ1, Xl >)
2

=
1

2

k∑
i=1

|J(Yi)ξ1|2 =
k

2
|x|2.

From (2.56) one has

ϕ′l(0) =
k∑
i=1

< [ξ1, Xl], Yi >< ξ2, Yi > = < ξ2, [ξ1, Xl] > . (2.60)

Using (2.4) we obtain from the latter equality

|X(|y|2)|2 =
m∑
l=1

ϕ′l(0)
2 =

m∑
l=1

(< J(ξ2)ξ1, Xl >)
2 = |J(ξ2)ξ1|2 = |x|2 |y|2.

Finally, (2.52), (2.60), (2.1) and (2.4) imply

< X(|x|2), X(|y|2) > = 2

m∑
l=1

< ξ1, Xl >< ξ2, [ξ1, Xl] >

= 2 < J(ξ2)ξ1, ξ1 > = 0.

This completes the proof.

Next, we consider the function

fϵ(g) =
(
(ϵ2 + |x(g)|2)2 + 16|y(g)|2

)1/4
, ϵ ∈ R.
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Lemma 2.4.5. Let G be a group of Heisenberg type, then for g ∈ G one

has

|Xfϵ(g)|2 =
|x(g)|2

fϵ(g)2
,

Lfϵ(g) =
Q− 1

fϵ(g)
|Xfϵ(g)|2 +

mϵ2

fϵ(g)3
.

Proof. For ease of notation we let f = fϵ. Setting ρ = f4 one easily finds

|Xf |2 =
1

16f6
|Xρ|2, (2.61)

Lf =
1

4f3

[
Lρ − 3

4f4
|Xρ|2

]
. (2.62)

Since

Xρ = 2(ϵ2 + |x|2)X(|x|2) + 16X(|y|2),

using Lemmas 2.4.2 and 2.4.4 we obtain

|Xρ|2 = 4(ϵ2 + |x|2)2|X(|x|2)|2 + 162|X(|y|2)|2 (2.63)

+ 64(ϵ2 + |x|2) < X(|x|2), X(|y|2) >
= 16(ϵ2 + |x|2)2|x|2 + 162|x|2|y|2

= 16|x|2
[
(ϵ2 + |x|2)2 + 16|y|2

]
= 16|x|2f4.

Substitution in (2.61) gives the first part of the lemma. We compute next

Lρ. Applying Lemma 2.4.4 again one finds

Lρ = L
(
(ϵ2 + |x|2)2

)
+ 16L(|y|2) = L

(
(ϵ2 + |x|2)2

)
+ 8k|x|2.

On the other hand, Lemma 2.4.2 gives

L
(
(ϵ2 + |x|2)2

)
= 2|X(|x|2)|2 + 2(ϵ2 + |x|2)L(|x|2)

= 4(m+ 2)|x|2 + 4mϵ2.

Recalling that the homogeneous dimension of G is Q = m+2k, we conclude

Lρ = 4(Q+ 2)|x|2 + 4mϵ2. (2.64)

Finally, replacing (2.63) and (2.64) in (2.62) we obtain the second part of

the lemma.

We can now give the proof of Theorem 2.4.1.
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Proof of Theorem 2.4.1. With f = fϵ as above and ϵ > 0, we consider

the function w = h(f), where h ∈ C2(R), and look for conditions on h for

which w satisfies the Yamabe type equation

Lu = − u
Q+2
Q−2 . (2.65)

Using Lemma 2.4.5 we find

Lw = h′′(f)|Xf |2 + h′(f)Lf (2.66)

= h′′(f)
|x|2

f2
+ h′(f)

[
Q− 1

f
|Xf |2 +

mϵ2

f3

]
=

[
h′′(f) +

Q− 1

f
h′(f)

]
|Xf |2 +

mϵ2

f3
h′(f).

Formula (2.66) suggests that we choose h such that

h′′(t) +
Q− 1

t
h′(t) = 0,

for each t ∈ R. The choice h(t) = λt2−Q, λ ∈ R, accomplishes this. Having

taken w = λf2−Q we try to satisfy (2.65) for some value of λ. In view of

(2.66) this amounts to satisfy the equation

mϵ2

f3
h′(f) = − λ(Q+2)/(Q−2)

f (Q+2)
,

which reduces to

λ =
(
m(Q− 2)ϵ2

)(Q−2)/4
.

This completes the proof.
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Chapter 3

Symmetries of solutions on groups of
Iwasawa type

3.1 Intoduction

In this chapter we shall consider groups of Iwasawa type. The goal is to

establish symmetry properties of entire solutions of the Yamabe equation

Lu = −u
Q+2
Q−2 , u ∈

o

D 1,2(G), u ≥ 0. (3.1)

By Theorem 1.6.9 the above weak solution is actually a smooth bounded

function which is everywhere strictly positive, u > 0 and u ∈ C∞ (Ω).

The symmetries we are concerned with are obtained by specializing those

defined in Definition 1.5.1.

Definition 3.1.1. Let G be a Carnot group of step two with Lie algebra

g = V1⊕V2. We say that a function U : G → R has partial symmetry (with

respect to a point go ∈ G) if there exists a function u : [0,∞) × V2 → R
such that for every g = exp(x(g) + y(g)) ∈ G one has

τgo U(g) = u(|x(g)|, y(g)). (3.2)

A function U is said to have cylindrical symmetry (with respect to go ∈ G)

if there exists ϕ : [0,∞)× [0,∞) → R for which

τgo U(g) = ϕ(|x(g)|, |y(g)|), (3.3)

for every g ∈ G.

In [108] the cylindrically symmetric functions were called biradial.

The main results of the chapter are Theorem 3.5.1 and Theorem 3.3.1

showing, respectively, that any entire solution with partial symmetry is

cylindrically symmetric and the classifing all entire solutions with cylindri-

cal symmetries.

63
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The proof of the first result is an adaption of the method of moving

hyper-planes due to Alexandrov [2] and Serrin [151]. The moving plane

technique was developed further in the two celebrated papers [78], [79] by

Gidas, Ni and Nirenberg to obtain symmetry for semi-linear equations with

critical growth in Rn or in a ball. In our proof we incorporate some impor-

tant simplification of the proof in [79] due to Chen and Li [42]. We mention

that a crucial role is played by Theorem 2.4.1 and also by the inversion and

the related Kelvin transform introduced by Korányi for the Heisenberg

group [114], and subsequently generalized to groups of Heisenberg type in

[51], [49].

The proof of the second main result has been strongly influenced by the

approach of Jerison and Lee for the Heisenberg group, see Theorem 7.8 in

[102]. After a change in the dependent variable, which relates the Yamabe

equation to a new non-linear pde in a quadrant of the Poincaré half-plane,

one is led to prove that the only positive solutions of the latter are quadratic

polynomials of a certain type. Besides Jerison and Lee’s paper, the proof

has some features of the method of the so-called P -functions introduced

by Weinberger in [169]. Given a solution u of a certain partial differential

equation (pde), such method is based on the construction of a suitable non-

linear function of u and grad u, a P -function, which is itself solution (or sub-

solution) to a related pde, and therefore satisfies a maximum principle. The

results in this chapter were proven originally in [76]. In the Theorem 6.1.2

we shall find all entire solutions of the Yamabe equation, without assuming

a-priori any symmetry, in the case of the seven dimensional quaternionic

Heisenberg group.

3.2 The Hopf Lemma

First we recall the strong maximum principles of Bony [19] that will be

used. We specialize its statement to the context of Carnot groups, but

Theorem 3.2.1 holds in general for Hörmander type operators.

Theorem 3.2.1. Let Ω be a connected open set in a Carnot group G.

Assume that c ≤ 0 in Ω and that c ∈ C(Ω). If u ∈ C2(Ω) satisfies

Lu + Y u + c u ≤ 0 in Ω,

then u cannot achieve a non-positive infimum at an interior point, unless

u ≡ const in Ω. Here, Y denotes a smooth vector field on section of G.
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The following result constitutes a generalization of the Hopf boundary point

lemma, see section 3.2 in [80]. A version for the Heisenberg group first

appeared in [26].

Theorem 3.2.2. In a group of Heisenberg type G let Ω ⊂ G be a connected

open set possessing an interior gauge ball B(g1, R) tangent at go ∈ ∂Ω (by

this we mean that B(g1, R) ⊂ Ω and that moreover go ∈ ∂Ω ∩ ∂B(g1, R)).

Let u ∈ C2(Ω) be a non-negative solution of

Lu+ c u ≤ 0, (3.4)

which is continuous at go, and such that

u(go) = 0, (3.5)

u(g) > 0, g ∈ B(g1, R) ∩ Ω. (3.6)

Assume in addition that c ∈ L∞(Ω). Let η be any exterior direction at go
such that ∂u

∂η (go) exists, then one has

∂u

∂η
(go) < 0. (3.7)

Proof. We consider ψ(g) = |x(g)|2 and introduce the function ζ = e−αψu.

A computation based on Lemma 2.4.2 gives

Lu = L(eαψ) ζ + eαψ Lζ + 2 α eαψ < Xψ,Xζ > .

Using (3.4) we obtain from the latter equation

(4α2ψ + 2mα+ c) ζ + Lζ + 2α < Xψ,Xζ >

= e−αψ (Lu+ cu) ≤ 0.

This inequality and (3.6) imply in B(go, R) ∩ Ω

Lζ + 2α < Xψ,Xζ > ≤ −[2mα+ c] ζ.

At this point we choose α > 0 such that

α ≥
||c||L∞(Ω)

2m
,

to conclude

Lζ + 2α < Xψ,Xζ > ≤ 0 in B(go, R) ∩ Ω. (3.8)

We next use the hypothesis that Ω possesses an interior gauge ball B(g1, R)

tangent at go ∈ ∂Ω. By left-translation we assume without restriction that
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g1 = e, where e is the identity in G. Recalling (2.12), which we now rewrite

as N(g) = (ψ(g)2 + 16|y(g)|2)1/4, we introduce the auxiliary function

h(g) = e−MN2(g) − e−MR2

on the ring A = A(R, r) = B(e,R)\B(e, r), where 0 < r < R has been fixed.

The constant M > 0 will be chosen shortly. An elementary computation,

using the fact that L(N2−Q)(g) = 0 for every g ̸= e, see (2.13), gives

L(N2)(g) =
Q

2N2(g)
|X(N2)(g)|2, for g ̸= e. (3.9)

Formula (3.9) allows to find

Lh+ 2α < Xψ,Xh > (3.10)

= M e−MN2

[
(M − Q

2N2
) |X(N2)|2 − 2α < Xψ,X(N2) >

]
.

Using Theorem 2.4.4 we find

< Xψ,X(N2) > =
1

2
N−2 [2ψ|Xψ|2+ < Xψ,X(|y|2) >]

= 4N−2 ψ2 = 4N2 |XN |4, (3.11)

since in a group of Heisenberg type one has |XN |2 = N−2ψ, which follows

easily from Lemmas 2.4.2 and 2.4.4. The identity (3.11) allows to conclude

that choosing M > 0 sufficiently large in (3.10) one obtains

Lh+ 2α < Xψ,Xh > ≥ 0 in A. (3.12)

The continuity of u in Ω and the compactness of ∂B(e, r) implies the exis-

tence of ϵ > 0 such that the function ζ−ϵh ≥ 0 on ∂B(e, r). This inequality

continues to hold on ∂B(e,R) since h = 0 on that set. By (3.8), (3.12) and

Theorem 3.2.1 we conclude ζ − ϵh ≥ 0 in A. Since u, ζ and h vanish in go
we conclude

∂u

∂η
(go) = eαψ(go)

∂ζ

∂η
(go) ≤ ϵ eαψ(go)

∂h

∂η
(go),

where η is any direction such that < η,N > (go) > 0, with N being

the exterior unit normal to ∂B(e,R). At this point the conclusion follows

by observing that the function N(g) is homogeneous of degree one and

therefore denoting by Z the infinitesimal generator of group dilations we

have ZN(g) = N(g) for every g ̸= e. This identity implies in particular

that the Riemannian gradient of N(g), ∇N , never vanishes in G \ {e}.
Since ∂B(e,R) is a level set of N and ∇N is directed outward, we infer

∂h

∂η
(go) = −2MRe−MR2 ∂N

∂η
(go) < 0.

This completes the proof of the theorem.



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

Symmetries of solutions 67

Corollary 3.2.3. Let u ∈ C2(Ω) be a non-negative solution of (3.4) in

Ω ⊂ G, where G is a group of Heisenberg type, then u cannot become equal

to zero at an interior point without being identically zero in Ω.

Proof. The proof follows the lines of its elliptic counterpart, see [[80],

Theorem 3.5]. Assume by contradiction that u vanishes at a point inside

Ω without being identically zero. Define Ω+ def
= {g ∈ Ω | u(g) > 0},

which is non-empty according to the assumption, and satisfies Ω+ ⊂ Ω,

∂Ω+ ∩ Ω ̸= ∅. Let go ∈ Ω+ be closer to ∂Ω+ than to ∂Ω, with respect

to the gauge distance. Consider the largest gauge ball B ⊂ Ω+ having go
as its center. Then u(g) = 0 for some point g ∈ ∂B, while u > 0 in

B. By left-translation we can assume that g = e, the group identity. Since

g is a point of an interior minimum on Ω, the Riemannian gradient at g

must vanish. This is a contradiction with Theorem 3.2.2, by considering for

example the derivative along the generator Z of the group dilations.

We end this section with a simple geometric result which is used in the

application of the method of moving hyper-planes, see Lemma 2.2 in [91].

Proposition 3.2.4. If a connected compact surface in Rk has the property

that for every direction ξ ∈ Rk there exists a hyper-plane Πξ perpendicular

to ξ, such that S is symmetric with respect to Πξ, then S is a Euclidean

sphere.

Proof. In the proof distance refers to the Euclidean distance in Rk . Let

A1, A2 ∈ S be two points at a distance equal to the (Euclidean) diameter of

S. Let O be the middle point of the segment A1A2 and π be the hyperplane

through O that is at an equal distance from the points A1 and A2. We note

that π is the plane of symmetry in the direction perpendicular to A1A2. If

not, by considering also the reflexions of A1 and A2 with respect to π, we

can obtain points on S at a distance greater than the diameter of S, which

is a contradiction. Next, we consider an arbitrary plane of symmetry, π′,

and show that it passes through the point O as well. Let α1 and α2 be the

hyperplanes, correspondingly through A1 and A2, which are parallel to π.

From the choice of A1 and A2, the surface S lies between α1 and α2. If we

suppose O ̸∈ π ∩ π′, then at least one of the reflexion points of A1 and A2

with respect to π′ will not belong to the slab between α1 and α2. This is a

contradiction, since S is invariant under reflexions with respect to π′.Thus,

S coincides with the sphere through A1 and A2, and center O. The proof

is finished.
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3.3 The partially symmetric solutions have cylindrical

symmetry

In this section we use the method of moving hyper-planes to prove the

following Theorem.

Theorem 3.3.1. Let G be an Iwasawa group. Suppose U ̸≡ 0 is an entire

solution of the Yamabe equation (3.1). If U has partial symmetry, then U

has cylindrical symmetry.

We will use the letters α, α′ to index coordinates in the first layer,

and β, β′ for indexing the coordinates in the center, so that we have 1 ≤
α, α′ ≤ m and 1 ≤ β, β′ ≤ k. Unless explicitly said otherwise, we shall use

the same letter for a function f defined on G and for the corresponding

function f ◦exp defined on g ≈ Rm×Rk. In the next proposition we express

the sub-Laplacian in the exponential coordinates, see also [55].

Proposition 3.3.2. For every β = 1, ..., k, let Tβ denote the vector field

Tβ =

m∑
α,α′=1

xα′ < [Xα′ , Xα], Yβ >
∂

∂xα
.

Using the exponential coordinates we have the following formula for the

sub-Laplacian of a function u : G → R

Lu(g) = △xu(g) +

k∑
β=1

Tβ
∂u

∂yβ
(g) +

1

4
|x(g)|2 △yu(g). (3.13)

In (3.13) we have respectively denoted with △x and △y the standard Lapla-

cian in Rm and Rk.

Proof. To avoid confusion, in the course of the proof we will keep the

distinct notation v(x, y) for the function u ◦ exp on the Lie algebra.

Here, we note explicitly that g = exp(ξ(g)) = exp(ξ1(g) + ξ2(g)) =

exp (
∑m
α=1 xα(g)Xα +

∑k
β=1 yβ(g)Yβ). By the Baker-Campbell-Hausdorff

formula we have for every α = 1, ...,m

Xαu(g) =
∂u

∂t
(exp(ξ + tXα +

t

2
[ξ,Xα])) |t=0=

∂v

∂t
(ξ + tXα +

t

2
[ξ,Xα]) |t=0

=
∑
α′

< Xα +
1

2
[ξ,Xα], Xα′ >

∂v

∂xα′
+
∑
β

< Xα +
1

2
[ξ,Xα], Yβ >

∂v

∂yβ

=
∂v

∂xα
+

1

2

∑
β

< [ξ,Xα], Yβ >
∂v

∂yβ
, (3.14)
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where we have used the orthonormality of the involved vectors and the

stratification of g. We also note that

< [ξ,Xα], Yβ > = < [ξ1, Xα], Yβ > .

We thus obtain from (3.14)

Xαu =
∂v

∂xα
+

1

2

∑
β

< [ξ1, Xα], Yβ >
∂v

∂yβ
. (3.15)

Notice that [Xα, Xα] = 0 gives
∂

∂xα
< [ξ1, Xα], Yβ > =

∑
α′

∂

∂xα
xα′ < [Xα′ , Xα], Yβ > = 0. (3.16)

Obviously, we have also
∂

∂yβ′
< [ξ1, Xα], Yβ > = 0. (3.17)

Applying (3.15) twice and using (3.16) and (3.17) we find

X2
αu(g) =

( ∂

∂xα
+

1

2

∑
β′

< [ξ1, Xα], Yβ′ >
∂

∂yβ′

)
( ∂v
∂xα

+
1

2

∑
β

< [ξ1, Xα], Yβ >
∂v

∂yβ

)
=

∂2v

∂xα
2 +

∑
β

< [ξ1, Xα], Yβ >
∂2v

∂xα∂yβ

+
1

4

∑
β, β′

< [ξ1, Xα], Yβ >< [ξ1, Xα], Yβ′ >
∂2v

∂yβ∂yβ′
.

Summing in α we obtain

Lu = △xv+
∑
β

Tβ
∂v

∂yβ
+
1

4

∑
α,β,β′

< [ξ1, Xα], Yβ >< [ξ1, Xα], Yβ′ >
∂2v

∂yβ∂yβ′
.

Now we use (2.5) and orthonormality to further reduce the last term in the

right hand-side of the latter expression∑
α,β,β′

< [ξ1, Xα], Yβ > < [ξ1, Xα], Yβ′ >
∂2v

∂yβ∂yβ′

=
∑
ββ′

(∑
α

< J(Yβ)ξ1, Xα > < J(Yβ′)ξ1, Xα >
) ∂2v

∂yβ∂yβ′

=
∑
β,β′

< J(Yβ)ξ1, J(Yβ′)ξ1 >
∂2v

∂yβ∂yβ′

=
∑
β,β′

< Yβ , Yβ′ > |x|2 ∂2v

∂yβ∂yβ′
= |x|2△yv.

This completes the proof.



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

70 Extremals for the Sobolev inequality and the qc Yamabe problem

The next two results are direct consequences of Proposition 3.3.2.

Proposition 3.3.3. Suppose that U has the form U(g) = u(|x(g)|, y(g)).
For every β = 1, ..., k one has Tβu ≡ 0 and therefore (3.13) gives

LU(g) = △xu(g) +
|x(g)|2

4
△yu(g). (3.18)

In particular, the vector fields Tβ , β = 1, ..., k, are tangential to domains

with cylindrical symmetry.

Proof. One has

Tβu =
(∑
α,α′

xα′ < [Xα′ , Xα], Yβ >
∂

∂xα

)
u

=
∑
α,α′

xα′xα
r

< J(Yβ)Xα′ , Xα >
∂u

∂r
=

1

r
< J(Yβ)ξ1, ξ1 >

∂u

∂r
= 0,

where the last equality is justified by (2.4). The proof is completed.

Proposition 3.3.4. Suppose that U has the form U(g) = u(|x(g)|, y(g)).
One has the following formula for the horizontal gradient of U

|XU(g)|2 = |∇xu(g)|2 +
|x(g)|2

4
|∇yu(g)|2. (3.19)

Proof. Taking the squares and summing in α equation (3.15) we obtain

|Xu|2 = |∇xu|2 +
1

4

∑
α

(∑
β

< [ξ1,Xα], Yβ >
∂u

∂yβ

)2
+
∑
β

Tβu
∂u

∂yβ
.

Since u has partial symmetry Tβu = 0 and the last term in the above

equality is zero. The second term is computed by using the orthogonality

of the map J and the orthonormality of the vector fields Xα and Yβ ,∑
α

(∑
β

< [ξ1, Xα], Yβ >
∂u

∂yβ

)2
=
∑
α

< [ξ1, Xα],
∑
β

∂u

∂yβ
Yβ >

2

=
∑
α

< J(
∑
β

∂u

∂yβ
Yβ)ξ1, Xα >

2 = |J(
∑
β

∂u

∂yβ
Yβ)ξ1|2

= |x(g)|2|
∑
β

∂u

∂yβ
Yβ |2 = |x(g)|2|∇yu|2.

The proof is complete.
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Remark 3.3.5. Proposition 3.3.3 underlines the important connection be-

tween the sub-Laplacian on a group of Heisenberg type and the Baouendi-

Grushin operator

△x +
|x(g)|2

4
△y

acting on functions which possess partial symmetry.

After the above preliminaries our next goal is to prove Theorem 3.3.1.

Before starting the proof however we introduce the relevant notation and

develop some preparatory results. In the remainder of this section we will

always identify a point g = exp(ξ1 + ξ2) ∈ G with its exponential coordi-

nates (x, y) = (x(g), (y(g)) ∈ Rm×Rk, where x = x(g) = (x1(g), ..., xm(g))

and y = y(g) = (y1(g), ..., yk(g)) are defined by (2.49) and (2.50). For any

λ ∈ R we consider the characteristic half-spaces in G

Σλ = {g = (x, y) ∈ G | y1 < λ}, λ < 0, (3.20)

and

Σλ = {g = (x, y) ∈ G | y1 > λ}, λ > 0. (3.21)

We denote by Tλ the characteristic hyper-planes ∂Σλ = {g = (x, y) ∈ G |
y1 = λ}. For any g ∈ Σλ we let gλ be the symmetric point with respect to

the hyperplane Tλ, i.e., g
λ = (x(g), 2λ− y1(g), y2(g), . . . , yk(g)). Finally,

we let gλ = (0, 2λ, 0, . . . , 0) ∈ Σλ be the reflexion of (0, 0) ∈ Rm × Rk
with respect to Tλ.

Next, we assume that u ̸≡ 0 is an entire solution to the problem (3.1).

From Theorem 1.6.9 we know that u ∈ L∞(G)∪C∞(G). From the strong

maximum principle, Theorem 3.2.1, we have also u > 0 on G. Consider

in G∗ the Kelvin transform of u, v(g) = N(g)2−Qu(σ(g)), as in Definition

2.3.2. Clearly,

lim
N(g)→∞

N(g)Q−2 v(g) = u(e) > 0. (3.22)

Setting vλ(g) = v(gλ), we define

w̄λ(g) =
vλ(g)− v(g)

Kϵ(g)

def
=

wλ(g)

Kϵ(g)
, g ∈ Σ̄λ, (3.23)

where Kϵ(g) is the function in Theorem 2.4.1. We observe that w̄λ ≡ 0 on

Tλ. It is clear that vλ is singular in g = gλ ∈ Σλ and that v is singular in

g = e. However, thanks to Theorem 2.3.5, Lemma 2.3.6 and Theorem 2.3.7

we can remove the singularities so that vλ and v become entire solutions



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

72 Extremals for the Sobolev inequality and the qc Yamabe problem

to (3.1). This guarantees that w̄λ is now globally defined on G. We note

that for every fixed λ one has

lim
N(g)→∞

w̄λ(g) = 0. (3.24)

To prove (3.24) we first observe that

N(gλ)2−Q −N(g)2−Q = N(g)2−Q Ωλ(g), (3.25)

where |Ωλ(g)| → 0 as N(g) → ∞. From (3.25) one easily infers that

lim
N(g)→∞

N(g)Q−2 vλ(g) = u(e) > 0. (3.26)

We now write

vλ(g)− v(g)=N(gλ)2−Q [u(σ(gλ))− u(σ(g))] + [N(gλ)2−Q −N(g)2−Q] u(σ(g)).
(3.27)

Using (3.25) in (3.27) we obtain (3.24).

To apply the method of moving hyper-planes we establish next a result

analogous to Lemma 2.1 in [42].

Lemma 3.3.6.

(i) If inf
Σλ

w̄λ < 0, then the infimum is achieved.

(ii) There exists Ro > 0 independent of λ such that, if go ∈ Σλ is a

point at which a strictly negative inf
Σλ

w̄λ is attained, then N(go) <

Ro. Furthermore, for all |λ| ≥ R2
0 we have w̄λ ≥ 0 on Σλ.

Proof. The proof of (i) is easy. Suppose that for a certain λ one has

inf
Σλ

w̄λ = mλ < 0.

Consider the set Aλ = {g ∈ Σ̄λ | w̄λ(g) ≤ mλ/2}. Equation (3.24) and

wλ ≡ 0 on Tλ imply that Aλ is a compact set. By the continuity of w̄λ on

G we conclude the validity of (i).

To prove (ii) we begin by observing that thanks to Proposition 3.3.3 we

have

Lvλ(g) = Lv(gλ). (3.28)

Using (3.28) and the mean value theorem we find in Σλ

Lwλ(g) = Lv(gλ)−Lv(g) = v2*−1(g)−v2*−1(gλ) = −cλ(g) wλ(g), (3.29)
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where

cλ(g) = (2*− 1) ψ2*−2
λ (g), (3.30)

with ψλ(g) a real number between v(gλ) and v(g). The equation satisfied

by w̄λ can be obtained from (3.29) and from wλ = Kϵw̄λ,

Lw̄λ +
2

Kϵ
< XKϵ, Xw̄λ > +

(
cλ +

LKϵ

Kϵ

)
w̄λ = 0. (3.31)

From (3.22) we infer the existence of Co > 0 such that

v(g) ≤ Co
(1 +N(g))Q−2

, g ∈ G. (3.32)

We now show that there exist ϵ = ϵ(Co) > 0 and Ro = Ro(Co) > 0 such

that

cλ(g) +
LKϵ

Kϵ
(g) < 0, (3.33)

for N(g) ≥ Ro whenever w̄λ(g) < 0. For λ such that

Ωλ
def
= {g ∈ Σλ | w̄λ(g) < 0} ̸= ∅

consider (3.31) on Ωλ. If g ∈ Ωλ, we have v(gλ) < v(g) and thus (3.32)

gives

v(gλ) < v(g) ≤ Co
N(g)Q−2

. (3.34)

Since ψλ is between v(g) and v(gλ) we conclude from (3.30) and (3.34) that

cλ(g) ≤ (2∗ − 1)C2∗−2
o

N(g)(Q−2)(2*−2)
=

C1

N(g)4
. (3.35)

Thanks to Theorem 2.4.1 we have

LKϵ(g)

Kϵ(g)
= −Kϵ(g)

2*−2 = − m(Q− 2)ϵ2

(ϵ2 + |x(g)|2)2 + 16|y(g)|2
. (3.36)

From (3.35) and (3.36) we see that

cλ(g) +
LKϵ(g)

Kϵ(g)
≤ C1

N(g)4
− m(Q− 2)ϵ2

(ϵ2 + |x(g)|2)2 + 16|y(g)|2

=
C1N(g)4 + C1(ϵ

4 + 2ϵ2|x(g)|2)−m(Q− 2)ϵ2N(g)4

N(g)4
(
(ϵ2 + |x(g)|2)2 + 16|y(g)|2

)
≤ (C1 −m(Q− 2)ϵ2)N(g)4 + 2C1ϵ

2N(g)2 + C1ϵ
4

N(g)4
(
(ϵ2 + |x(g)|2)2 + 16|y(g)|2

) .
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If we choose ϵ2 = 2C1

m(Q−2) in the latter inequality, the coefficient of N(g)4

is negative, and it is then clear that we can fulfill (3.33) for N(g) ≥ Ro for

some Ro = Ro(C1) > 0. From Theorem 3.2.1 we conclude that w̄λ cannot

achieve a negative infimum for N(g) ≥ Ro in Ωλ. This proves the first part

of (ii). At this point we observe that

N(g) ≥
√

|λ|, for every g ∈ Σλ.

It is therefore clear from the above argument that if we take |λ| ≥ R2
o, then

w̄λ cannot achieve a negative infimum in Σλ. This completes the proof of

Lemma 3.3.6.

We are now ready to present the proof of Theorem 3.3.1.

Proof of Theorem 3.3.1. Let u(x, y)
def
= τg0 U(x(g),y(g)) = u(|x(g)|,

y(g)) and v be the Kelvin transform of u. Since L is a translation invariant

operator, u is an entire solution to (3.1). For ease of notation we are using

the same letter to denote functions onG, which have partial symmetry with

respect to the identity element of G, and the corresponding symmetric part

defined on [0,∞) × Rk, see Definition 3.1.1. As already mentioned in the

paragraph after (3.23), v is also an entire solution on G. Furthermore,

from (2.33) it is easy to see that the Kelvin transform of a function that

has partial symmetry with respect to the identity element of G is a function

with partial symmetry with respect to the identity element as well. The

first step of the proof is to show that v has cylindrical symmetry.

Let λo = sup {λ ≤ 0 | w̄λ ≥ 0 in Σλ}. Clearly λo ≤ 0. Assume first

that λo < 0. We want to show that w̄λo ≡ 0. Suppose the contrary holds.

Since

Lwλo + cλo wλo = 0 in Σλo , (3.37)

with cλo bounded and wλo ≥ 0, Theorem 3.2.2 implies that either wλo >

0, or wλo ≡ 0. Since we are assuming wλo ̸≡ 0, we conclude wλo > 0.

This implies w̄λo > 0 in Σλo . The maximality of λo allows to find a

sequence λk ↘ λo and points gk ∈ Σλk
such that

w̄λk
(gk) < 0. (3.38)

Without restriction we can suppose w̄λk
(gk) = inf

Σλk

w̄λk
, since by (i) of

Lemma 3.3.6 the infimum is achieved when it is strictly negative. We thus

have
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dw̄λk
(gk) = 0. (3.39)

In the proof of Lemma 3.3.6 we saw that the sequence {gk} is uniformly

bounded, in fact N(gk) ≤ Ro. Possibly passing to a subsequence, we can

thus assume that gk → go ∈ Σ̄λo . By continuity from (3.38) and (3.39) we

have w̄λo(go) ≤ 0 and dw̄λo(go) = 0. Since w̄λo > 0 in Σλo , it must

be go ∈ Tλo . Finally, w̄λo > 0 and dw̄λo(go) = 0 contradict Theorem

3.2.2 by considering the derivative along any direction non-tangential to

the boundary. This shows that when λo < 0 we have wλo ≡ 0, i.e., v is

symmetric with respect to the hyperplane Tλo .

If λo = 0 we can repeat the above reasoning starting from λ = +∞
and then either stop at some λ1 > 0, or at λ1 = 0. In the former case

we can finish as above. In the latter we combine the conclusions of the two

cases to see that v(g) > v(gλ) and v(g) < v(gλ), i.e., v(g) = v(gλ)

for any g and gλ symmetric with respect to the hyperplane y1 = 0. In

either case, we conclude that v is symmetric with respect to Tλ for some

λ. We note also that the restriction of v to lines perpendicular to Tλ is a

monotonically decreasing function of the Euclidean distance to Tλ. In order

to see this, suppose λo < 0 so that Tλ = Tλo . Consider an arbitrary line

l perpendicular to Tλo and let P1, P2 ∈ Σλo ∩ l, with P2 between P1 and

the intersection of Tλo and l. By considering the plane Tλ with respect to

which P1 and P2 are symmetric, using also the definition of λo, we see that

v(P1) < v(P2). Arguing similarly in the case of λo ≥ 0 we see that v

has the described monotonicity, when restricted to any line perpendicular

to Tλo .

From Proposition 3.3.3, L is an operator invariant with respect to rota-

tions in the center, when restricted to partially symmetric functions. Since

v has partial symmetry, v is invariant under such rotations. The previous

arguments show that for every direction in the center, Rk, there exists a hy-

perplane T = Tλo∩Rk perpendicular to it, such that for every r > 0, v(r, ·)
is symmetric with respect to T . We note explicitly that T is independent of

r. In addition, v has the above monotonicity on lines perpendicular to T .

Since v is a continuous function and v(g) → 0 when N(g) → ∞, every level

set is compact. Therefore, using also the monotonicity of v, for every r ≥ 0

and every regular value a, the level set v(r, ·) = a is a connected closed

hypersurface of Rk, when it is non-empty. Furthermore, from the symme-

try of v, every level set of the function v(r, ·) defined on Rk, is symmetric

with respect to the hyperplane T . In view of Proposition 3.2.4 we infer that
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every level set is a sphere. Spheres corresponding to different regular values

a are concentric, for otherwise we can argue as follows. Let O1 ̸= O2 be

the centers of two such non-concentric spheres. Let us consider the plane

of symmetry, which is perpendicular to the direction of O1O2. Using again

the monotonicity of v, we have on one hand that it should pass through O1,

while on the other it should pass through O2, which is impossible. Finally,

for any b > 0 consider the level set Λb
def
= {v > b}. Clearly Λb = ∪

a>b
Λa

and from Sard’s theorem there exists a sequence {ak} of regular values such

that ak ↘ b. Since the level sets corresponding to regular values are Eu-

clidean balls in Rk, their union is a ball as well. This shows that v(r, ·) is
a radial function of its argument, after choosing suitably the origin of Rk.
Since the planes of symmetry are independent of r, the above choice of the

origin of Rk is independent of r as well. In other words v is a cylindrical

function.

The final step is to reverse the roles of u and v, using the properties

of the Kelvin transform. In the beginning of the proof we noted that v is

an entire solution that has partial symmetry with respect to the identity

element. Since the Kelvin transform is an involution, from the first step of

the proof we see that u has cylindrical symmetry, i.e., there exists an ho ∈ G

(in fact ho belongs to the center of G) such that τhou = ϕ(|x(g)|, |y(g)|).
Therefore,

τhogoU = τhoτgoU = ϕ(|x(g)|, |y(g)|)

and the proof of Theorem 3.3.1 is complete.

3.4 Determination of the cylindrically symmetric solutions

of the Yamabe equation

In this section we establish the uniqueness, modulo group translations and

dilations, of the positive solutions with cylindrical symmetry to the Yamabe

equation (3.1) Our main objective is the following Theorem.

Theorem 3.4.1. Let U ̸≡ 0 be an entire solution to (3.1) in a group of

Iwasawa type G and suppose that U has cylindrical symmetry. There exists

ϵ > 0 such that up to a left-translation (1.28) one has

U(g) =

(
m(Q− 2)ϵ2

(ϵ2 + |x(g)|2)2 + 16|y(g)|2

)Q−2
4

.
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We begin with some preliminary reductions. The first observation is that

if we let v = λu, then by choosing

λ =

(
Q− 2

4

)−(Q−2)/2

, (3.40)

we are reduced to consider the equation

Lv = −(
Q− 2

4
)2 v(Q+2)/(Q−2). (3.41)

Next, we introduce the function Φ = v−4/(Q−2) = h(v). Since

LΦ = h′′(v)|Xv|2 + h′(v)Lv,

we easily find that Φ must satisfy the equation

LΦ = (
Q− 2

4
+ 1)

|XΦ|2

Φ
+
Q− 2

4
. (3.42)

At this point we assume that u, and therefore Φ, have cylindrical symmetry

with respect to the identity, i.e., there exists a function ϕ : [0,∞)×[0,∞) →
R+ such that we can write with g = exp(ξ1 + ξ2) ∈ G

Φ(g) = ϕ(|ξ1|, |ξ2|). (3.43)

By Proposition 3.3.3 we see that the equation (3.42) now becomes

∆ξ1 ϕ+
|ξ1|2

4
∆ξ2 ϕ = (

Q− 2

4
+ 1)

1

ϕ
(|∇ξ1ϕ|2 +

|ξ1|2

4
|∇ξ2ϕ|2) +

Q− 2

4
.

(3.44)

Passing to the spherical coordinates r = |ξ1|, s = |ξ2|, we obtain from (3.44)

ϕrr +
m− 1

r
ϕr +

r2

4
(ϕss +

k − 1

s
ϕs) (3.45)

= (
Q− 2

4
+ 1)

1

ϕ
(ϕ2r +

r2

4
ϕ2s) +

Q− 2

4
.

We now let

y =
r2

4
, x = s, (3.46)

obtaining from (3.45)

ϕxx + ϕyy +
m

2y
ϕy +

k − 1

s
ϕs (3.47)

= (
Q− 2

4
+ 1)

ϕ2x + ϕ2y
ϕ

+
Q− 2

4

1

y
.
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Defining the integers

a = k − 1 ≥ 0, b =
m

2
≥ 1, n = a+ b ≥ 1, (3.48)

and recalling that Q = m+2k, we finally re-write equation (3.47) as follows

∆ϕ =
n+ 2

2

|∇ϕ|2

ϕ
− a

x
ϕx −

b

y
ϕy +

n

2y
, (3.49)

in Ω = {(x, y) ∈ R2 | x > 0, y > 0}. We remark explicitly at this point

that, without loss of generality, we can assume that k ≥ 2, and therefore

a ≥ 1. In fact, the case k = 1 corresponds to the Heisenberg group Hn, and
it has already been treated by Jerison and Lee in [102]. We now introduce

the quantities

F = f − f∗, G = g + g∗, (3.50)

where

f = 2 < ∇ϕ,∇ϕx > −2δ ϕxy, f∗ = ϕx
|∇ϕ|2

ϕ
, (3.51)

g = −2 < ∇ϕ,∇ϕy > +2δ ϕyy, g∗ = (ϕy − δ)
|∇ϕ|2

ϕ
, (3.52)

and δ ∈ R will be suitably chosen subsequently. We notice that

fy + gx = 0

and therefore there exists a function P = P (x, y) such that

f = Px, − g = Py.

This gives in particular

∆P = fx − gy. (3.53)

An easy calculation shows that

P = |∇ϕ|2 − 2δ ϕy. (3.54)

We obtain from (3.54)

∆P = 2||∇2ϕ||2 + 2 < ∇ϕ,∇(∆ϕ) > −2δ (∆ϕ)y, (3.55)

where we have denoted with ∇2ϕ the Hessian matrix of ϕ. We now use

(3.49) to compute ∆P . First, we see that

2 < ∇ϕ,∇(∆ϕ) >= −(n+ 2)
|∇ϕ|4

ϕ2
+ 2(n+ 2)

< ∇2ϕ(∇ϕ),∇ϕ >
ϕ

− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy > +

2a

x2
ϕ2x +

2b

y2
ϕ2y −

n

y2
ϕy.

(3.56)
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We also find

(∆ϕ)y = −n+ 2

2

ϕy|∇ϕ|2

ϕ2
+ (n+ 2)

< ∇ϕ,∇ϕy >
ϕ

− a

x
ϕxy −

b

y
ϕyy +

b

y2
ϕy −

n

2y2
.

(3.57)

At this point we introduce the function

h = γ ϕ−(n+1), (3.58)

where γ = γ(x, y) is a strictly positive function on Ω which will be deter-

mined subsequently. With F and G as in (3.50) we consider the differential

expression

(hF )x − (hG)y = h(fx − gy)− h(f∗x + g∗y) + hxF − hyG

= h[∆P − (f∗x + g∗y) +
n+ 1

ϕ
(ϕyG− ϕxF )]

+ ϕ−(n+1)(γxF − γyG).

(3.59)

A computation gives

f∗x + g∗y = ∆ϕ
|∇ϕ|2

ϕ
− |∇ϕ|4

ϕ2
+ 2

< ∇2ϕ(∇ϕ),∇ϕ >
ϕ

(3.60)

+ δ
ϕy|∇ϕ|2

ϕ2
− 2δ

< ∇ϕ,∇ϕy >
ϕ

,

ϕyG− ϕxF =
|∇ϕ|4

ϕ
− 2 < ∇2ϕ(∇ϕ),∇ϕ > +2δ < ∇ϕ,∇ϕy >

− δ
ϕy|∇ϕ|2

ϕ
. (3.61)

Using (3.60) and (3.61) we obtain from (3.59)

(hF )x − (hG)y = h

[
∆P −∆ϕ

|∇ϕ|2

ϕ
+ (n+ 2)

|∇ϕ|4

ϕ2

− 2(n+ 2)
< ∇2ϕ(∇ϕ),∇ϕ >

ϕ
+ 2δ(n+ 2)

< ∇ϕ,∇ϕy >
ϕ

− δ(n+ 2)
ϕy|∇ϕ|2

ϕ2

]
+ ϕ−(n+1)(γxF − γyG). (3.62)
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At this point we substitute (3.55), (3.56) and (3.57) in (3.62) to obtain

(hF )x − (hG)y

= h

{(
2 ||∇2ϕ||2−(∆ϕ)2

)
+(∆ϕ)2−(n+2)

|∇ϕ|4

ϕ2
+2(n+2)

< ∇2ϕ(∇ϕ),∇ϕ >

ϕ

− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy > +

2a

x2
ϕ2
x +

2b

y2
ϕ2
y − n

y2
ϕy

− 2δ

(
− n+ 2

2

ϕy|∇ϕ|2

ϕ2
+ (n+ 2)

< ∇ϕ,∇ϕy >

ϕ

− a

x
ϕxy − b

y
ϕyy +

b

y2
ϕy − n

2y2

)
−∆ϕ

|∇ϕ|2

ϕ
+ (n+ 2)

|∇ϕ|4

ϕ2

− 2(n+ 2)
< ∇2ϕ(∇ϕ),∇ϕ >

ϕ
+ 2δ(n+ 2)

< ∇ϕ,∇ϕy >

ϕ

− δ(n+ 2)
ϕy|∇ϕ|2

ϕ2

}
+ ϕ−(n+1)(γxF − γyG). (3.63)

The expression in (3.63) can be simplified as follows

(hF )x − (hG)y = h

[ (
2 ||∇2ϕ||2 − (∆ϕ)2

)
+∆ϕ

(
∆ϕ− |∇ϕ|2

ϕ

)
− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy > +

2a

x2
ϕ2x +

2b

y2
ϕ2y −

n

y2
ϕy

+
2δa

x
ϕxy +

2δb

y
ϕyy −

2δb

y2
ϕy +

δn

y2

]
+ ϕ−(n+1)(γxF − γyG). (3.64)

Next we evaluate the expression

∆ϕ

[
∆ϕ− |∇ϕ|2

ϕ

]
− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy >

+
2a

x2
ϕ2x +

2b

y2
ϕ2y −

n

y2
ϕy +

2δa

x
ϕxy +

2δb

y
ϕyy −

2δb

y2
ϕy +

δn

y2

=
n(n+ 2)

4

|∇ϕ|4

ϕ2
− a(n+ 1)

x

ϕx|∇ϕ|2

ϕ
− b(n+ 1)

y

ϕy|∇ϕ|2

ϕ

+
n(n+ 1)

2y

|∇ϕ|2

ϕ
+

2ab

xy
ϕxϕy +

a(a+ 2)

x2
ϕ2x +

b(b+ 2)

y2
ϕ2y

− an

xy
ϕx −

bn+ n+ 2δb

y2
ϕy +

n(n+ 4δ)

4y2

− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy > +

2δa

x
ϕxy +

2δb

y
ϕyy. (3.65)
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We now calculate

γxF − γyG = 2

[
γx < ∇ϕ,∇ϕx > +γy < ∇ϕ,∇ϕy >

]
− 2δ < ∇γ,∇ϕy > − < ∇γ,∇ϕ > |∇ϕ|2

ϕ
+ δγy

|∇ϕ|2

ϕ
. (3.66)

The next step is to compute

n+ 2

n

(
∆ϕ− |∇ϕ|2

ϕ

)2

=
n(n+ 2)

4

|∇ϕ|4

ϕ2
+ a2(1 +

2

n
)
ϕ2x
x2

+ b2(1 +
2

n
)
ϕ2y
y2

+
n(n+ 2)

4

1

y2
− a(n+ 2)

x

ϕx|∇ϕ|2

ϕ
− b(n+ 2)

y

ϕy|∇ϕ|2

ϕ

+
n(n+ 2)

2y

|∇ϕ|2

ϕ
+

2ab(n+ 2)

n

ϕxϕy
xy

− a(n+ 2)

xy
ϕx −

b(n+ 2)

y2
ϕy.

(3.67)

Subtracting (3.67) from (3.65) we find

∆ϕ

[
∆ϕ− |∇ϕ|2

ϕ

]
− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy >

+
2a

x2
ϕ2x +

2b

y2
ϕ2y −

n

y2
ϕy +

2δa

x
ϕxy +

2δb

y
ϕyy −

2δb

y2
ϕy +

δn

y2

− n+ 2

n

(
∆ϕ− |∇ϕ|2

ϕ

)2

=
a

x

ϕx|∇ϕ|2

ϕ
+
b

y

ϕy|∇ϕ|2

ϕ
− n

2y

|∇ϕ|2

ϕ
− 4ab

n

ϕxϕy
xy

+
2ab

nx2
ϕ2x+

2ab

ny2
ϕ2y+

2a

xy
ϕx

+
(2δ − 1)n

2y2
− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy >

+
2δa

x
ϕxy +

2δb

y
ϕyy +

b(1− 2δ)− a

y2
ϕy. (3.68)
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We now multiply equation (3.66) by γ−1 and add it to (3.68) obtaining

E
def
= ∆ϕ

[
∆ϕ− |∇ϕ|2

ϕ

]
− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy >

+
2a

x2
ϕ2x +

2b

y2
ϕ2y −

n

y2
ϕy +

2δa

x
ϕxy +

2δb

y
ϕyy −

2δb

y2
ϕy +

δn

y2

− n+ 2

n

(
∆ϕ− |∇ϕ|2

ϕ

)2

+ γ−1 (γxF − γyG)

=
a

x

ϕx|∇ϕ|2

ϕ
+
b

y

ϕy|∇ϕ|2

ϕ
− n

2y

|∇ϕ|2

ϕ
− 4ab

n

ϕxϕy
xy

+
2ab

nx2
ϕ2x +

2ab

ny2
ϕ2y

+
2a

xy
ϕx +

(2δ − 1)n

2y2
− 2a

x
< ∇ϕ,∇ϕx > −2b

y
< ∇ϕ,∇ϕy >

+
2δa

x
ϕxy +

2δb

y
ϕyy +

b(1− 2δ)− a

y2
ϕy

+ γ−1

{
2

[
γx < ∇ϕ,∇ϕx > +γy < ∇ϕ,∇ϕy >

]
− 2δ < ∇γ,∇ϕy > − < ∇γ,∇ϕ > |∇ϕ|2

ϕ
+ δγy

|∇ϕ|2

ϕ

}
. (3.69)

At this point we make a suitable choice of the function γ. We let

γ(x, y) = xayb, (3.70)

with which the last term in (3.69) takes the form

γ−1

{
2

[
γx < ∇ϕ,∇ϕx > +γy < ∇ϕ,∇ϕy >

]
− < ∇γ,∇ϕy > − < ∇γ,∇ϕ > |∇ϕ|2

ϕ
+
γy
2

|∇ϕ|2

ϕ

}
=

2a

x
< ∇ϕ,∇ϕx > +

2b

y
< ∇ϕ,∇ϕy > −2δa

x
ϕxy −

2δb

y
ϕyy

− a

x

ϕx|∇ϕ|2

ϕ
− b

y

ϕy|∇ϕ|2

ϕ
+
δb

y

|∇ϕ|2

ϕ
. (3.71)

A substitution of (3.71) in (3.69) gives

E =
2δb− n

2y

|∇ϕ|2

ϕ
+

2ab

nx2
ϕ2x +

2ab

ny2
ϕ2y +

2a

xy
ϕx (3.72)

− 4ab

n

ϕxϕy
xy

+
(2δ − 1)n

2y2
+
b(1− 2δ)− a

y2
ϕy.

We finally choose δ in (3.72) as follows

δ =
n

2b
. (3.73)
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With this choice we obtain from (3.72)

E =
2ab

nx2
ϕ2x +

2ab

ny2
ϕ2y −

4ab

n

ϕxϕy
xy

+
2a

xy
ϕx −

2a

y2
ϕy +

an

2by2

=
2ab

n

(
ϕx
x

− (
ϕy
y

− n

2by
)

)2

. (3.74)

Summarizing, we have proved the following identity.

Theorem 3.4.2. Let ϕ be a positive solution to the equation (3.49) in

Ω = {(x, y) ∈ R2 | x > 0, y > 0}. With h = xaybϕ−(n+1), and F and G as

in (3.50), the following identity holds

(hF )x − (hG)y = h

{[
2 ||∇2ϕ||2 − (∆ϕ)2

]
+

n+ 2

n

(
∆ϕ− |∇ϕ|2

ϕ

)2

+
2ab

n

(
ϕx
x

− (
ϕy
y

− n

2by
)

)2}
.

Before proceeding we note explicitly that thanks to Schwarz’ inequality

the term within square brackets in the right-hand side of the above identity

is non-negative, thus the right-hand side is the sum of three non-negative

terms. Our next step is to use the Kelvin transform to obtain the exact

asymptotic behavior of the function ϕ.

Lemma 3.4.3. Let u ̸≡ 0 be an entire solution to (3.1) in a group of

Iwasawa type G. One has u > 0 in G and u ∈ C∞(G). Suppose in

addition that u is cylindrically symmetric, let Φ = u−4/(Q−2) and denote

by ϕ the symmetric part of Φ as in (3.43). One has for some constant

C = C(G) > 0 and large enough z = (x, y) ∈ Ω

C−1|z|2 ≤ ϕ(z) ≤ C|z|2, |∇ϕ(z)| ≤ C|z|, |∇2ϕ(z)| ≤ C. (3.75)

Proof. The proof is a simple consequence of the properties of the Kelvin

transform in a group of Iwasawa type. Let u* be the Kelvin transform of

u. An easy computation, using (2.12) and (3.46), gives N(g) = 2|z|1/2.
From (3.46) and (2.33) we find also

|η1| =
y1/2

2|z|
, |η2| =

x

16|z|2
. (3.76)

Notice that when z → ∞ we have |η1|, |η2| → 0. Since the Kelvin transform

is an involution, an argument very similar to that in the end of the proof

of Theorem 3.3.1 gives the asymptotic for u in (3.75). In fact, we see that



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

84 Extremals for the Sobolev inequality and the qc Yamabe problem

both u and u* are entire solutions to (3.1) and they have the decay (3.22).

Using (3.46) again we obtain (3.75) for both u and u*. The bounds for the

derivatives follow from the homogeneity of the arguments of

ϕ(x, y) = |z|2ϕ*
(y1/2
2|z|

,
x

16|z|2
)
, (3.77)

where ϕ* =
(
u*
)− 4

Q−2 and from differentiation.

We turn to the proof of Theorem 3.4.1.

Proof. We recall that we are assuming dimV2 = k ≥ 2, so that a ≥ 1,

and therefore h ≡ 0 on ∂Ω. We consider the functions Φ and ϕ as in

Theorem 3.4.2 and Lemma 3.4.3. For every R > 0 set ΩR = Ω ∩ B(0, R),

ΓR = Ω∩∂B(0, R). Integrating the left-hand side of the identity in Theorem

3.4.2 we find

ˆ
ΩR

[(hF )x − (hG)y] dxdy =
1

R

ˆ
ΓR

h [xF − yG] ds. (3.78)

We now use (3.50), (3.51), (3.52) and Lemma 3.4.3 to infer∣∣∣∣ 1R
ˆ
ΓR

h [xF − yG] ds

∣∣∣∣ ≤ C R−n → 0 as R→ ∞. (3.79)

Combining (3.78) with (3.79) and with Theorem 3.4.2, we finally obtain

ˆ
Ω

h

{[
2 ||∇2ϕ||2 − (∆ϕ)2

]
+
n+ 2

n

(
∆ϕ− |∇ϕ|2

ϕ

)2

+
2ab

n

(
ϕx
x

− (
ϕy
y

− n

2by
)

)2}
dxdy = 0.

The latter equation implies

2 ||∇2ϕ||2 = (∆ϕ)2, ∆ϕ− |∇ϕ|2

ϕ
= 0,

ϕx
x

=
ϕy
y

− n

2by
. (3.80)

From the first two equations in (3.80) and from Lemma 3.4.3 we conclude

in a classical fashion (see, e.g., [169] or also [102]) that ϕ must be of the

type

ϕ(x, y) = A2 (x2 + y2) + 2Aαx+ 2Bβy + α2 + β2 (3.81)

for some numbers A,B, α and β, with A2 = B2. On the other hand, the

third equation in (3.80) implies that must be

α = 0 and β =
n

4bB
.
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Recalling that x = |ξ2|, y = |ξ1|2/4 one easily concludes from the above

that

ϕ(|ξ1|, |ξ2|) =
A2

16

[
(
a+ b

bA2
+ |ξ1|2)2 + 16|ξ2|2

]
(3.82)

for some A ̸= 0. Using (3.48) we can rewrite (3.82) as follows

ϕ(|ξ1|, |ξ2|) =
Q− 2

16mϵ2
[(ϵ2 + |ξ1|2)2 + 16|ξ2|2] (3.83)

where ϵ2 = Q−2
mA . Finally, keeping in mind that ϕ = v−4/(Q−2), and that

u = (1/λ)v, with λ given by (3.40), we obtain

u(g) = Cϵ ((ϵ
2 + |x(g)|2)2 + 16|y(g)|2)−(Q−2)/4,

with Cϵ = [m(Q− 2)ϵ2](Q−2)/4. All other cylindrically symmetric solutions

are obtained from this one by left-translation. This completes the proof.

3.5 Solution of the partially symmetric Yamabe problem

We are now ready to prove the main result of this chapter.

Theorem 3.5.1. Let G be a group of Iwasawa type. If U ̸≡ 0 is an entire

solution to (3.1) having partial symmetry, then up to group translations we

must have u = Kϵ, for some ϵ > 0, where Kϵ is the function in Theorem

2.4.1 and u is as in (3.2).

Theorem 3.5.1 is a direct consequence of Theorem 3.3.1 and Theorem 3.4.1.

As a consequence of Theorem 3.5.1 we obtain the following result. In

the sequel we denote by
o

Xps(G) the subset of
o

D 1,2(G) of the functions

having partial symmetry.

Theorem 3.5.2. Let G be a group of Iwasawa type. Consider the restric-

tion to
o

Xps(G) of the embedding of
o

D 1,2(G) into L2Q/(Q−2)(G). For every

u ∈
o

Xps(G) one has(ˆ
G

|u|2
∗
dH(g)

)1/2∗

≤ Sps2

(ˆ
G

|Xu|2 dH(g)

)1/2

,
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with

Sps2 =
1√

m(m+ 2(k − 1))
4

k
m+2k π− m+k

2(m+2k)

(
Γ(m+ k)

Γ
(
m+k
2

) ) 1
m+2k

. (3.84)

An extremal is given by the function

f(g) = γ(m, k)
[
(1 + |x(g)|2)2 + 16|y(g)|2)

]−(Q−2)/4
,

where

γ(m, k) =

[
4k π−(m+k)/2(m+2k) Γ(m+ k)

Γ((m+ k)/2)

](m+2(k−1))/2(m+2k)

.

Any other non-negative extremal is obtained from f by (1.28) and (1.29).

Proof. Let
o

D 1,2
ps (G) denote the subspace of

o

D 1,2(G) of the functions U

such that

U(g) = u(|x(g)|, y(g)),

for some function u : [0,∞)×Rk → R. We start with the observation that

we can restrict our considerations to the non-negative functions in
o

D 1,2
ps (G),

i.e.,

Ips
def
= inf

{ˆ
G

|Xu|2dH : u ∈
o

D 1,2
ps (G), u ≥ 0,

ˆ
G

|u|2
∗
dH = 1

}
, (3.85)

where Ips
def
= (Sps2 )

−2
. This follows from the invariance of the integrals

under left translation, and the fact that if U ∈
o

D 1,2(G), then also |U | ∈
o

D 1,2(G) and |XU | = |X|U || for a.e. g ∈ G. From Theorem 1.5.2 the inf

in (3.85) is achieved. Let v ∈
o

D 1,2
ps (G) be a function for which the inf is

attained, thus

Ips =

ˆ
G

|Xv|2 dH,
ˆ
G

v2
∗
dH = 1.

Writing the Euler-Lagrange equation of the constrained problem (3.85) we

see that v is a positive entire solution of Lv = −Ips v(Q+2)/(Q−2). Let u
def
=

Ips
1

2*−2 v, then u is a positive entire solution of (3.1). Since u ∈
o

D 1,2
ps (G),

Theorem 3.5.1 shows that u, modulo translations in the center, belongs to
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the one-parameter family of positive entire solutions, namely the functions

Kϵ in Theorem 2.4.1. From the definition of u, it is easy to see that

Ips =
(ˆ

G

|Xu|2dH
) 2

Q

.

Since u is a positive entire solution of (3.1) we have
´
G

|Xu|2 dH(g) =´
G
u2

∗
dH(g), which shows that Ips = ∥u∥2*−2

L2*(G). Note that Kϵ = δ1/ϵK,

where we have letK = K1, and an easy computation gives ∥δ1/ϵK∥L2*(G) =

∥K∥L2*(G). As already remarked, all considered integrals are invariant

under the translations (1.28) as well. From the above considerations we

infer

Ips =

[
(m(Q− 2))Q/2

ˆ
G

1

[(1 + |x(g)|2)2 + 16|y(g)|2)]Q/2
dH(g)

]2/Q
.

(3.86)

To obtain the best constant S2 at this point we are left with the computation

of the integral in the right-hand side of (3.86). If U(g) = u(|x(g)|, |y(g)|) ∈
L1(G) is a function with cylindrical symmetry on G we haveˆ

G

U(g)dH(g) =

ˆ
Rm×Rk

u(|x|, |y|)dxdy. (3.87)

Using (3.87) we find

ˆ
G

1

[(1 + |x(g)|2)2 + 16|y(g)|2)]Q/2
dH(g)

=

ˆ
Rm×Rk

dxdy

[(1 + |x|2)2 + 16|y|2)]Q/2

= 4−k
ˆ
Rm

dx

(1 + |x|2)Q−k

ˆ
Rk

dy

(1 + |y|2)Q/2
. (3.88)

Consider now the integralˆ
Rn

dt

(1 + |t|2)a
=
σn
2
B
(n
2
, a−

n

2

)
, a >

n

2
, (3.89)

where σn denotes the (n − 1)-dimensional measure of the Euclidean unit

sphere in Rn, and B(x, y) is the Beta function. Recalling the two formulas

for the area of the unit sphere and the beta function

σn =
2πn/2

Γ(n/2)
and B(x, y) =

Γ(x) Γ(y)

Γ(x+ y)
,
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where Γ indicates Euler’s Gamma function, we conclude from (3.89)ˆ
Rn

dt

(1 + |t|2)a
= πn/2

Γ(a− n
2 )

Γ(a)
. (3.90)

Using (3.90) in (3.88), and recalling that Q = m+ 2k, we finally obtainˆ
G

1

[(1 + |x(g)|2)2 + 16|y(g)|2)]Q/2
dH(g) = 4−kπ(m+k)/2 Γ(m+k

2 )

Γ(m+ k)
.

(3.91)

Substitution of (3.91) into (3.86) gives

I = m(Q− 2)
(
4−k π(m+k)/2 Γ(m+k

2 )

Γ(m+ k)

)2/Q
.

Therefore,

Sps2 =
1√

m(m+ 2(k − 1))
4

k
m+2k π− m+k

2m+4k

(
Γ(m+ k)

Γ(m+k
2 )

) 1
m+2k

. (3.92)

This completes the proof of Theorem 3.5.2.

We note explicitly that the above precise value of the best constant is valid

under the assumption that the horizontal gradient is taken with respect to

an orthonormal basis X1, . . . , Xm of the first layer for which the group is

of H-type, cf. (2.10) and the paragraph above it.

Remark 3.5.3. There is the conjecture made after [[75], Theorem 1.1] that

Sps2 = S2. This is confirmed in all but the octonian case due to the results

of G. Talenti [159] and Th. Aubin [14] and [16], D. Jerison and J. Lee [103]

- see also [70], and [96] - see Theorem 6.1.1 and Remark 6.7.5.

3.6 Applications. Euclidean Hardy-Sobolev inequalities

The goal of this section is to determine the best constant in a Hardy-Sobolev

embedding theorem involving the distance to a subspace of Rn.
Let n ≥ 3 and 2 ≤ k ≤ n. For a point z in Rm = Rk × Rn−k we shall

write z = (x, y), where x ∈ Rk and y ∈ Rn−k. The following Hardy-Sobolev

inequality was proven in Theorem 2.1 of [18].

Theorem 3.6.1 ([18]). Let n ≥ 3, 2 ≤ k ≤ n, and p, s be real numbers

satisfying 1 < p < n, 0 ≤ s ≤ p, and s < k. There exists a positive constant

Sp,s = S(s, p, n, k) such that for all u ∈ D1, p (Rm) we have(ˆ
Rm

|u|
p(n−s)
n−p

|x|s
dz
) n−p

p(n−s) ≤ Sp,s

( ˆ
Rm

|∇u|p dz
) 1

p

. (3.93)



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

Symmetries of solutions 89

When k = n the above inequality becomes the Caffarelli-Kohn-Nirenberg

inequality, see [34], for which the optimal constant Sp,s was found in [77].

The case p = 2 was considered earlier in [134] and [81]. When p = 2 and

k = n the sharp constant was computed in [81].

The main result of this section is the proof of the following theorem in

which we find the extremals and the best constant in (3.93) when p = 2,

s = 1 and 2 ≤ k ≤ n in Theorem 3.6.1.

Theorem 3.6.2. Suppose n ≥ 3 and 2 ≤ k ≤ n. There exists a positive

constant K = Kn,k,2 such that for all u ∈ D1, 2 (Rm) we have

( ˆ
Rn−k

ˆ
Rk

|u|
2(n−1)
n−2

|x|
dxdy

) n−2
2(n−1) ≤ K

( ˆ
Rm

|∇u|2 dz
) 1

2

. (3.94)

Furthermore, K is given in (3.105) and the positive extremals are the func-

tions

v = λ−(n−2)
( 4

(n− 2)2

)−n−2
2

K−(n−1)
(
(|x|+ n− 2

4aλ2
)2 + |y − yo|2

)−n−2
2

,

(3.95)

where λ > 0, yo ∈ Rn−k.

In [127] the authors obtain independently the above theorem proving iden-

tities following the lines of [75]. In the proof below, [167], we show the

result as a direct consequence of Theorem 3.4.1 by relating extremals on

the Heisenberg groups to extremals in the Euclidean setting.

3.6.1 A non-linear equation in Rn related to the Yamabe

equation on groups of Heisenberg type

Suppose a and b are two natural numbers, λ > 0, and for x, y ∈ R+ =

(0,+∞), define the function

ϕ = λ2
[
(x+ α)2 + (y + β)2

]
,

where α, β ∈ R.

Proposition 3.6.3. The function ϕ satisfies the following equation in the

plane

∆ϕ − a+ b+ 2

2

|∇ϕ|2

ϕ
+
a

x
ϕx+

b

y
ϕy =

2aλ2α

x
+
2bλ2β

y
, xy ̸= 0. (3.96)
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Proof. Set ξ = λ(x+ α), η = λ(y + β) and define ϕ̃(ξ, η) = ϕ(x, y). From
∂
∂x = λ ∂

∂ξ and ∂
∂y = λ ∂

∂η we have

Σ
def
= ∆ϕ − a+ b+ 2

2

|∇ϕ|2

ϕ
+
a

x
ϕx +

b

y
ϕy

= λ△ϕ̃ − a+ b+ 2

2
λ2

|∇ϕ̃|2

ϕ̃
+

aλ

x
ϕ̃ξ +

bλ

y
ϕ̃η.

Since ϕ̃ = ξ2 + η2 we have

Σ = 4λ2 − n+ 2

2
λ2

4(ξ2 + η2)

ξ2 + η2
+
a

x
2λξ +

b

y
2λη

= −2nλ2 + 2aλ2 + 2bλ2 +
2aλ2α

x
+

2bλ2β

y
.

Hence, taking into account a+ b = n, we proved Σ = 2aλ2α
x + 2bλ2β

y .

Noting that ∆ϕ+ a
x ϕx +

b
y ϕy is the Laplacian in Rn ≡ Ra+1 × Rb+1,

n = a+b+2, acting on functions with cylindrical symmetry, i.e., depending

on |x| and |y| only, we are lead to the following question. Given two real

numbers po and qo find all positive solutions of the equation

∆u − n

2

|∇u|2

u
=

po
|x|

+
qo
|y|

, (x,y) ∈ Rn ≡ Ra+1 × Rb+1,

which have at most a quadratic growth condition at infinity, u ≤ C(|x|2+
|y|2).

As usual a simple transformation allows to remove the appearance of

the gradient in the above equation. For a function F we have ∆F (u) =

F ′′(u)|∇u|2 + F ′(u)∆u and thus

∆uτ = τ(τ − 1)uτ−2|∇u|2 + τuτ−1∆u =
τ

2
uτ−2(2u∆u+ 2(τ − 1)|∇u|2).

Therefore we choose τ such that 2(τ − 1) = −n, i.e., τ = 2−n
2 and then

rewrite the equation for u as

∆u
2−n
2 =

2− n

2
u

2−n
2 −2(2u∆u− n|∇u|2) = − (n− 2)

2
u

2−n
2 −1

( po
|x|

+
qo
|y|

)
.

This is the equation which we will study. As a consequence of the above

calculations we can write a three parameter family of explicit solutions.

Proposition 3.6.4. Let λ > 0. The function v(x,y) defined in Rn ≡
Ra+1 × Rb+1 by the formula

v(x,y) = λ2−n( (|x|+α)2+(|y|+β)2 )
2−n
2 , (x,y) ∈ Rn ≡ Ra+1×Rb+1,

(3.97)
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satisfies the equation

∆v = −v
n

n−2

( p

|x|
+

q

|y|

)
, (3.98)

where

p = α (n− 2)λ2 a, q = β (n− 2)λ2 b. (3.99)

Let us observe that the above equation is invariant under rotations in

the x or y variables. Also if v is a solution then a simple calculations

shows that for any t ̸= 0 the function vt(x,y) = t(n−2)/2 v(tx, ty) is also a

solution.

Another observation is that the same principle works if we split Rn in

more than two subspaces. For example, if we take three subspaces we can

consider the equation

∆v = v
n

n−2 f(|x|, |y|, |z|), f(x,y,z) =
p

|x|
+

q

|y|
+

r

|z|
and ask the question of finding all positive solutions with the same behavior

at infinity as the fundamental solution. Clearly the function

v = λ2−n( (|x|+ α)2 + (|y|+ β)2 + (|z|+ γ)2 )
2−n
2 ,

with the obvious choice of α, β and γ is a solution.

3.6.2 The best constant and extremals of the Hardy-Sobolev

inequality

In this Section we give the proof of Theorem 3.6.2. By Theorems 2.1 and

2.5 of [18] there is a constant K for which (3.94) holds and this constant

is achieved, i.e., the equality is achieved. A non-negative extremal u of

the naturally associated variational problem inf
´
Rm |∇u|2 dz subject to the

constraint
ˆ
Rn−k

ˆ
Rk

|u|
2(n−1)
n−2

|x|
dxdy = 1 (3.100)

satisfies the Euler-Lagrange equation

△u = − Λ

|x|
u

n
n−2 , u ∈ D1,2 (Rm), (3.101)

where Λ = K
2(n−1)
n−2 . It can be seen [167] and [127] that u is a C∞ function

on |x| ̸= 0. Furthermore, ∇u ∈ L∞
loc(Rn) and u is C∞ smooth in the y

variables. In particular u ∈ C0,α
loc (Rn) for any 0 < α < 1.
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It was proven in [150] that there are extremals with cylindrical symme-

try, i.e., functions depending only on |x| and |y| for which the inequality

becomes equality. On the other hand, it was shown in [129] that all ex-

tremals of inequality (3.93) when p = 2 have cylindrical symmetry after a

suitable translation in the y variable, see also [41] and [124] for some re-

lated results. Thus, if u ∈
o

D 1,2(Rn) is a function for which equality holds

in (3.93) then

i) for any y ∈ Rn−k the function u(., y) is a radially symmetric decreasing

function in Rk;
ii) there exists a yo ∈ Rn−k such that for all x ∈ Rk the function u(x, .+yo)

is a radially symmetric decreasing function on Rn−k.

Thus, by performing a translation if necessary, we can assume that u has

cylindrical symmetry. Introducing ρ = |x|, r = |y| we have that u is a

function of ρ and r. We define U(ρ, r) = u by restricting u to two lines

through the origin-one in Rk, the other in Rn−k. From the regularity of u it

follows that U is a smooth function of r for any fixed ρ. For any fixed r it is

a smooth function of ρ when ρ ̸= 0, and Lipschitz for any ρ. Furthermore,

in the first quadrant ρ > 0, r > 0 of the ρ r-plane it satisfies the equation

∆U = −Λ

ρ
U

n
n−2 . (3.102)

Using the equation and the smoothness of U in r it is not hard to see that

U has bounded first and second order derivatives on ( (0, 1) × (0, 1) ), cf.

Lemma 3.6.5.

Let ϕ(ρ, r) = U− 2
n−2 . The calculations of Section 3.6.1 show that ϕ

satisfies the following equation in the plane

∆ϕ − n

2

|∇ϕ|2

ϕ
+
a

ρ
ϕρ +

b

r
ϕr −

2Λ

n− 2

1

ρ
= 0, (3.103)

where a = k − 1, b = n− k − 1. Let µ > 0 and consider ϕ̃ = µ−1ϕ. Clearly

ϕ̃ is a solution of

∆ϕ̃− n

2

|∇ϕ̃|2

ϕ̃
+
a

ρ
ϕ̃ρ +

b

r
ϕ̃r −

2Λ

µ(n− 2)

1

ρ
= 0.

Let us choose µ such that 2Λ
µ(n−2) =

n−2
2 , i.e., µ = 4Λ

(n−2)2 . With this choice

of µ we see that ϕ̃ satisfies equation (3.49). Moreover, a small argument

using the homogeneity of the Kelvin transform shows it satisfies the asymp-

totic behavior (3.75), except the inequality for the derivatives hold only on

|x| ̸= 0. We can apply the divergence formula (3.78) by noticing that the
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integrals on the ρ and r axes vanish as U has bounded first and second or-

der derivatives in the punctured neighborhood of any point from the closed

first quadrant, a fact which we observed above. Hence (3.81) after setting

|A| = λ gives ϕ̃ = λ2
[
(r + n−2

4aλ2 )
2 + s2

]
. Recalling that ϕ = µ ϕ̃ and the

value of µ we come to

ϕ = λ2
4Λ

(n− 2)2
[
(r +

n− 2

4aλ2
)2 + s2

]
.

This shows that v must equal

v = λ−(n−2)
( 4

(n− 2)2

)−n−2
2

Λ−n−2
2

[
(|x|+ n− 2

4aλ2
)2 + |y|2

]−n−2
2

= λ−(n−2)
(n− 2

2

)n−2

K−(n−1)
[
(|x|+ n− 2

4aλ2
)2 + |y|2

]−n−2
2

.

The value of K is determined by (3.100) after fixing λ arbitrarily, say

λ = 1, since the value of the integral in (3.100) is independent of λ. With

this goal in mind we set p = n−2
4a and note the identity

1 =

ˆ
Rn−k

ˆ
Rk

1

|x|

[(n− 2

2

)n−2 1

Kn−1

1[
(|x|+ p)2 + |y|2

]n−2
2

] 2(n−1)
n−2

dxdy

=
1

K
2(n−1)2

n−2

(n− 2

2

)2(n−1)
ˆ
Rn−k

ˆ
Rk

1

|x|
1[

(|x|+ p)2 + |y|2
]n−1 dxdy.

(3.104)

Let a = |x|+ p. Then we compute

ˆ
Rn−k

1

(a2 + |y|2)n−1
dy =

1

an+k−2

ˆ
Rn−k

1

(1 + |y|2)n−1
dy

=
σn−k

2an+k−2
B(

n− k

2
,
n+ k

2
− 1),

where σn−k is the volume of the unit n−k dimensional sphere and B(., .) is

the beta function. On the other hand, after a simple computation we find

ˆ
Rk

1

|x|(|x|+ p)n+k−2
dx =

σk
pn+k+1

ˆ ∞

0

rk−2

(r + 1)n+k−2
dr

=
σk

pn+k+1
B(k − 1, n− 1).
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A substitution in (3.104) come to

K
2(n−1)2

n−2

=
(n− 2

2

)2(n−1) σn−k

2
B(

n− k

2
,
n+ k

2
− 1)

σk

pn+k+1
B(k − 1, n+ k − 1)

= 22k+3(n− 2)n−k−3(k − 1)n+k+1σn−kσkB(
n− k

2
,
n+ k

2
− 1)B(k − 1, n− 1).

(3.105)

The proof of Theorem 3.6.2 is complete taking into account the allowed

translations in the y variable.

In the above proof we used the following simple ODE lemma, which can

be proved by integrating the equation.

Lemma 3.6.5. Suppose f is a smooth function on R \ {0}, which is also

locally Lipschitz on R, i.e., on any compact interval there is a constant

L, such that, |f(t′) − f(t′′)| ≤ L |t′ − t′′| for any two points t′, t′′ on this

interval. If f satisfies the equation

f ′′ +
k

t
f ′ =

a

t
+ b, t > 0,

where k is a constant k > 1 and a, b are L∞
loc functions, then f has bounded

first and second order derivatives near the origin.
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Chapter 4

Quaternionic contact manifolds -
Connection, curvature and

qc-Einstein structures

4.1 Introduction

Quaternionic contact structures (qc structures for short), [24; 25], are cen-

tral for the second part of the book. Such a structure appears naturally

as the conformal boundary at infinity of the quaternionic hyperbolic space,

see also [136; 83; 64]. Given a qc structure there is a distinguished linear

connection [24], called the Biquard connection, which plays a role similar

to the Tanaka-Webster connection [169] and [160] in the CR case.

The goal of this Chapter is to define, give examples, and prove some

fundamental properties of manifolds equipped with a qc structure.

In Section 4.2 we give a detailed derivation of the construction and

properties of the Biquard connection studying its torsion. We describe in

detail the structure of the horizontal torsion endomorphism of the Biquard

connection showing that this is the obstruction a qc structure to be locally

isomorphic to (positive or negative) 3-Sasakian structure. We derive local

structure equations of a qc-manifold using the basic objects of the structure

- the contact forms, the corresponding Reeb vector fields and the horizontal

torsion endomorphism. In Section 4.3 we continue with a study of the

corresponding qc-Ricci tensor and qc-scalar curvature, defined in (4.63).

With the help of the Bianchi’s identities we derive fundamental properties

and formulas for the qc curvature, qc-Ricci tensor and the connection 1-

forms. In particular, we shall see that the two components of the horizontal

torsion endomorphism and the qc-scalar curvature determine completely

the curvature of the Biquard connection in vertical directions as well as

the traceless part of the qc-Ricci tensor. In Section 4.3.4 we introduce

the quaternionic Heisenberg group as the flat model of a qc structure in

addition to some other noteworthy examples.

97
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In the subsequent Section 4.4 we present an in-depth study of qc-

Einstein structures, introduced in [94]. These special qc structures turn

out to be not only of crucial importance when studying the Yamabe equa-

tion, but also a direct link to the extensively studied 3-Sasakian structures.

We shall find the local structure equations of a qc-Einstein manifold and

show the (local) equivalence with a 3-Sasakian manifold by considering

cones over qc structures, Theorems 4.4.3 and 4.4.4.

Convention 4.1.1. Everywhere in Part 2 of the book we use the following

conventions:

a) X,Y, Z, U denote horizontal vector fields, X,Y, Z, U ∈ H;

b) A,B,C,D stand for arbitrary vector fields, A,B,C,D ∈ Γ(TM);

c) {e1, . . . , e4n} denotes an orthonormal basis of the horizontal space H;

d) The summation convention over repeated vectors from the basis

{e1, . . . , e4n} will be used. For example, for a (0,4)-tensor P , the formula

k = P (eb, ea, ea, eb) means k =
∑4n
a,b=1 P (eb, ea, ea, eb);

e) The triple (i, j, k) denotes any cyclic permutation of (1, 2, 3). In partic-

ular, any equation involving i, j, k holds for any such permutation.

f) s and t will be any numbers from the set {1, 2, 3}, s, t ∈ {1, 2, 3}.

4.2 Quaternionic contact structures and the Biquard con-

nection

The notion of Quaternionic Contact Structure has been introduced by

O. Biquard in [24] and [25]. Namely, a quaternionic contact structure

(qc structure for short) on a (4n+ 3)-dimensional smooth manifold M is a

codimension 3 distribution H, such that, at each point p ∈ M the nilpo-

tent step two Lie algebra Hp⊕ (TpM/Hp) is isomorphic to the quaternionic

Heisenberg algebra Hn ⊕ Im H. The nilpotent Lie algebra structures on

Hp ⊕ (TpM/Hp) is defined by

[V1, V2] =

{
πTpM/Hp

[Ṽ1, Ṽ2], if V1, V1 ∈ Hp

0, otherwise,

where Ṽ1, Ṽ2 are two vector fields, such that, Ṽj(p) = Vj , j = 1, 2. The

quaternionic Heisenberg algebra structure on Hn ⊕ Im H is obtained by

the identification of Hn⊕ Im H with the algebra of the left invariant vector

fields on the quaternionic Heisenberg group, see Section 4.3.4. In particular,

the Lie bracket is given by the formula [(qo, ωo), (q, ω)] = 2 Im qo · q̄, where
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q = (q1, q2, . . . , qn), qo = (q1o , q
2
o , . . . , q

n
o ) ∈ Hn and ω, ωo ∈ Im H with

qo · q̄ =
∑n
α=1 q

α
o · qα, see Section 4.3.4 for notations concerning the qc

groupG(H). It is important to observe that ifM has a quaternionic contact

structure as above then the definition implies that the distribution H and

its commutators generate the tangent space at every point. A manifold M

with a structure as above will be called also quaternionic contact manifold

(qc manifold) and denoted by (M, [g],Q).

The following is another, more explicit, definition of a quaternionic con-

tact structure.

Definition 4.2.1. [24] A quaternionic contact (qc) manifold (M, [g],Q) is

a 4n+3-dimensional manifold M with a codimension three distribution H

such that

i) H has an conformal Sp(n)Sp(1) structure, that is, it is equipped

with a conformal class of Riemannian metrics [g] and a rank-

three bundle Q consisting of (1,1)-tensors on H locally gener-

ated by three almost complex structures I1, I2, I3 on H satisfying

the identities of the imaginary unit quaternions, I1I2 = −I2I1 =

I3, I1I2I3 = −id|H which are hermitian compatible with any met-

ric g ∈ [g], g(Is., Is.) = g(., .).

ii) H is locally given as the kernel of a 1-form η = (η1, η2, η3) with

values in R3 and the following compatibility condition holds

2g(IsX,Y ) = dηs(X,Y ), g ∈ [g]. (4.1)

The fundamental 2-forms ωs are defined by

2ωs|H = dηs|H , ξyωs = 0, ξ ∈ V, (4.2)

where V is defined in (4.7). Given a qc structure we have a 2-sphere bundle

Q over M of almost complex structures on H, such that, locally Q =

{aI1 + bI2 + cI3 : a2 + b2 + c2 = 1}.
If in some local chart η̄ is another form, with corresponding ḡ ∈ [g] and

almost complex structures Īs, then η̄ = µΨ η for some Ψ ∈ SO(3) and

a positive function µ. Typical examples of manifolds with qc structures

are totally umbilical hypersurfaces in quaternionic Kähler or hyperkähler

manifold.

It is instructive to consider the case when there is a globally defined one-

form η. The obstruction to the global existence of η is encoded in the first

Pontrjagin class [4]. Besides clarifying the notion of a qc manifold, most

of the time, for example when considering the Yamabe equation, we shall

work with a qc structure for which we have a fixed globally defined contact
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form. In this case, if we rotate the R3-valued contact form and the almost

complex structures by the same rotation we obtain again a contact form,

almost complex structures and a metric on H (the latter is unchanged)

satisfying the above conditions. On the other hand, it is important to

observe that given a contact form the almost complex structures and the

horizontal metric are unique if they exist. Finally, if we are given the

horizontal bundle and a metric on it, there exists at most one sphere of

associated contact forms with a corresponding sphere Q of almost complex

structures [24]. This is the content of the next Lemma.

Lemma 4.2.2. [24] Let (M, [g],Q) be a qc manifold. Then:

a) If (η, Is, g) and (η, I ′s, g
′) are two qc structures on M , then Is = I ′s and

g = g′.

b) If (η, g) and (η
′
, g) are two qc structures onM with Ker(η) = Ker(η

′
) =

H then Q = Q
′
and η

′
= Ψ η for some matrix Ψ ∈ SO(3) with smooth

functions as entries.

Proof. Let g, dη1|H , dη2|H , dη3|H , I1, I2, I3 be given by the matrices

G,N1, N2, N3, J1, J2, J3, respectively. From (4.1) it follows 2GJs = Ns and

Jk = JiJj = −J−1
i G−1GJj = −(GJi)

−1(GJj) = −N−1
i Nj ,which proofs a).

The condition Ker(η) = Ker(η
′
) = H implies that η

′

s =
∑3
t=1 Ψst ηt

for some matrix Ψst ∈ GL(3). Applying the exterior derivative, we find

dη
′

s =
∑3
t=1(dΨst ∧ ηt + Ψst dηt) which restricted to H gives g(IsX,Y ) =∑3

t=1 Ψstg(ItX,Y ). Equivalently, Is =
∑3
t=1 ΨstIt. Hence, Ψst ∈ SO(3).

Besides the non-uniqueness due to the action of SO(3), the 1-form η

can be changed by a conformal factor, in the sense that if η is a form for

which we can find associated almost complex structures and metric g as

above, then for any Ψ ∈ SO(3) and a positive function µ, the form µΨ η

also has an associated complex structures and metric. In particular, when

µ = 1 we obtain a whole unit sphere of contact forms, and we shall denote,

as already mentioned, by Q the corresponding sphere bundle of associated

triples of almost complex structures. With the above consideration in mind

we introduce the following notation.

Notation 4.2.3. We shall denote with (M,η) a qc manifold with a fixed

globally defined contact form. (M, g,Q) will denote a qc manifold with a

fixed metric g and a quaternionic bundleQ onH. In this case we have in fact
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a Sp(n)Sp(1) structure on the horizontal distribution H. Correspondingly,

we shall denote with η any (locally defined) associated contact form.

We recall the definition of the Lie groups Sp(n), Sp(1) and Sp(n)Sp(1).

Let us identify Hn = R4n and let H acts on Hn by right multi-

plications, λ(q)(W ) = W · q−1. This defines a homomorphism λ :

{unit quaternions} −→ SO(4n) with the convention that SO(4n) acts on

R4n on the left. The image is the Lie group Sp(1). Let λ(i) = I0, λ(j) =

J0, λ(k) = K0. The Lie algebra of Sp(1) is sp(1) = span{I0, J0,K0}. The
group Sp(n) is Sp(n) = {O ∈ SO(4n) : OB = BO for all B ∈ Sp(1)}
or Sp(n) = {O ∈ GL(n,H) : O Ōt = I}, and O ∈ Sp(n) acts by

(q1, q2, . . . , qn)t 7→ O (q1, q2, . . . , qn)t. Denote by Sp(n)Sp(1) the product

of the two groups in SO(4n). Abstractly, Sp(n)Sp(1) = (Sp(n)×Sp(1))/Z2.

The Lie algebra of the group Sp(n)Sp(1) is sp(n)⊕ sp(1).

Any endomorphism Ψ of H can be decomposed with respect to the

quaternionic structure (Q, g) uniquely into four Sp(n)-invariant parts Ψ =

Ψ+++ +Ψ+−− +Ψ−+− +Ψ−−+, where Ψ+++ commutes with all three Ii,

Ψ+−− commutes with I1 and anti-commutes with the others two and etc.

Explicitly,

4Ψ+++ = Ψ− I1ΨI1 − I2ΨI2 − I3ΨI3,

4Ψ+−− = Ψ− I1ΨI1 + I2ΨI2 + I3ΨI3,

4Ψ−+− = Ψ+ I1ΨI1 − I2ΨI2 + I3ΨI3,

4Ψ−−+ = Ψ+ I1ΨI1 + I2ΨI2 − I3ΨI3.

(4.3)

The two Sp(n)Sp(1)-invariant components are given by

Ψ[3] = Ψ+++, Ψ[−1] = Ψ+−− +Ψ−+− +Ψ−−+

with the following characterising conditions

Ψ = Ψ[3] ⇐⇒ 3Ψ + I1ΨI1 + I2ΨI2 + I3ΨI3 = 0,

Ψ = Ψ[−1] ⇐⇒ Ψ− I1ΨI1 − I2ΨI2 − I3ΨI3 = 0.
(4.4)

Denoting the corresponding (0,2) tensor via g by the same letter one

sees that the Sp(n)Sp(1)-invariant components are the projections on the

eigenspaces of the Casimir operator

† = I1 ⊗ I1 + I2 ⊗ I2 + I3 ⊗ I3 (4.5)

corresponding, respectively, to the eigenvalues 3 and −1, see [39]. If n = 1

then the space of symmetric endomorphisms commuting with all Is is 1-

dimensional, i.e. the [3]-component of any symmetric endomorphism Ψ on
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H is proportional to the identity, Ψ3 = |Ψ|2
4 Id|H . Note here that each of the

three 2-forms ωs belongs to its [−1]-component, ωs = ωs[−1] and constitute

a basis of the lie algebra sp(1).

Consider the orthogonal complement (sp(n)⊕sp(1))⊥ ⊂ so(4n) of the lie

algebra (sp(n)⊕sp(1)) ⊂ so(4n) with respect to the standard inner product

<,> on so(4n) coming from the standard inner product in the lie algebra

gl(4n) of the general linear group defined by < A,B > = tr(B∗A) =

< A(ea), B(ea) >, A,B ∈ gl(4n). It is known that a skew-symmetric

endomorphism A ∈ so(4n) considered as an element of the orthogonal lie

algebra so(4n) belongs to the orthogonal complement (sp(n) ⊕ sp(1))⊥ ⊂
so(4n) if and only if A coincides with the completely trace-free part of its

[−1]-component. More precisely, we have

A ∈ (sp(n)⊕ sp(1))⊥ ⇐⇒ A = A[−1] −Asp(1), (4.6)

where Asp(1) denotes the orthogonal projection of A onto sp(1) given by

4nAsp(1) =
∑3
s=1A(ea, Isea)ωs.

There exists a canonical connection compatible with a given quater-

nionic contact structure. This connection was discovered by O. Biquard

[24] when the dimension (4n + 3) > 7 and by D. Duchemin [61] in the

7-dimensional case. The next result due to O. Biquard is crucial in the

quaternionic contact geometry.

Theorem 4.2.4. [24] Let (M, g,Q) be a quaternionic contact manifold of

dimension 4n+3 > 7 and a fixed metric g on H in the conformal class [g].

Then there exists a unique connection ∇ with torsion T on M4n+3 and a

unique supplementary subspace V to H in TM , such that:

i) ∇ preserves the decomposition H ⊕ V and the metric g;

ii) for X,Y ∈ H, one has T (X,Y ) = −[X,Y ]|V ;

iii) ∇ preserves the Sp(n)Sp(1)-structure on H, i.e., ∇g = 0 and ∇σ ∈
Γ(Q) for a section σ ∈ Γ(Q;

iv) for ξ ∈ V , the torsion endomorphism T (ξ, .)|H of H lies in (sp(n) ⊕
sp(1))⊥ ⊂ gl(4n);

v) the connection on V is induced by the natural identification φ of V

with the subspace sp(1) of the endomorphisms of H, i.e. ∇φ = 0.

We shall call the above connection the Biquard connection. Biquard [24]

also described the supplementary subspace V explicitly, namely, locally V

is generated by vector fields {ξ1, ξ2, ξ3}, such that

ηs(ξt) = δst, (ξsydηs)|H = 0,

(ξsydηt)|H = −(ξtydηs)|H .
(4.7)
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The vector fields ξ1, ξ2, ξ3 are called Reeb vector fields or fundamental vec-

tor fields.

If the dimension of M is seven, the conditions (4.7) do not always hold.

Duchemin shows in [61] that if we assume, in addition, the existence of

Reeb vector fields as in (4.7), then Theorem 4.2.4 holds. Henceforth, by a

quaternionic contact (qc) structure in dimension 7 we shall always mean a

qc structure satisfying (4.7).

Notice that equations (4.7) are invariant under the natural SO(3) action.

Using the Reeb vector fields we extend g to a metric on M by requiring

span{ξ1, ξ2, ξ3} = V ⊥ H and g(ξs, ξk) = δsk. (4.8)

The extended metric does not depend on the action of SO(3) on V , but

it changes in an obvious manner if η is multiplied by a conformal factor.

Clearly, the Biquard connection preserves the extended metric on TM ,

∇g = 0. We shall also extend the quternionic structure by setting Is|V = 0.

We state and prove the Biquard theorem in a slightly different way.

First recall that the torsion tensor T of a linear connection ∇ is defined by

T (A,B) = ∇AB −∇BA− [A,B].

We denote the torsion tensor of type (3,0) by the same letter,

T (A,B,C) = g(T (A,B), C) = g(∇AB −∇BA− [A,B], C). (4.9)

Theorem 4.2.5. Let (M, g,Q) be a quaternionic contact manifold of di-

mension 4n + 3 and a fixed metric g on H in the conformal class [g].

Suppose the Reeb vector fields do exists also if the dimension is seven and

denote with V = span{ξ1, ξ2, ξ3} the vertical space to H. Then there exists

a unique connection ∇ on M with torsion T preserving the extendet metric

g, ∇g = 0 satisfying the following conditions

∇Ii = −αj ⊗ Ik + αk ⊗ Ij ; ∇ξi = −αj ⊗ ξk + αk ⊗ ξj ; (4.10)

T (X,Y ) = −[X,Y ]|V = 2
3∑
s=1

ωs(X,Y )ξs; (4.11)

T (ξ,X, ξs) = 0 ⇐⇒ T (ξ,X) = ∇ξX − [ξ,X]|H , ξ ∈ V, (4.12)

where αs are 1-forms on M .

The skew-symmetric part S(ξ,X, Y ) of T (ξ,X, Y ) on H lies in (sp(n) ⊕
sp(1))⊥ ⊂ so(4n),

S(ξ,X, Y ) =
1

2
(T (ξ,X, Y )− T (ξ, Y,X)) ∈ (sp(n)⊕ sp(1))⊥. (4.13)
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Proof. Since the connection∇ preserves the extended metric it is sufficient

to determine the torsion in terms of the data supplied by the quaternionic

contact structure and the Reeb vector fields. The difference between the

Levi-Civita connection ∇g of the extended metric g and ∇ is given by the

well known formula

g(∇AB,C)− g(∇g
AB,C) =

1

2

(
T (A,B,C)− T (B,C,A) + T (C,A,B)

)
. (4.14)

The equations in (4.10) imply that ∇ preserves the distribution H. The

latter follows from the identities

0 = Ag(ξs, X) = g(∇Aξs, X) + g(ξs,∇AX) = g(ξs,∇AX).

From (4.10) we calculate

dηi(A,B) = (−αj ∧ ηk + αk ∧ ηj)(A,B) + T (A,B, ξi). (4.15)

Set A = ξj , B = Y into (4.15) and apply (4.12) to get (see also [24])

dηi(ξj , Y ) = −αk(Y ) = −dηj(ξi, Y ). (4.16)

Similarly, we obtain from (4.15) the following identities

dηi(ξi, ξj) = αk(ξi) + T (ξi, ξj , ξi),

dηi(ξi, ξk) = −αj(ξi) + T (ξi, ξk, ξi),
(4.17)

dηi(ξj , ξk) = −αj(ξj)− αk(ξk) + T (ξj , ξk, ξi). (4.18)

Take a cyclic permutation of i, j, k in (4.18), summing the second and the

third and subtracting the first, we have

2αi(ξi) = dηi(ξj , ξk)− dηj(ξk, ξi)− dηk(ξi, ξj)

+ T (ξi, ξj , ξk) + T (ξk, ξi, ξj)− T (ξj , ξk, ξi). (4.19)

Decomposing the torsion endomorphism into symmetric part T 0 and

skew-symmetric part S we write

T (ξs, X, Y ) = T 0(ξs, X, Y ) + S(ξs, X, Y ), (4.20)

where T 0(ξs, X, Y ) = 1
2 (T (ξs,X, Y )+T (ξs, Y,X)) and S is determined with

(4.13).
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The Lie derivatives Lξg,Lξtωs,LξsIt can be expressed in terms of the

torsion. Applying (4.1), (4.10) and (4.9), we calculate

g((LξsIi)X,Y ) = g([ξs, IiX], Y )− g(Ii[ξs, X], Y )

= g(∇ξsIiX −∇IiXξs − T (ξs, IiX), Y )

− g(Ii∇ξsX − Ii∇Xξs − IiT (ξs, X), Y )

= g((∇ξsIi)X,Y )− T (ξs, IiX,Y )− T (ξs, X, IiY ) = −αj(ξs)ωk(X,Y )

+ αk(ξs)ωj(X,Y )− T (ξs, IiX,Y )− T (ξs, X, IiY ). (4.21)

In a similar way, we get

(Lξjωi)(X,Y ) = ξjg(IiX,Y )− g(Ii[ξj , X], Y )− g(IiX, [ξj , Y ])

= g((∇ξjIi)X,Y )− T (ξj , X, IiY ) + T (ξj , Y, IiX) = −αj(ξj)ωk(X,Y )

+ αk(ξj)ωj(X,Y )− T (ξj , X, IiY ) + T (ξj , Y, IiX). (4.22)

(Lξiωj)(X,Y ) = −αk(ξi)ωi(X,Y ) + αi(ξi)ωk(X,Y )

− T (ξi, X, IjY ) + T (ξi, Y, IjX), (4.23)

(Lξiωi)(X,Y ) = −αj(ξi)ωk(X,Y ) + αk(ξi)ωj(X,Y )

− T (ξi, X, IiY ) + T (ξi, Y, IiX). (4.24)

(Lξsg)(X,Y ) = T (ξs, X, Y ) + T (ξs, Y,X) = 2T 0(ξs, X, Y ). (4.25)

The symmetric part of the torsion endomorphism is determined entirely

by the Lie derivative of the metric according to (4.25). The skew-symmetric

part S is trace-free because of (4.13) and (4.6). Using the identity

g((LξsIi)X,Y ) = −g((LξsIi)IiX, IiY ) (4.26)

we conclude from (4.21) and (4.25) that T 0(ξs, ., .) is completely trace-free

since the Lie derivative commutes with taking the trace, (Lξsg)(ea, ea) =

Lξs4n = 0 [112]. Hence, we have [24]

T (ξs, ea, aa) = T (ξs, ea, Itea) = 0. (4.27)

On the other hand, the Cartan’s formula yields

Lξkωl = ξky(dωl) + d(ξkyωl). (4.28)

A direct calculation using (4.2) gives

2ωl = (dηl)|H = dηl −
3∑
s=1

ηs ∧ (ξsydηl) +
∑
s<t

dηl(ξs, ξt)ηs ∧ ηt. (4.29)
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Combining (4.29) and (4.28), we obtain after a short calculation using (4.7)

and (4.16) that

(Lξiωi)(X,Y ) = dηi(ξi, ξj)ωj(X,Y ) + dηi(ξi, ξk)ωk(X,Y ) (4.30)

and

2(Lξiωj)(X,Y ) = (d(ξiydηj)− (ξiydηk) ∧ (ξkydηj))(X,Y )

= (dαk + αi ∧ αj)(X,Y )− dηj(ξi, [X,Y ]|V ) + αk([X,Y ]|V )

= (dαk + αi ∧ αj)(X,Y ) + 2ωj(X,Y )dηj(ξi, ξj) + 2ωk(X,Y )dηj(ξi, ξk)

− 2ωi(X,Y )αk(ξi)− 2ωj(X,Y )αk(ξj)− 2ωk(X,Y )αk(ξk) (4.31)

and also

2(Lξjωi)(X,Y ) = (d(ξjydηi)− (ξjydηk) ∧ (ξkydηi))(X,Y )

= −(dαk + αi ∧ αj)(X,Y ) + 2ωi(X,Y )dηi(ξj , ξi) + 2ωk(X,Y )dηi(ξj , ξk)

+ 2ωi(X,Y )αk(ξi) + 2ωj(X,Y )αk(ξj) + 2ωk(X,Y )αk(ξk). (4.32)

From (4.24) and (4.30) together with (4.17) we have

T (ξi, ξk, ξi)ωk(X,Y ) + T (ξi, ξj , ξi)ωj(X,Y )

− T (ξi, X, IiY ) + T (ξi, Y, IiX) = 0. (4.33)

Taking suitable traces of (4.33) and using (4.13) we conclude

T (ξi, ξk, ξi) = T (ξi, ξj , ξi) = 0, (4.34)

T (ξi, X, IiY ) = T (ξi, Y, IiX). (4.35)

Substitute (4.34) into (4.17) to get

dηi(ξi, ξj) = αk(ξi), dηi(ξi, ξk) = −αj(ξi). (4.36)

When we add (4.31) and (4.32) and then compare the result with the sum

of (4.22) and (4.23) we see

(Lξiωj + Lξjωi)(X,Y )

= dηi(ξj , ξi)ωi(X,Y ) + dηj(ξi, ξj)ωj(X,Y )

+ (dηi(ξj , ξk) + dηj(ξi, ξk))ωk(X,Y )

= (αi(ξi)− αj(ξj))ωk(X,Y ) + αk(ξj)ωj(X,Y )− αk(ξi)ωi(X,Y )

− T (ξj , X, IiY ) + T (ξj , Y, IiX)− T (ξi, X, IjY ) + T (ξi, Y, IjX). (4.37)

Applying (4.36) to (4.37) yields[
dηi(ξj , ξk) + dηj(ξi, ξk)− αi(ξi) + αj(ξj

]
ωk(X,Y )

= −T (ξj , X, IiY ) + T (ξj , Y, IiX)− T (ξi, X, IjY ) + T (ξi, Y, IjX). (4.38)
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Considering the traceless part of (4.38) together with (4.27) shows that

T (ξj , X, IiY )−T (ξj , Y, IiX)+T (ξi, X, IjY )−T (ξi, Y, IjX) = 0, (4.39)

while the trace part of (4.38) gives

αi(ξi)− αj(ξj) = dηi(ξj , ξk) − dηj(ξk, ξi). (4.40)

A substitution of (4.19) in (4.40) yields

T (ξj , ξk, ξi) = T (ξk, ξi, ξj) = −λ. (4.41)

Consequently, (4.41) together with (4.40) implies

2αi(ξi) = dηi(ξj , ξk)− dηj(ξk, ξi)− dηk(ξi, ξj)− λ. (4.42)

The properties of the torsion endomorphism are encoded into (4.35) and

(4.39). Decomposing (4.35) into symmetric and skew-symmetric parts gives

T 0(ξs, IsX, IsY ) = −T 0(ξs, X, Y );

S(ξs, IsX, IsY ) = S(ξs, X, Y ).
(4.43)

By considering the symmetric and skew-symmetric parts of (4.39), taking

also into account (4.43), we obtain the next two identities:

T 0(ξi, IjX, IjY ) + T 0(ξi, Y,X)−
T 0(ξj , X, IkY )− T 0(ξj , Y, IkX) = 0, (4.44)

S(ξi, IjX, IjY ) + S(ξi, Y,X)+

S(ξj , X, IkY )− S(ξj , Y, IkX) = 0. (4.45)

Let T 0
s (X,Y ) = T 0(ξs, IsX,Y ) and consider the following tensors defined

on the horizontal space H by the formulas

T 0(X,Y ) = T 0
i (X,Y ) + T 0

j (X,Y ) + T 0
k (X,Y ),

Us(X,Y ) = −S(ξs, IsX,Y ).
(4.46)

The tensor T 0 does not depend on the particular choice of the Reeb vector

fields and is invariant under the natural action of SO(3). Indeed, if η̄s =∑3
t=1 Ψstηt,Ψst ∈ SO(3), we have ξ̄s =

∑3
t=1 Ψstξt and Īs =

∑3
t=1 ΨstIt

which substituted into the first equality in (4.46) does not change it.

The first equality of (4.43) yields

T 0
s (X,Y ) = T 0(ξs, IsX,Y ) = T 0(ξs, X, IsY ) = T 0

s (Y,X),

T 0
s (IsX, IsY ) = −T 0(ξs, X, IsY ) = −T 0(ξs, IsX,Y ) = −T 0

s (X,Y ),
(4.47)
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which tells us that the tensor T 0
s is symmetric and anti-invariant with re-

spect to Is.

The second equality of (4.43) gives

Us(X,Y ) = −S(ξs, IsX,Y ) = S(ξs, X, IsY ) = Us(Y,X),

Us(IsX, IsY ) = S(ξs, X, IsY ) = −S(ξs, IsX,Y ) = Us(X,Y ),
(4.48)

which shows that the tensor Us is symmetric and invariant with respect to

Is.

Using again (4.43), (4.47) and (4.48) we rewrite (4.44) and (4.45) as

follows

T 0
i (X,Y )− T 0

i (IjX, IjY ) = T 0
j (X,Y ) + T 0

j (IkX, IkY ),

Ui(X,Y ) + Ui(IjX, IjY ) = Uj(X,Y ) + Uj(IkX, IkY ).
(4.49)

First we describe the properties of the symmetric tensor T 0. We have

Lemma 4.2.6. The symmetric SO(3)-invariant tensor T 0 is completely

trace-free, satisfies the following identity

T 0(X,Y ) + T 0(IiX, IiY ) + T 0(IjX, IjY ) + T 0(IkX, IkY ) = 0 (4.50)

and determines the symmetric part of the torsion endomorphism via the

formula

T 0(ξs, IsX,Y ) =
1

4

(
T 0(X,Y )− T 0(IsX, IsY )

)
. (4.51)

Proof of Lemma 4.2.6. The first part follows from (4.27). Using the first

equality in (4.43) we rewrite the first equality in (4.49) in the form

−T 0
i (X,Y )− T 0

i (IkX, IkY ) = T 0
j (IiX, IiY )− T 0

j (X,Y ).

The cyclic sum of {i, j, k} in the latter equality as well as in the first equality

in (4.49) gives

T 0
i (IkX, IkY ) + T 0

j (IiX, IiY ) + T 0
k (IjX, IjY ) = 0,

T 0
i (IjX, IjY ) + T 0

j (IkX, IkY ) + T 0
k (IiX, IiY ) = 0.

Summing up the above two equalities using the first equality in (4.43) gives

(4.50) according to the definition of T 0 given in the first equality of (4.46)

which proves the first part of the lemma.

The second part of the lemma follows from the (4.46), (4.47) and the

just proved (4.51) in a straightforward way. The lemma is proved.
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Lemma 4.2.7.

a) The three symmetric tensors Us are all equal, Us = Ut.

b) The symmetric trace-free tensor defined by U = Ui commutes with each

of the almost complex strictures Is,

U(X,Y ) = U(IiX, IiY ) = U(IjX, IjY ) = U(IkX, IkY ) (4.52)

and therefore it is SO(3)-invariant.

c) If the dimension of M is seven then U = 0.

d) The SO(3)-invariant tensor U determines the skew-symmetric part of

the torsion by

S(ξs, X, Y ) = U(IsX,Y ). (4.53)

Proof. Since S(ξs, ., .) ∈ (sp(n)⊕ sp(1))⊥ ⊂ so(4n), we conclude applying

(4.6) that S is completely trace-free and S = S[−1], i.e. it satisfies the

equality

S(ξs, X, Y ) + S(ξs, IiX, IiY ) + S(ξs, IjX, IjY ) + S(ξs, IkX, IkY ) = 0.

Take ξs = ξ1 in the above equality and write the result in terms of Ui
according to (4.46) to get

Ui(IiX,Y )− Ui(X, IiY ) + Ui(IkX, IjY )− Ui(IjX, IkY ) = 0.

An application of (4.48) yields Ui(X,Y ) = Ui(IiX, IiY ) = Ui(IjX, IjY )

which combined with (4.49) proofs (4.52).

The vanishing of U in dimension seven follows from the fact that in this

case H is four dimensional and any trace-free symmetric tensor commuting

with all Is on a four dimensional vector space must vanish.

Recalling (4.46) completes the proof of Lemma 4.2.7.

Now we express the tensor U in terms of Lie derivatives of the structure

thus determining the skew-symmetric part of the torsion endomorphism.

With the help of Lemma 4.2.6 and Lemma 4.2.7 write (4.21) in terms of

T 0 and U to get

g((LξjIi)IkX,Y ) = αj(ξj)g(X,Y ) + αk(ξj)ωi(X,Y )

− 2U(X,Y ) +
1

2

(
T 0(X,Y ) + T 0(IiX, IiY )

)
. (4.54)

The equation (4.54) together with an application of Lemma 4.2.6 and

Lemma 4.2.7 yields

g((LξjIi)IkX,Y )− g((LξjIi)X, IkY ) =

2αj(ξj)g(X,Y )− 4U(X,Y ). (4.55)
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The trace part of (4.55) leads to

αj(ξj) =
1

4n
g((LξjIi)Ikea, ea) (4.56)

while the trace-free part of (4.55) together with (4.56) determine completely

the tensor U by

U(X,Y ) =
1

4
g((LξjIi)X, IkY )− 1

4
g((LξjIi)IkX,Y )

+
1

2n
g((LξjIi)Ikea, ea)g(X,Y ). (4.57)

Note that (4.57) shows that U belongs to the [3]-component because of the

identity (4.26).

We determine the function λ = T (ξi, ξj , ξk) inserting (4.56) into (4.42)

λ = dηi(ξj , ξk)− dηj(ξk, ξi)− dηk(ξi, ξj)−
1

2n
g((LξjIi)Ikea, ea). (4.58)

Finally, we calculate

(Lξsωi)(ξt, IiX) = −ωi([ξs, ξt], IiX) = T (ξs, ξt, X). (4.59)

This completes the proof of the Biquard theorem.

Applying (4.14), we obtain from the proof of the preceeding theorem

the next Corollary.

Corollary 4.2.8. The Biquard and the Levi-Civita connections are con-

nected by

g(∇ξiX,Y ) = g(∇g
ξi
X,Y ) + U(IiX,Y )− ωi(X,Y ),

g(∇Xξi, Y ) = g(∇g
Xξi, Y ) +

1

4
(T 0(Ii,X, Y ) + T 0(X, IiY ))− ωi(X,Y ),

g(∇Aξi, ξj) = g(∇g
Aξi, ξj)−

1

2
T (ξi, ξj , A).

4.3 The curvature of the Biquard connection

The main purpose of this section is to show that the curvature of the Bi-

quard connection is completely determined by its restriction to H and the

torsion.

Let R = [∇,∇] − ∇[ , ] be the curvature tensor of ∇. The curvature

operator RBC preserves the qc structure onM since ∇ preserves it. In par-

ticular RBC preserves the distributions H and V , the quaternionic struc-

ture Q on H and the (2, 1) tensor φ. Moreover, the action of RBC on V is

completely determined by its action on H,

RBCξs = φ−1([RBC , Is]).
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Thus, we may regard RBC on H as an endomorphism of H and we have

RBC ∈ sp(n)⊕ sp(1).

As usual, we write R(A,B,C,D) = g(RA,BC,D).

Definition 4.3.1. The Ricci 2-forms ρi are defined by

ρi(B,C) =
1

4n
R(B,C, ea, Iiea).

We decompose the curvature on H into sp(n)⊕sp(1)-parts. Let R0
BC ∈

sp(n) denote the sp(n)-component.

Lemma 4.3.2.

a) The curvature of the Biquard connection decomposes on H as follows

RBCX = R0
BCX + ρ1(B,C)I1X + ρ2(B,C)I2X + ρ3(B,C)I3X,

RBCIiX − IiRBCX = 2(−ρj(B,C)IkX + ρk(B,C)IjX), (4.60)

ρi(B,C) =
1

2
(dαi + αj ∧ αk)(B,C), (4.61)

where the connection 1-forms αs are determined in (4.16), (4.36) and

(4.42).

b) The curvature of the Biquard connection on V is determined by

R(B,C, ξi, ξj) = 2ρk(B,C). (4.62)

Proof. The first two identities follow directly from the definitions. Using

(4.10), we calculate that on H we have

RBCIi − IiRBC = ∇B∇CIi −∇c∇BIi −∇[B,C]Ii

= ∇B(αk(C)Ij − αj(C)Ik)−∇C(αk(B)Ij − αj(B)Ik)

− (αk([B,C])Ij − αj([B,C])Ik)

= −(dαj + αk ∧ αi)(B,C)Ik + (dαk + αi ∧ αj)(B,C)Ij .
Now (4.61) follows from (4.60).

Similarly, using (4.10) and (4.61), we obtain

R(B,C)ξi = −(dαj + αk ∧ αi)(B,C)ξk + (dαk + αi ∧ αj)(B,C)ξj
= −2ρj(B,C)ξk + ρk(B,C)ξj .

Definition 4.3.3. The quaternionic contact Ricci tensor (qc-Ricci tensor

for short) and the qc-scalar curvature Scal of the Biquard connection are

defined by

Ric(B,C) = R(ea, B, C, ea), Scal = Ric(ea, ea). (4.63)
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It is known, cf. [24], that the qc-Ricci tensor restricted to H is symmetric.

In addition, there are six Ricci-type tensors ζs, τs defined in [94] as follows

ζs(B,C) =
1

4n
R(ea, B,C, Isea),

τs(B,C) =
1

4n
R(ea, Isea, B,C).

(4.64)

In fact all Ricci-type contractions evaluated on the horizontal space H

are determined by the components of the torsion endomorphism and the

qc-scalar curvature [94]. We begin with analysis of the Bianchi identity.

4.3.1 The first Bianchi identity and Ricci tensors

In this section we describe the horisontal Ricci tensors in terms of the

torsion endomorphism of the Biquard connection and qc-scalar curvature

thanks to Lemma 4.2.6, Lemma 4.2.7 and the first Bianchi identity.

Let b(A,B,C) denote the Bianchi projector,

b(A,B,C) :=
∑

(A,B,C)

{
(∇AT )(B,C) + T (T (A,B), C)

}
, (4.65)

where
∑

(A,B,C) denotes the cyclic sum over the three tangent vectors. With

this notation the first Bianchi identity reads as follows∑
(A,B,C)

{
R(A,B,C,D)

}
= g
(
b(A,B,C), D

)
= b(A,B,C,D). (4.66)

In what follows we need the well known formula interchanging the places of

the first couple and the second couple arguments of the curvature tensor,

valid for any metric connection having non-trivial torsion.

The curvature of a linear connection preserving the metric is skew-

symmetric with respect to the last two arguments, R(A,B,C,D) =

−R(A,B,D,C). One checks directly that the first Bianchi identity (4.66)

yields

Lemma 4.3.4. The curvature R of a metric connection with torsion T

satisfies(
R(A,B,C,D)−R(C,D,A,B)

)
=

1

2
b(A,B,C,D) +

1

2
b(B,C,D,A)

− 1

2
b(A,C,D,B)− 1

2
b(A,B,D,C). (4.67)
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The next result was originally proved in [94] and stated in the form

below in [97].

Theorem 4.3.5. On a (4n + 3)-dimensional qc manifold, the horizontal

Ricci tensors Ric and ζs(X, IsY ) are symmetric and the horizontal Ricci

tensors ρs(X, IsY ), τs(X, IsY ) are symmetric (1,1) tensors with respect to

Is and the next formulas hold

Ric(X,Y ) =
Scal

4n
g(X,Y )

+ (2n+ 2)T 0(X,Y ) + (4n+ 10)U(X,Y ); (4.68)

ρs(X, IsY ) = − Scal

8n(n+ 2)
g(X,Y )

− 1

2

[
T 0(X,Y ) + T 0(IsX, IsY )

]
− 2U(X,Y ); (4.69)

τs(X, IsY ) = − Scal

8n(n+ 2)
g(X,Y )

− n+ 2

2n

[
T 0(X,Y ) + T 0(IsX, IsY )

]
; (4.70)

ζs(X, IsY ) =
Scal

16n(n+ 2)
g(X,Y )

+
2n+ 1

4n
T 0(X,Y ) +

1

4n
T 0(IsX, IsY ) +

2n+ 1

2n
U(X,Y ); (4.71)

Scal = −8n(n+ 2)g(T (ξ1, ξ2), ξ3); (4.72)

T (ξi, ξj) = − Scal

8n(n+ 2)
ξk − [ξi, ξj ]H ; (4.73)

T (ξi, ξj , IkX) = ρk(IjX, ξi) = −ρk(IiX, ξj) = ωk([ξi, ξj ], X); (4.74)

ρi(X, ξi) = − X(Scal)

32n(n+ 2))

+
1

2
(−ρi(ξj , IkX) + ρj(ξk, IiX) + ρk(ξi, IjX)) ; (4.75)

ρi(ξi, ξj) + ρk(ξk, ξj) =
1

16n(n+ 2)
ξj(Scal). (4.76)

For n = 1 the above formulas hold with U = 0.
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Proof. Since ∇ preserves the splitting H ⊕ V , the first Bianchi identity

(4.66) and (4.62) together with (4.11) and (4.34) imply

2ρi(X,Y ) = R(X,Y, ξj , ξk) = b(X,Y, ξj , ξk) = (∇ξjT )(X,Y, ξk)

+ T (T (X,Y ), ξj), ξk) + T (T (Y, ξj), X), ξk) + T (T (ξj , X), Y ), ξk)

= 2(∇ξjωk)(X,Y )− 2T (X,Y,∇ξjξk)

+ 2ωi(X,Y )T (ξi, ξj , ξk) + 2ωk(T (ξj , X), Y )− 2ωk(T (ξj , Y ), X), (4.77)

where we used the fact that T (ξs, X) is a horizontal vector field, T (ξ,X) ∈
H to conclude the vanishing of terms of the type (∇AT )(X, ξj , ξk).

Applying (4.10) and (4.11) we deduce that the third line in (4.77) van-

ishes because

T (X,Y,∇ξjξk) = −αi(ξj)ωj(X,Y ) + αj(ξj)ωi(X,Y ) = (∇ξjωk)(X,Y ).

With the help of (4.41), (4.20), Lemma 4.2.6 and Lemma 4.2.7 we obtain

from (4.77) that

ρi(X,Y ) = −λωi(X,Y )− T (ξj , X, IkY ) + T (ξj , Y, IkX)

= −λωi(X,Y )− 2U(IiX,Y )− T 0(ξj , X, IkY ) + T 0(ξj , Y, IkX)

= −λωi(X,Y )− 2U(IiX,Y ) +
1

2
(T 0(X, IiY )− T 0(IiX,Y )). (4.78)

In view of (4.60), we have

Ric(B, IsY ) + 4nζs(B, Y )

= R(ea, B, IsY, ea) + R(ea, B, Y, Isea)

= −2ρj(ea, B)ωk(Y, ea) + 2ρk(ea, B)ωj(Y, ea))

= 2ρj(B, IkY ) − 2ρk(B, IjY ). (4.79)

Consequently, applying (4.78), we derive from (4.79) and the properties of

the torsion listed in Lemmas 4.2.6 and 4.2.7 that

Ric(X, IsY ) + 4nζs(X,Y ) = −4λωs(X,Y )

+ 4U(X, IsY ) +
1

2

(
T 0(X, IsY ) + T 0(IsX,Y )

)
. (4.80)

The first Bianchi identity (4.66) implies

4n(τs(X,Y ) + 2ζs(X,Y ))

= R(ea, Isea, X, Y ) +R(X, ea, Isea, Y ) +R(Isea, X, ea, Y )

= b(ea, Isea, X, Y ). (4.81)
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Finally, (4.67) yields

8n(τs(X,Y )− ρs(X,Y )) = 2R(ea, Isea, X, Y )− 2R(X,Y, ea, Isea)

= b(ea, Isea, X, Y )− 2b(ea, X, Y, Isea)− b(ea, Isea, Y,X). (4.82)

We consider the Bianchi projector b restricted to H. Since ∇ preserves the

splitting H ⊕ V , we have

X.g(T (Y, Z),W ) = 0, g(T (∇XY,Z),W ) = 0.

Consequently, (∇XT )(Y, Z,W ) = 0. Applying (4.11), Lemmas 4.2.6 and

4.2.7 we calculate the bianchi projector b|H to be

b(X,Y, Z,W ) = 2
∑

(X,Y,Z)

∑
s

ωs(X,Y )T (ξs, Z,W )

=
∑

(X,Y,Z)

∑
s

ωs(X,Y )
(
2U(IsZ,W )− 1

2
T 0(IsZ,W )− 1

2
T 0(Z, IsW )

)
.

(4.83)

Applying Lemmas 4.2.6 and 4.2.7 to (4.83), we obtain after some standard

calculations that

b(ea, X, Y, Isea) = b(X,Y, ea, Isea)

= 4U(IsX,Y ) + 2T 0(IsX,Y )− 2T 0(X, IsY ). (4.84)

b(ea, Isea, X, Y ) = (8n+ 4)U(IsX,Y )

− (2n+ 2)T 0(IsX,Y )− (2n− 2)T 0(X, IsY ). (4.85)

Substitute (4.84) and (4.85) into (4.82) and use (4.78) to conclude

τs(X,Y ) = −λωs(X,Y ) +
n+ 2

2n

[
T 0(X, IsY ) − T 0(IsX,Y )

]
. (4.86)

Similarly, inserting (4.86) and (4.85) into (4.81) we find

ζs(X,Y ) =
1

2
λωsg(X,Y )

− 2n+ 1

4n
T 0(X, IsY ) +

1

4n
T 0(IsX,Y )− 2n+ 1

2n
U(X, IsY ). (4.87)

The equality (4.87) together with (4.80) yield

Ric(X, IsY ) = −2(n+ 2)λωs(X,Y )

+ (2n+ 2)T 0(X, IsY ) + (4n+ 10)U(X, IsY ). (4.88)
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Take the trace in (4.88) and use Lemmas 4.2.6 and 4.2.7 to conclude

λ =
Scal

8n(n+ 2)
(4.89)

Insert (4.89) into (4.88), (4.87) and (4.86) to obtain (4.68), (4.71) and

(4.70). The equalities (4.89) together with (4.41) and (4.34) imply (4.72)

and (4.73).

Since ∇ preserves the splitting H ⊕ V , the first Bianchi identity, (4.66)

and (4.60) imply

2ρk(ξj , X) = R(ξj , X, ξi, ξj)

=
∑

ξi,ξj ,X

{(∇ξiT )(ξj , X, ξj) + T (T (ξi, ξj), X, ξj)}

= (∇XT )(ξi, ξj , ξj) + T (T (ξi, ξj), X, ξj)

= T (−[ξi, ξj ]H , X, ξj) = g([[ξi, ξj ]H , X], ξj) = −dηj([ξi, ξj ]H , X)

= −2ωj([ξi, ξj ], X) = −2T (ξi, ξj , IjX), (4.90)

where we used (4.73) and (4.10) for the third equality and (4.73) to establish

the last line. This proves (4.74).

Similarly, using the just proved (4.74), we obtain

2ρi(X, ξi) + 2ρj(X, ξj) = R(X, ξi, ξj , ξk) +R(ξj , X, ξi, ξk)

=
∑

ξi,ξj ,X

{(∇ξiT )(ξj , X, ξk) + T (T (ξi, ξj), X, ξk)}

= (∇XT )(ξi, ξj , ξk) + T (T (ξi, ξj), X, ξk) = − X(Scal)

8n(n+ 2)
− 2ωk([ξi, ξj ], X)

= − X(Scal)

8n(n+ 2)
− 2ρk(IjX, ξi), (4.91)

where we used (4.73) and (4.34) in the third line.

Take the cyclic permutations of the indices i, j, k in (4.91), summing up

the first two obtained equalities and subtracting the third one, we obtain

(4.75).

Since ∇ preserves the splitting H⊕V , the first Bianchi identity , (4.74)

(4.73) and (4.34) imply

− 2(ρi(ξi, ξj) + ρk(ξk, ξj)) =
∑

ξi,ξj ,ξk

R(ξi, ξj , ξk, ξj)

=
∑

ξi,ξj ,ξk

{(∇ξiT )(ξj , ξk, ξj) + T (T (ξi, ξj), ξk, ξj)}

= − 1

8n(n+ 2)
ξj(Scal)
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which is precisely (4.76). This completes the proof of the theorem.

We have two straightforward consequences of the preceding proof.

Corollary 4.3.6. The sp(1)-connection 1-forms αs of the Biquard connec-

tion are given by

αi(X) = dηk(ξj , X) = −dηj(ξk, X); (4.92)

αi(ξs) = dηs(ξj , ξk)− δis
Scal

16n(n+ 2)

− 1

2
δis

(
dη1(ξ2, ξ3) + dη2(ξ3, ξ1) + dη3(ξ1, ξ2)

)
. (4.93)

Proof. The equality (4.92) is a combination of (4.16) and (4.34) and it

was proved in [24]. Substitute (4.89) into (4.42) to get (4.93).

Taking the suitable traces and comparing the Sp(n)Sp(1)-invariant parts

in (4.68), (4.69), (4.70) and (4.71), we obtain at once the next Corollary.

Corollary 4.3.7.

a) The qc-scalar curvature satisfies the equalities

Scal

2(n+ 2)
= ρi(Iiea, ea) = τi(Iiea, ea) = −2ζi(Iiea, ea).

b) The tensors T 0 determines the traceless [-1]-component of the horizontal

Ricci-type tensors while the tensor U determines the traceless part of the

[3]-component of the horizontal Ricci-type tensors. For example, (4.68)

yields

T 0 =
1

2n+ 2
Ric[−1], U =

1

4n+ 10
Ric[3][0].

4.3.2 Local structure equations of qc manifolds

The fundamental 2-forms ωs of a qc structure are locally defined horizontal

2-forms. We define a global horizontal four form Ω whose exterior deriva-

tive contains the essential information about the torsion endomorphism of

the Biquard connection provided the dimension of the manifold is grater

than seven. The Sp(n)Sp(1)-invariant fundamental four form of a given qc

manifold is defined globally on the horizontal distribution H by [98]

Ω = ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3. (4.94)
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First we derive the local structure equations of a qc structure in terms

of the sp(1)-connection forms of the Biquard connection and the qc scalar

curvature.

Proposition 4.3.8. Let (M4n+3, η,Q) be a (4n+3)- dimensional qc man-

ifold with qc scalar curvature Scal. Let s = Scal
8n(n+2) be the normilized qc

scalar curvature. The following equations hold

2ωi = dηi + ηj ∧ αk − ηk ∧ αj + sηj ∧ ηk, (4.95)

dωi = ωj ∧ (αk + sηk)− ωk ∧ (αj + sηj)

− ρk ∧ ηj + ρj ∧ ηk +
1

2
ds ∧ ηj ∧ ηk, (4.96)

dΩ =
∑
(ijk)

[
2ηi ∧ (ρk ∧ ωj − ρj ∧ ωk) + ds ∧ ωi ∧ ηj ∧ ηk

]
, (4.97)

where αs are the sp(1)-connection 1-forms of the Biquard connection, ρs
are the Ricci 2-forms and

∑
(ijk) is the cyclic sum of even permutations of

{1, 2, 3}.

Proof. A straightforward calculation using (4.92) and (4.93) gives the

equivalence of (4.29) and (4.95). Taking the exterior derivative of (4.95),

followed by an application of (4.95), (4.61) and (4.62) implies (4.96). The

last formula, (4.97), follows from (4.96) and definition (4.94).

The next result originally proved in [98] expresses the tensors T 0 and U

in terms of the exterior derivative of the fundamental four form. We have

Theorem 4.3.9. On a qc manifold of dimension (4n+3) > 7 we have the

identities

U(X,Y ) =

− 1

16n

[
dΩ(ξi, X, IkY, ea, Ijea) + dΩ(ξi, IiX, IjY, ea, Ijea)

]
(4.98)

T 0(X,Y ) =

1

8(1− n)

∑
(ijk)

[
dΩ(ξi, X, IkY, ea, Ijea)− dΩ(ξi, IiX, IjY, ea, Ijea)

]
. (4.99)
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Proof. Equation (4.97) together with the second equality in Theorem 4.3.5

yield

dΩ(ξi, X, IkY, ea, Ijea)

= 4(n− 1)ρ0k(X, IkY ) + 2ρ0j (X, IjY )− 2ρ0j (IiX, IkY ), (4.100)

where ρ0s is the horizontal trace-free part of ρs given by

ρ0s(X, IsY ) = −1

2

[
T 0(X,Y ) + T 0(IsX, IsY )

]
− 2U(X,Y ). (4.101)

A substitution of (4.101) in (4.100), combined with the properties of the

tensors T 0 and U described in Lemmas 4.2.6 and 4.2.7 give

dΩ(ξi, X, IkY, ea, Ijea)

= −2(n− 1)
[
T 0(X,Y ) + T 0(IkX, IkY )

]
− 8nU(X,Y ). (4.102)

Applying again Lemmas 4.2.6 and 4.2.7 to (4.102), we see that U and

T 0 satisfy (4.98) and (4.99), respectively which completes the proof.

The well-known Cartan formula applied for the fundamental four form gives

LξsΩ = ξsydΩ+ d(ξsyΩ) = ξsydΩ,

since Ω is horizontal. The latter formula and Theorem 4.3.9 yield

Corollary 4.3.10. If one of the Reeb vector fields preserves the fundamen-

tal four form on a qc manifold of dimension (4n+ 3) > 7 then U = 0 and

the torsion endomorphism of Biquard connection is symmetric, Tξs = T 0
ξs
.

If on a qc manifold of dimension (4n+3) > 7 each Reeb vector field pre-

serves the fundamental four form, LξsΩ = 0 then the torsion endomorphism

of Biquard connection vanishes, Tξs = T 0 = U = 0.

4.3.3 The curvature tensor

The next result, originaly proved in [94] and [97] describes the curvature of

the Biquard connection. We have
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Theorem 4.3.11. On a QC manifold the curvature of the Biquard connec-

tion satisfies the equalities:

R(X,Y, Z, V )−R(Z, V,X, Y )

= 2
3∑
s=1

[
ωs(X,Y )U(IsZ, V )− ωs(Z, V )U(IsX,Y )

]
− 2

3∑
s=1

[
ωs(X,Z)T

0(ξs, Y, V ) + ωs(Y, V )T 0(ξs, Z,X)
]

+ 2

3∑
s=1

[
ωs(Y, Z)T

0(ξsX,V ) + ωs(X,V )T 0(ξs, Z, Y )
]
. (4.103)

The [3]-componenet of the horizontal curvature with respect to the first two

arguments is given by

3R(X,Y, Z, V )−
3∑
s=1

R(IsX, IsY, Z, V ))

= 2
[
g(Y, Z)T 0(X,V ) + g(X,V )T 0(Z, Y )

]
− 2
[
g(Z,X)T 0(Y, V ) + g(V, Y )T 0(Z,X)

]
− 2

3∑
s=1

[
ωs(Y, Z)T

0(X, IsV ) + ωs(X,V )T 0(Z, IsY )
]

+ 2
3∑
s=1

[
ωs(Z,X)T 0(Y, IsV ) + ωs(V, Y )T 0(Z, IsX)

]
+

3∑
s=1

[
2ωs(X,Y )

(
T 0(Z, IsV )− T 0(IsZ, V )

)
− 8ωs(Z, V )U(IsX,Y )

]
− Scal

2n(n+ 2)

3∑
s=1

ωs(X,Y )ωs(Z, V ). (4.104)
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The curvature with respect to one vertical direction is given by

R(ξi, X, Y, Z) = −(∇XU)(IiY, Z)

− 1

4

[
(∇Y T

0)(IiZ,X) + (∇Y T
0)(Z, IiX)

]
+

1

4

[
(∇ZT

0)(IiY,X) + (∇ZT
0)(Y, IiX)

]
+ ωj(X,Y )ρk(IiZ, ξi)− ωk(X,Y )ρj(IiZ, ξi)

− ωj(X,Z)ρk(IiY, ξi) + ωk(X,Z)ρj(IiY, ξi)

− ωj(Y,Z)ρk(IiX, ξi) + ωk(Y,Z)ρj(IiX, ξi). (4.105)

The vertical part of the Biquard curvature satisfies the next equality

R(ξi, ξj , X, Y ) = (∇ξiU)(IjX,Y )− (∇ξjU)(IiX,Y )

− 1

4

[
(∇ξiT

0)(IjX,Y ) + (∇ξiT
0)(X, IjY )

]
+

1

4

[
(∇ξjT

0)(IiX,Y ) + (∇ξjT
0)(X, IiY )

]
− (∇Xρk)(IiY, ξi)−

Scal

8n(n+ 2)
T (ξk, X, Y )

− T (ξj , X, ea)T (ξi, ea, Y ) + T (ξj , ea, Y )T (ξi, X, ea), (4.106)

where the Ricci 2-forms are given by

3(2n+ 1)ρi(ξi, X) =
1

4
(∇eaT

0)(ea, X)− 3

4
(∇eaT

0)(Iiea, IiX)

− (∇eaU)(X, ea) +
2n+ 1

16n(n+ 2)
X(Scal), (4.107)

3(2n+ 1)ρi(IkX, ξj) = −3(2n+ 1)ρi(IjX, ξk)

= − (2n+ 1)(2n− 1)

16n(n+ 2)
X(Scal) + 2(n+ 1)(∇eaU)(X, ea)

+
4n+ 1

4
(∇eaT

0)(ea, X) +
3

4
(∇eaT

0)(Iiea, IiX). (4.108)

Proof. The first Bianchi identity (4.66), its consequence (4.67) together

with the help of Lemma 4.2.6, Lemma 4.2.7 and (4.11) imply the identity

(4.103) in a straightforward way.
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Taking into account (4.103) and (4.60), the properties of the torsion

listed in Lemmas 4.2.6 and 4.2.7, we find

R(X,Y, Z, V )−R(IiX, IiY,Z, V ) =

2ωj(X,Y )ρj(Z, V ) + 2ωk(X,Y )ρk(Z, V )

+ 4ωj(X,Y )U(IjZ, V ) + 4ωk(X,Y )U(IkZ, V )

− 4ωj(Z, V )U(IjX,Y )− 4ωk(Z, V )U(IkX,Y ) (4.109)

+ 2
[
g(Y, Z)T 0(ξi, IiX,V ) + g(X,V )T 0(ξi, IiZ, Y )

]
− 2
[
g(Z,X)T 0(ξi, IiY, V ) + g(V, Y )T 0(ξi, IiZ,X)

]
+ 2
[
ωi(Y, Z)T

0(ξi, X, V ) + ωi(X,V )T 0(ξi, Z, Y )
]

− 2
[
ωi(X,Z)T

0(ξi, Y, V ) + ωi(Y, V )T 0(ξi, Z,X)
]

− 1

2

[
ωj(Y, Z)

(
T 0(X, IjV )− T 0(IiX, IkV )

)]
− 1

2

[
ωk(Y, Z)

(
T 0(X, IkV ) + T 0(IiX, IjV )

)]
− 1

2

[
ωj(X,V )

(
T 0(Y, IjZ)− T 0(IiY, IkZ)

)]
− 1

2

[
ωk(X,V )

(
T 0(Y, IkZ) + T 0(IiY, IjZ)

)]
+

1

2

[
ωj(X,Z)

(
T 0(Y, IjV )− T 0(IiY, IkV )

)]
+

1

2

[
ωk(X,Z)

(
T 0(Y, IkV ) + T 0(IiY, IjV )

)]
+

1

2

[
ωj(Y, V )

(
T 0(X, IjZ)− T 0(IiX, IkZ)

)]
+

1

2

[
ωk(Y, V )

(
T 0(X, IkZ) + T 0(IiX, IjZ)

)]
.

Now, equality (4.104) follows from (4.109) and Theorem 4.3.5.

Invoking (4.65) and applying (4.11) and Theorem 4.3.5 we have

b(ξi, X, Y, Z) = −(∇XT )(ξi, Y, Z) + (∇Y T )(ξi, X, Z)

+ 2ωj(X,Y )ρk(IiZ, ξi)− 2ωk(X,Y )ρj(IiZ, ξi)

=
1

4
(∇XT

0)(IiY, Z) +
1

4
(∇XT

0)(Y, IiZ)− (∇XU)(IiY, Z)

− 1

4
(∇Y T

0)(IiX,Z)−
1

4
(∇Y T

0)(X, IiZ) + (∇Y U)(IiX,Z)

+ 2ωj(X,Y )ρk(IiZ, ξi)− 2ωk(X,Y )ρj(IiZ, ξi), (4.110)
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where we used Lemma 4.2.6, Lemma 4.2.7 and the two equalities in (4.10)

to pass from the second to the third equality.

A substitution of (4.110) in (4.67) implies (4.105).

If we take the trace in (4.105) and apply (4.73) and (4.72) we come to

nρi(ξi, X) +
1

2
ρk(IjX, ξi) +

1

2
ρj(IiX, ξk)

=
1

8
(∇eaT

0)(ea, X)− 1

8
(∇eaT

0)(Iiea, IiX). (4.111)

Summing (4.111) and (4.75), we obtain

(n+ 1)ρi(ξi, X) +
1

2
ρi(IkX, ξj)

=
1

8
(∇eaT

0)(ea, X)− 1

8
(∇eaT

0)(Iiea, IiX) +
X(Scal)

32n(n+ 2)
. (4.112)

The second Bianchi identity∑
(A,B,C)

{
(∇AR)(B,C,D,E) +R(T (A,B), C,D,E)

}
= 0 (4.113)

and (4.11) give∑
(X,Y,Z)

[
(∇XR)(Y,Z, V,W ) + 2

3∑
s=1

ωs(X,Y )R(ξs, Z, V,W )
]
= 0. (4.114)

Letting X = ea, Y = Iiea in (4.114) we find

(∇eaR)(Iiea, Z, V,W ) + 2n(∇Zτi)(V,W ) + 2(2n− 1)R(ξi, Z, V,W )

+ 2R(ξj , IkZ, V,W )− 2R(ξk, IjZ, V,W ) = 0. (4.115)

After taking the trace in (4.115) and applying the formulas in Theorem 4.3.5

we come to

(2n− 1)ρi(ξi, X)− 2ρi(IkX, ξj) =
2n− 1

16n(n+ 2)
X(Scal)

− 1

4

[
(∇eaT

0)(ea, X) + (∇eaT
0)(Iiea, IiX)

]
− (∇eaU)(X, ea). (4.116)

Now, (4.112) and (4.116) yield (4.107).

Finally, from (4.65) and the fact that ∇ preserves the splitting H ⊕ V ,

we get

R(ξi, ξj , X, Y ) = (∇ξiT )(ξj , X, Y )− (∇ξjT )(ξi, X, Y ) + (∇XT )(ξi, ξj , Y )

− Scal

8n(n+ 2)
T (ξk, X, Y ) + T (T (ξj , X), ξi, Y )

− T (T (ξj , X), ξi, Y ), (4.117)
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where we applied (4.73). The third term in the second line can be evaluated

using (4.74), and (4.10) as follows

(∇XT )(ξi, ξj , Y )

= −X(ρk(IiY, ξi)) + αj(X)ρi(IjY, ξj)− αi(X)ρj(IiY, ξi). (4.118)

On the other hand, we calculate using (4.10) that

(∇Xρk)(IiY, ξi) = X(ρk(IiY, ξi))

+ αi(X)ρj(IiY, ξi)− αj(X)ρi(IiY, ξi)

+ αj(X)ρk(IkY, ξi) + αj(X)ρk(IiY, ξk)

− αk(X)ρk(IjY, ξi)− αk(X)ρk(IiY, ξj)

= X(ρk(IiY, ξi)) + αi(X)ρj(IiY, ξi)

− αj(X)
[
ρi(IiY, ξi)− ρk(IiY, ξk)− ρk(IkY, ξi)

]
= X(ρk(IiY, ξi)) + αi(X)ρj(IiY, ξi)− αj(X)ρi(IjY, ξj), (4.119)

where we apply (4.74) to obtain the vanishing of the last line in the second

equality and (4.75) to obtain the final equality. Compare (4.118) with

(4.119) to conclude

(∇XT )(ξi, ξj , Y ) = −(∇Xρk)(IiY, ξi). (4.120)

Substitute (4.120) into (4.117) and evaluate the first two terms in (4.117)

involving covariant derivative similarly as the first two terms in (4.110) one

verifies that (4.106) holds.

As a consequence of Theorem 4.3.11, substituting (4.108) and (4.107)

into (4.75), we obtain the next formula established in [[94], Theorem 4.8]

Theorem 4.3.12. The contracted Bianchi identity. On a qc manifold

of dimension 4n+ 3 the next formula holds

(n− 1)(∇eaT
0)(ea, X) + 2(n+ 2)(∇eaU)(ea, X)

− (n− 1)(2n+ 1)

8n(n+ 2)
d(Scal)(X) = 0. (4.121)

An application of Corollary (4.3.7) to (4.121) yields

Corollary 4.3.13. On a 4n+3-dimensional qc manifold the contracted

Bianchi identity (4.121) has the form

n− 1

2(n+ 1)
(∇eaRic[−1])(ea, X) +

n+ 2

2n+ 5
∇ea(Ric[3][0])(ea, X)

− (n− 1)(2n+ 1)

8n(n+ 2)
d(Scal)(X) = 0. (4.122)
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Take the trace in (4.106) and apply Lemma 4.2.6, Lemma 4.2.7 and

(4.108) to conclude

Corollary 4.3.14. On a qc manifold of dimension 4n + 3 we have the

formulas

4nρk(ξi, ξj) = (∇eaρk)(Ijea, ξi) +
1

4
||T 0||2 − 2||U ||2

=
2n+ 2

3(2n+ 1)
(∇eaebU)(ea, eb) +

4n+ 1

12(2n+ 1)
(∇eaebT

0)(ea, eb)

+
1

4(2n+ 1)
(∇eaebT

0)(Ikea, Ikeb)−
2n− 1

48n(n+ 2)
eaea(Scal)

+
1

4
||T 0||2 − 2||U ||2,

4nρi(ξi, ξj) = (∇ebρk)(eb, ξi)

=
2n− 1

48n(n+ 2)
∇ebIjebScal −

2n+ 2

3(2n+ 1)
(∇ebeaU)(Ijeb, ea)

− 4n+ 1

12(2n+ 1)
(∇ebeaT

0)(Ijeb, ea) +
3

12(2n+ 1)
(∇ebeaT

0)(Iieb, Ikea),

4nρk(ξj , ξk) = (∇ebρi)(eb, ξk)

= − 2n− 1

48n(n+ 2)
∇ebIjebScal +

2n+ 2

3(2n+ 1)
(∇ebeaU)(Ijeb, ea)

+
4n+ 1

12(2n+ 1)
(∇ebeaT

0)(Ijeb, ea) +
3

12(2n+ 1)
(∇ebeaT

0)(Ikeb, Iiea).

4.3.4 The flat model - The qc Heisenberg group

The quaternionic Heisenberg group G (H) with its standard left invariant

quaternionic contact structure is the simplest example of a qc manifold.

The Biquard connection coincides with the flat left-invariant connection on

the group and G (H) constitute the flat model of the quaternionic contact

geometry.

We use the following model of the quaternionic Heisenberg groupG (H).

Define G (H) = Hn × ImH with the group law given by

(q′, ω′) = (qo, ωo) ◦ (q, ω) = (qo + q, ω + ωo + 2 Im qo q̄),

where q, qo ∈ Hn and ω, ωo ∈ ImH.
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In coordinates, with the obvious notation, the multiplication formula is

t′a = ta + tao , x′a = xa + xao ,

y′a = ya + xao , z′a = za + zao ,

x′ = x + xo + 2(xaot
a − taox

a + zaoy
a − yaoz

a)

y′ = y + yo + 2(yao t
a − zaox

a − taoy
a + xaoz

a)

z′ = z + zo + 2(zao t
a + yaox

a − xaoy
a − taoz

a).

(4.123)

A basis of left invariant horizontal vector fields

Ta, Xa = I1Ta, Ya = I2Ta, Za = I3Ta

is given by

Ta =
∂

∂tα
+ 2xa

∂

∂x
+ 2ya

∂

∂y
+ 2za

∂

∂z

Xa =
∂

∂xα
− 2ta

∂

∂x
− 2za

∂

∂y
+ 2ya

∂

∂z

Ya =
∂

∂yα
+ 2za

∂

∂x
− 2ta

∂

∂y
− 2xa

∂

∂z

Za =
∂

∂zα
− 2ya

∂

∂x
+ 2xa

∂

∂y
− 2ta

∂

∂z
.

(4.124)

The central (vertical) vector fields ξ1, ξ2, ξ3 are described as follows

ξ1 = 2
∂

∂x
ξ2 = 2

∂

∂y
ξ3 = 2

∂

∂z
. (4.125)

A small calculation shows the following commutator relations

[Ij Ta, Ta] = 2ξj [Ij Ta, Ii Ta] = 2ξk. (4.126)

The standard quaternionic contact form Θ̃ = (Θ̃1, Θ̃2, Θ̃3) is

2Θ̃ = dω − q′ · dq̄′ + dq′ · q̄′, (4.127)

which, in coordinates reads

Θ̃1 =
1

2
dx − xadta + tadxa − zadya + yadza

Θ̃2 =
1

2
dy − yadta + zadxa + tadya − xadza

Θ̃3 =
1

2
dz − zadta − yadxa + xadya + tadza.

The Biquard connection coincides with the flat left-invariant connection

on G (H) and the described horizontal and vertical vector fields are parallel
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with respect to the Biquard connection and constitute an orthonormal basis

of the tangent space.

More precisely, an application of Theorem 4.3.11 gives a possibility to

characterize locally the quaternionic Heisenberg group as the unique quater-

ninic contact manifold with flat horizontal curvature of the Biquard con-

nection. The first part of the next theorem is established in [94] and the

second was completed in [97].

Theorem 4.3.15. A quaternionic contact manifold is locally isomorphic to

the quaternionic Heisenberg group exactly when the curvature of the Biquard

connection restricted to H vanishes, R|H = 0.

Proof. First we show that if the whole curvature vanishes than the quater-

nionic contact manifold is locally isomorphic to the quaternionic Heisenberg

group.

Suppose that the Biquard connection ∇ is flat. Then all Ricci type

tensors vanish and Theorem 4.3.5 shows that

T 0 = U = 0 ⇐⇒ T (ξ,X, Y ) = 0, ξ ∈ V.

We conclude from (4.74) that

T (ξi, ξj , IkX) = ωk([ξi, ξj ], X) = ρk(IjX, ξi) = 0.

In particular the vertical distribution V is involutive.

In addition, applying (4.73) with Scal = 0, we finally obtain

T (ξi, ξj , ξk) = 0.

All that, combined with (4.34) show the torsion tensor of the Biquard

connection is different from zero only on H, i.e. the whole torsion is given

by (4.11).

Using (4.10) it is easy to verify from (4.11) the validity of the next

Lemma 4.3.16. On a qc manifold, the torsion tensor of the Biquard con-

nection ∇ restricted to H is ∇-parallel, (∇AT )(X,Y ) = 0.

In our case, Lemma 4.3.16 shows that the whole torsion is ∇-parallel. This

combined with the flatness of the curvature, R = 0 and the first Bianchi

identity (4.66) gives that the torsion T satisfies the Jacobi identity

T (T (A,B), C) + T (T (B,C), A) + T (T (C,A)B) = 0.

Hence, the manifold has a local Lie group structure T by the Lie theo-

rems. The structure equations of this Lie group determined by (4.11) are
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dηs = 2ωs which precisely are the structure equations of the quaternionic

Heisenberg group. Hence, applying again the Lie theorem we conclude that

the manifold has a local Lie group structure which is locally isomorphic to

G (H). In other words, there is a local diffeomorphism Φ : M → G (H)

such that η = Φ∗Θ, where Θ is the standard contact form on G (H), see

(4.127).

Now, in order to complete the proof it is sufficient to show that if the

horizontal curvature is zero then the full curvature tensor vanishes. The

condition R|H = 0 and Theorem 4.3.5 yield T 0 = U = Scal = 0. The latter

equalities substituted into (4.107) and (4.108) give ρs(ξs, X) = ρs(ξt, X) =

0. Now, (4.105) and (4.106) imply

R(ξ,X, Y, Z) = R(ξi, ξj , X, Y ) = 0. (4.128)

Furthermore, (4.62) and definition 4.3.1 yield

R(X,Y, ξi, ξj) = 2ρk(X,Y ) = 0, R(X, ξ, ξi, ξj) = 2ρk(X, ξ) = 0.

Finally, a combination of (4.62) together with (4.128) gives

4nR(ξs, ξt, ξi, ξj) = 8nρk(ξs, ξt) = 2R(ξs, ξt, ea, Ikea) = 0,

which ends the proof.

Examples of flat qc structures. As a Lie group the quaternionic

Heisenberg group G (H) can be characterized by the following structure

equations. Denote by ea, 1 ≤ a ≤ (4n+ 3) the basis of the left invariant

1-forms, and by eab the wedge product ea ∧ eb. The (4n + 3)-dimensional

quaternionic Heisenberg Lie algebra is the 2-step nilpotent Lie algebra de-

fined by:

dea = 0, 1 ≤ a ≤ 4n,

dη1 = de4n+1 = 2(e12 + e34 + · · ·+ e(4n−3)(4n−2) + e(4n−1)4n) = 2ω1,

dη2 = de4n+2 = 2(e13 + e42 + · · ·+ e(4n−3)(4n−1) + e4n(4n−2)) = 2ω2,

dη3 = de4n+3 = 2(e14 + e23 + · · ·+ e(4n−3)4n + e(4n−2)(4n−1)) = 2ω3.

The Biquard connection coincides with the flat left-invariant connection

on G (H). This flat qc structure on the quaternionic Heisenberg group

G (H) is (locally) the unique qc structure with flat Biquard connection

according to Theorem 4.3.15. By a rotation of the 1-forms defining the

horizontal space of G (H) we obtain an equivalent qc-structure (with the

same Biquard connection). It is possible to introduce a different not two

step nilpotent group structure on Hn × ImH with respect to which the
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rotated forms are left invariant (but not parallel!) [10]. Following is an

explicit description of this construction in dimension seven which we take

from [10].

Consider the seven dimensional quaternionic Heisenberg group. Since

e4 is closed we can write e4 = dx4, where x4 is a global function on the

manifold H × ImH. Now we can use this function to define a non-left-

invariant qc structure on this manifold as follows. For each c ∈ R, let

γ1 = e1, γ4 = e4, γ7 = e7

γ2 = sin(−cx4) e2 + cos(−cx4) e3, γ3 = − cos(−cx4) e2 + sin(−cx4) e3,
γ5 = sin(−cx4) e5 + cos(−cx4) e6, γ6 = − cos(−cx4) e5 + sin(−cx4) e6.

A direct calculation shows that for c ̸= 0 the forms {γl, 1 ≤ l ≤ 7} define

a unique Lie algebra l0 with the following structure equations

dγ1 = 0, dγ2 = −cγ34, dγ3 = cγ24, dγ4 = 0,

dγ5 = 2γ12 + 2γ34 + cγ46, dγ6 = 2γ13 + 2γ42 − cγ45,

dγ7 = 2γ14 + 2γ23.

(4.129)

In particular, l0 is an indecomposable solvable Lie algebra. Let el, 1 ≤ l ≤ 7

be the left invariant vector fields dual to the 1-forms γl, 1 ≤ l ≤ 7. The

(global) flat qc structure on H× ImH can also be described as follows η1 =

γ5, η2 = γ6, η3 = γ7, H = span{γ1, . . . , γ4}, ω1 = γ12 + γ34, ω2 =

γ13 + γ42, ω3 = γ14 + γ23. It is straightforward to check from (4.129)

that the vector fields ξ1 = e5, ξ2 = e6, ξ3 = e7 satisfy the Duchemin

compatibility conditions (4.7) and therefore the Biquard connection exists

and ξs are the Reeb vector fields.

Let (L0, η,Q) be the simply connected connected Lie group with Lie al-

gebra l0 equipped with the left invariant qc structure (η,Q) defined above.

Then, as a consequence of the above construction, the torsion endomor-

phism and the curvature of the Biquard connection are identically zero but

the basis γ1, . . . , γ7 is not parallel. The Sp(1)-connection 1-forms in the

basis γ1, . . . , γ7 are given by α1 = 0, α2 = 0, α3 = cγ4.

4.4 qc-Einstein quaternionic contact structures

The aim of this section is to show that the vanishing of the torsion endo-

morphism of the Biquard connection implies that the qc-scalar curvature is

constant. The Bianchi identities will have an important role in the analysis.
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Definition 4.4.1. A quaternionic contact structure is qc-Einstein if the

qc-Ricci tensor is trace-free,

Ric(X,Y ) =
Scal

4n
g(X,Y ).

The next result, originally proved in [94], (see also [98]) is important in

stating and analyzing the Yamabe problem in quaternionic contact setting.

Theorem 4.4.2. Let (M, g,Q) be a quaternionic contact manifold of di-

mension (4n+ 3). Then

a). (M, g,Q) is a qc-Einstein if and only if the tensors T 0 = U = 0,

i.e. the torsion endomorphism vanishes identically, Tξ = 0, ξ ∈ V .

b). On a qc-Einstein manifold of dimension bigger than seven the qc

scalar curvature is constant, d(Scal) = 0 and the vertical distribu-

tion spanned by the Reeb vector fields is integrble, [ξs, ξt] ∈ V.

c). If n > 1 then (M, g,Q) is qc-Einstein if and only if the fundamental

four form is closed, dΩ = 0.

Proof. The part a) of the assertion follows from Corollary 4.3.7.

The first part of b) is a consequence of the just established part a)

and (4.121) since n > 1. Substitute T 0 = U = d(Scal) = 0 into (4.108)

to conclude ρi(ξj , X) = 0 and compare this with (4.74) to establish the

integrability of the vertical distribution V .

To proof c), assume T 0 = U = 0 and n > 1. Then Theorem 4.3.5

implies

ρs(X,Y ) = −sωs(X,Y ), ρs(ξt, X) = 0,

ρi(ξi, ξj) + ρk(ξk, ξj) = 0,
(4.130)

since Scal is constant and the horizontal distribution is integrable. Using

the just obtained identities in (4.130), we obtain from (4.97) that dΩ = 0.

The converse of c) follows directly from Theorem 4.3.9 which completes

the proof of the theorem.

4.4.1 Examples of qc-Einstein structures

The 3-Sasakian Case. We have adopted the definition that a 4n + 3-

dimensional (pseudo) Riemannian manifold (M, gM ) of signature either

(4n+3, 0) or (4n, 3) has a 3-Sasakian structure if the cone metric t2gM+ϵdt2

onM×R is a hyperkähler metric of signature (4n+4, 0) (positive 3-Sasakian
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structure, ϵ = 1) or (4n,4) (negative 3-Sasakian structure, ϵ = −1), re-

spectively, see [113; 162; 100] for the negative case. In other words, the

cone metric has holonomy contained in Sp(n + 1) (see [29]) or in Sp(n, 1)

(see [3]), respectively. We recall that an almost hyperhermitian structure

(g, J1, J2, J3) is hyper-Kähler if the almost complex structures Js are par-

allel with respect to the Levi-Civita connection of the metric g.

We remind that, usually, a 4n + 3-dimensional Riemannian manifold

(M, g) is called 3-Sasakian only in the positive case, while the term pseudo

3-Sasakain is used in the negative case. However, we find it convenient to

use the more general definition.

4.4.2 Cones over a quaternionic contact structure

In this subsection we describe explicitly two almost hyperhermitian struc-

tures on the (pseudo) metric cone over a quaternionic contact manifold

M4n+3 of dimension (4n + 3). One of the strictures is the usual Rieman-

nian metric on the cone, so we focus on the second structure, which is

pseudo-Riemannian of signature (4n, 4). Let either ϵ = 1 or ϵ = −1. Con-

sider the cone N = M4n+3 × R+ as the product of two smooth manifolds

equipped, in addition, with the following (pseudo-)Riemannian metric GN
and 2-forms Fi:

GN = t2g + ϵt2(η1 ⊙ η1 + η2 ⊙ η2 + η3 ⊙ η3) + ϵdt⊙ dt

F ϵi = t2ωi + ϵt2ηj ∧ ηk − tηi ∧ dt,
(4.131)

where ⊙ is the symmetric product. In the above we have also denoted with

the same later both a tensor and its lift to a tensor on the tangent bundle

of N . The above tensors determine the following (1, 1) tensors on the cone

N

ϕi|H = Ii, ϕiξj = ξk, ϕiξk = −ξj ,

ϕiξi = −ϵt ∂
∂t
, ϕi

(
t
∂

∂t

)
= −ξi.

(4.132)

We claim that the above structures define a (pseudo) almost hyper-

hermitian structures on N . The claim follows from the following identi-

ties relating the 2-forms, the pseudo-metric tensor and the almost complex

structures:
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GN (ϕiX,Y ) = F ϵi (X,Y ) ⇔ g(ϕiX,Y ) = g(IiX,Y ),

GN (ϕiX, ξs) = F ϵi (X, ξs) ⇔ ηs(ϕiX) = 0,

GN (ϕiX,
∂

∂t
) = F ϵi (X,

∂

∂t
) = 0 trivially,

GN (ϕi
∂

∂t
, ξs) = F ϵi (

∂

∂t
, ξs) ⇔ ηs

(
ϕi(t

∂

∂t
)

)
= ϵδis,

GN (ϕi
∂

∂t
,
∂

∂t
) = F ϵi (

∂

∂t
,
∂

∂t
) = 0 trivially,

GN (ϕi
∂

∂t
,X) = F ϵi (

∂

∂t
,X) ⇔ g(ϕi

∂

∂t
,X) = 0,

GN (ϕiξs, ξt) = F ϵi (ξs, ξt) ⇔ ηt(ϕiξj) = δkt, ηt(ϕiξk) = −δjt, ηt(ϕiξi) = 0,

GN (ϕiξi,
∂

∂t
) = F ϵi (ξi,

∂

∂t
) ⇔ dt(ϕiξi) = −ϵt,

GN (ϕiξs, X) = F ϵi (ξs, X) ⇔ g(ϕiξs, X) = 0.

Let us remind that the Riemannian cone is the case ϵ = 1, and the above

construction turns into the ”standard” almost hyperhermitian structure on

N .

Conversely, consider the cone N =M4n+3×R+ over a smooth (4n+3)-

dimensional manifoldM4n+3 equipped with a (pseudo) almost hyperhermi-

tian structure (GN , ϕl) where GN is a (pseudo) Riemannian metric of sig-

nature (4n+4, 0) (resp. (4n, 4)) for ϵ = 1 (resp. ϵ = −1) and ϕl, l = 1, 2, 3,

are three anti-commuting almost complex structures. The 1-form dt on R+

and the three almost complex structures are related to three 1-forms ηl on

M4n+3 defined by ηl = ϵ ϕl (
1
t dt), where we used the same notation for

both a tensor and its lift to a tensor on the tangent bundle of N identifying

M with the slice t = 1 of N . We may write the metric GN and the three

Kähler 2-forms on N as in (4.131) where g = GN |H and H = ∩3
l=1Ker ηl.

A qc structure on M4n+3 is defined by the three 1-forms ηl.

We apply Hitchin’s theorem stating that an almost hyperhermitian

structure is hyperkähler if and only if the three Kähler 2-forms are closed

[90], which is valid with the same proof in the case of non-positive definite

metrics.

It is straightforward to check from the second equation in (4.131) that

dF ϵi = tdt ∧ (2ωi + 2ϵηj ∧ ηk − dηi) + t2d(ωi + ϵηj ∧ ηk). (4.133)

The equation (4.133) yields that the three Kähler forms on N are closed,

dF ϵs = 0, exactly when

dηi = 2ωi + 2ϵηj ∧ ηk. (4.134)
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Therefore the cone metric GN is hyperkähler, i.e. M4n+3 is 3-Sasakian, if

and only if (4.134) is fulfilled.

We use equations (4.134) to find

ξiydηj |H = 0, dηi(ξj , ξk) = 2ϵ, dηi(ξi, ξk) = dηi(ξi, ξj) = 0.

This quaternionic contact structure satisfies the conditions (4.7) and there-

fore it admits the Biquard connection ∇. The sp(1) connection 1-forms of

the Biquard connection we calculate from (4.92) and (4.93) to be

αs = −
( Scal

16n(n+ 2)
+ ϵ
)
ηs.

The latter equality together with (4.61) yield

ρs(X,Y ) =
1

2
dαs(X,Y ) = −

( Scal

16n(n+ 2)
+ ϵ
)
ωs(X,Y ) (4.135)

Comparing (4.135) with (4.69) we obtain that the torsion endomor-

phism of the Biquard connection of the corresponding quaternionic contact

structure vanishes identically and the qc scalar curvature is constant de-

pending on the dimension, T = U = 0, Scal = 16n(n+ 2)ϵ, see [94]. More

precisely, we conclude in a straightforward way applying Theorem 4.3.11

and Corollary 4.2.8 the following result established originally in [94].

Theorem 4.4.3. Any 3-Sasakian manifold is a qc-Einstein with qc-scalar

curvature given by

Scal = 16n(n+ 2)ϵ.

The structure equations of a 3-Sasakian manifolds are the equations (4.134).

The Ricci-type tensors are given by

ρt|H = τt|H = −2ζt|H = −2ϵωt

Ric(ξs, X) = ρs(X, ξt) = ζs(X, ξt) = ρs(ξt, ξr) = 0.
(4.136)

The curvature R of the Biquard connection is expressed in terms of the

curvature of the Levi-Civita connection Rg as follows

R(X,Y, Z,W ) = Rg(X,Y, Z,W )

+

3∑
s=1

[
ωs(Y, Z)ωs(X,W ) − ωs(X,Z)ωs(Y,W )− 2ωs(X,Y )ωs(Z,W )

]
0 = R(ξ, Y, Z,W ) = Rg(ξ, Y, Z,W );

0 = R(ξ, ξ̄, Z,W ) = Rg(ξ, ξ̄, Z,W );
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R(X,Y, ξ, ξ̄) =

− 4
(
η1 ∧ η2(ξ, ξ̄)ω3 + η2 ∧ η3(ξ, ξ̄)ω1 + η3 ∧ η1(ξ, ξ̄)ω2

)
(X,Y ),

where ξ, ξ̄ ∈ V.

There are known many examples of positive 3-Sasakian manifold of di-

mension (4n+3), see [28] and references therein for a nice overview of pos-

itive 3-Sasakian spaces. Certain SO(3)-bundles over quaternionic Kähler

manifolds with negative scalar curvature constructed in [113; 162; 100; 3]

supply examples of negative 3-Sasakian manifolds. A natural definite metric

on the negative 3-Sasakian manifolds is constructed in [162; 100] changing

the sign of the metric on the vertical SO(3)-factor. With respect to this

metric the negative 3-Sasakian manifolds become an A-manifold and its

Riemannian Ricci tensor has precisely two constant eigenvalues, the neg-

ative one equal to −4n − 14 of multiplicity 4n and a positive one equal

to 4n + 2 of multiplicity 3 [100] and the Riemannian scalar curvature is

the negative constant −16n2 − 44n + 6 [162; 100]. We recall that a Rie-

mannian manifold is called an A-manifold if its Riemannian Ricci tensor

satisfies (∇g
ARic

g)(A,A) = 0 [84]. Explicit examples of negative 3-Sasakian

manifolds are constructed in [11]. We take the next two examples from [11].

Zero torsion qc structure Example 1. Denote {ẽl, 1 ≤ l ≤ 7} the

basis of the left invariant 1-forms and consider the simply connected Lie

group with Lie algebra L1 defined by the following equations:

de1 = 0, de2 = −e12 − 2e34 − 1

2
e37 +

1

2
e46,

de3 = −e13 + 2e24 +
1

2
e27 − 1

2
e45,

de4 = −e14 − 2e23 − 1

2
e26 +

1

2
e35

de5 = 2e12 + 2e34 − 1

2
e67, de6 = 2e13 + 2e42 +

1

2
e57,

de7 = 2e14 + 2e23 − 1

2
e56,

(4.137)

and el, 1 ≤ l ≤ 7 be the left invariant vector field dual to the 1-forms

el, 1 ≤ l ≤ 7, respectively. We define a global qc structure on L1 by setting

η1 = e5, η2 = e6, η3 = e7, H = span{e1, . . . , e4},
ω1 = e12 + e34, ω2 = e13 + e42, ω3 = e14 + e23.

(4.138)

It is straightforward to check from (4.137) that the vector fields ξ1 = e5,

ξ2 = e6, ξ3 = e7 satisfy the Duchemin compatibility conditions (4.7) and
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therefore the Biquard connection exists and ξs are the Reeb vector fields.

The structure equations (4.137) easily imply (see e.g. [11]) that the torsion

endomorphism of the Biquard connection is zero, T 0 = U = 0 and the qc

scalar curvature is a negative constant, Scal = −4n(n+ 2) = −12.

Zero torsion qc structure Example 2. Consider the simply con-

nected Lie group L2 with Lie algebra defined by the equations:

de1 = 0, de2 = −e12 + e34, de3 = −1

2
e13, de4 = −1

2
e14,

de5 = 2e12 + 2e34 + e37 − e46 +
1

4
e67,

de6 = 2e13 − 2e24 − 1

2
e27 + e45 − 1

4
e57,

de7 = 2e14 + 2e23 +
1

2
e26 − e35 +

1

4
e56.

(4.139)

A global qc structure on L2 is defined by (4.138). It is easy to check from

(4.139) that the triple {ξ1 = e5, ξ2 = e6, ξ3 = e7} form the Reeb vector

fields satisfying (4.7) and therefore the Biquard connection do exists. It is

easy to calculate from the structure equations (4.139) (see e.g. [11]), that

the torsion endomorphism of the Biquard connection is zero, T 0 = U = 0

and the qc scalar curvature is a negative constant, S = −2n(n+ 2) = −6.

It turns out that the 3-Sasakian spaces are locally the only qc-Einstein

manifolds, the fact established in [94]. We state the result in its whole

generality but shall give here a proof only for dimensions bigger than seven.

We have

Theorem 4.4.4. Let (M4n+3, η,Q) be a 4n + 3-dimensional qc manifold

with non-zero qc scalar curvature Scal and let ϵ be the sign of the scalar

curvature. For n > 1 the following conditions are equivalent

a) (M4n+3, g,Q) is qc-Einstein manifold;

b) M4n+3 is locally qc homothetic to a 3-Sasakian manifold, i.e., lo-

cally, there exists a SO(3)-matrix Ψ with smooth entries depend-

ing on an auxiliary parameter, such that, the local qc structure

(ϵ 16n(n+2)
Scal Ψ · η,Q) is 3-Sasakian.

A seven dimensionl qc manifold is qc-Einstein with constant non-zero qc

scalar curvature if and only if it is locally qc homothetic to a 3-sasakian

manifold in the sense of b).

Proof. The idea is the same as in the proof of Theorem 3.1 in [94]. Let

T 0 = U = 0 and n > 1. Theorem 4.4.2 shows that the qc scalar curvature
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is constant and the vertical distribution is integrable. The qc structure

η′ = 16n(n+2)
ϵScal η has normalized qc scalar curvature s′ = 2ϵ and dΩ′ = 0

provided Scal ̸= 0. For simplicity, we shall denote η′ with η and, in fact,

drop the ′ everywhere.

In the first step of the proof we show that the Riemannian cone N =

M×R+ with the metric gN = t2(g+ϵ
∑3
s=1 ηs⊗ηs)+ϵdt⊗dt has holonomy

contained either in Sp(n + 1) or in Sp(n, 1) depending on whether ϵ is

positive or negative, respectively. To this end we consider the following

four form on N

F = F1 ∧ F1 + F2 ∧ F2 + F3 ∧ F3, (4.140)

where the two forms Fs are defined by

Fi = t2(ωi + ϵηj ∧ ηk) + tdt ∧ ηi. (4.141)

Applying (4.95), (4.96) and (4.97), we calculate from (4.141) that

dFi = tdt ∧
(
2ωi + 2ϵηj ∧ ηk − dηi

)
+ t2d(ωi + ϵηj ∧ ηk)

= t dt ∧
(
2ωi + 2ϵηj ∧ ηk + ηj ∧ αk − ηk ∧ αk + sηj ∧ ηk

)
+ ϵt2

(
2ωj + ηi ∧ αk

)
∧ ηk − ϵt2

(
2ωk − ηi ∧ αj

)
∧ ηj

+ t2
(
ωj ∧ (αk + sηk)− ωk ∧ (αj + sηj)

)
− t2

(
ρk ∧ ηj − ρj ∧ ηk −

1

2
ds ∧ ηj ∧ ηk

)
. (4.142)

A short computation, using (4.95), (4.96), (4.97) and (4.142), gives

1

2
dF =

3∑
s=1

dFs ∧ Fs = t3dt ∧
∑
(ijk)

[
2ϵωi ∧ ηk ∧ ηj − sωi ∧ ηj ∧ ηk

]
− t3dt ∧

∑
(ijk)

[
2ρk ∧ ηi ∧ ηj +

1

2
ds ∧ ηi ∧ ηj ∧ ηk

]

+ t4
∑
(ijk)

[
ηi ∧ (ωj ∧ ρk − ωk ∧ ρj) +

1

2
ds ∧ ωi ∧ ηj ∧ ηk

]
= −2t3

∑
(ijk)

dt ∧ (ρi + 2ϵωi) ∧ ηj ∧ ηk + t4dΩ = 0, (4.143)

taking into account the first equality in Theorem 4.3.5, (4.130) and s = 2ϵ,

which hold when dΩ = 0 by Theorem 4.4.2.
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Hence, dF = 0 and the holonomy of the cone metric is contained either

in Sp(n + 1)Sp(1) or in Sp(n, 1)Sp(1) provided n > 1 [157], i.e. the cone

is quaternionic Kähler manifold provided n > 1. Note that when n = 1

this conclusion can not be reached in the positive definite case due to the

8-dimensional compact counter-example constructed by S. Salamon [147]

(for non compact counter-examples see [10; 11]).

It is a classical result (see e.g [23] and references therein) that a quater-

nionic Kähler manifolds of dimension bigger than four (of arbitrary sig-

nature) are Einstein. This fact implies that the cone N = M × R+ with

the metric gN must be Ricci flat (see e.g. [23] ) and therefore it is lo-

cally hyperkähler since the sp(1)-part of the Riemannian curvature van-

ishes and therefore it can be trivialized locally by a parallel sections (see

e.g. [23] ). This means that locally there exists a SO(3)-matrix Ψ with

smooth entries, possibly depending on t, such that the triple of two forms

(F̃1, F̃2, F̃3) = Ψ ·(F1, F2, F3)
T consists of closed 2-forms constitute the fun-

danental 2-forms of the local hyperkähler structure. Consequently (M,Ψ·η)
is locally a 3-Sasakian manifold.

The fact that b) implies a) is trivial since the 4-form Ω is invariant under

rotations and rescales by a constant when the metric on the horizontal space

H is replaced by a homothetic to it metric.

Remark 4.4.5. It follows from the above discussion that the cone over

a (4n + 3)-dimensional qc manifold carries either a Sp(n + 1)Sp(1) or a

Sp(n, 1)Sp(1) structure which is closed exactly when dΩ = 0 provided the

dimension is strictly bigger than seven.

Remark 4.4.6. An example of a qc structure satisfying T 0 = U = Scal =

0 can be obtained as follows. Let M4n be a hyperkähler manifold with

closed and locally exact Kähler forms ωl = dηl. The total space of an R3-

bundle over the hyperkähler manifold M4n with connection 1-forms ηl is

an example of a qc structure with T 0 = U = Scal = 0. The qc structure is

determined by the three 1-forms ηl satisfying dηl = ωl which yield T 0 = U =

Scal = 0. In particular, the quaternionic Heisenberg group which locally is

the unique qc structure with flat Biquard connection on H, see [97], can be

considered as an R3 bundle over a 4n-dimensional flat hyperkähler R4n. A

compact example is provided by a T 3-bundle over a compact hyperkähler

manifold M4n such that each closed Kähler form ωl represents integral

cohomology classes. Indeed, since [ωl], 1 ≤ l ≤ 3 define integral cohomology

classes onM4n, the well-known result of Kobayashi [111] implies that there
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exists a circle bundle S1 ↪→ M4n+1 → M4n, with connection 1-form η1 on

M4n+1 whose curvature form is dη1 = ω1. Because ωl (l = 2, 3) defines an

integral cohomology class on M4n+1, there exists a principal circle bundle

S1 ↪→ M4n+2 → M4n+1 corresponding to [ω2] and a connection 1-form η2
on M4n+2 such that ω2 = dη2 is the curvature form of η2. Using again the

result of Kobayashi, one gets a T 3-bundle over M4n whose total space has

a qc structure satisfying dηl = ωl which yield T 0 = U = Scal = 0.

We do not know whether there are other examples satisfying the condi-

tions T 0 = U = Scal = 0.
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Chapter 5

Quaternionic contact conformal
curvature tensor

5.1 Introduction

The goal of this section is to describe a tensor invariant on the tangent bun-

dle characterizing locally the qc structures which are quaternionic contact

conformally equivalent (quaternionic contact isomorphic) to the flat qc-

structure on the quaternionic Heisenberg group. It was proven in [94] that

the quaternionic Heisenberg group G (H) with its ”standard” left-invariant

qc structure is the unique (up to a SO(3)-action) example of a qc structure

with flat Biquard connection. We shall describe a curvature-type tensor

W qc defined in terms of the curvature and torsion of the Biquard connec-

tion by (5.49) involving derivatives up to second order of the horizontal

metric, whose form is similar to the Weyl conformal curvature in Rieman-

nian geometry and to the Chern-Moser invariant in CR geometry [45], see

also [169]. We call W qc the quaternionic contact conformal curvature, qc

conformal curvature for short. The main result of the section is Theorem

5.3.5 in which we show that a qc structure on a (4n+3)-dimensional smooth

manifold is locally quaternionic contact conformal to the standard flat qc

structure on the quaternionic Heisenberg group G (H) if and only if the qc

conformal curvature vanishes, W qc = 0.

In addition, we shall prove a number of useful facts. We devote a

sub-section to the quaternionic Cayley transform, which turns out to be

a conformal quaternionic contact automorphism between the standard 3-

Sasakian structure on the quaternionic sphere S4n+3 minus a point and

the standard qc structure on G (H) [94]. As a consequence of Theo-

rem 5.3.5 and the fact that the quaternionic Cayley transform is a quater-

nionic contact conformal equivalence between the 3-Sasakian structure on

the sphere minus a point and the flat qc structure on G (H), we obtain that

139



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

140 Extremals for the Sobolev inequality and the qc Yamabe problem

a qc-manifold is locally quaternionic contact conformal to the quaternionic

sphere S4n+3 if and only if the qc conformal curvature vanishes, W qc = 0.

We expect that the quaternionic contact conformal curvature tensor will

be a useful tool in the analysis of the quaternionic contact Yamabe problem,

see Section 6. According to [168] the qc Yamabe constant of a compact

qc manifold is less or equal than that of the sphere. Furthermore, if the

constant is strictly less than that of the sphere the qc Yamabe problem has

a solution, i.e., there is a global qc conformal transformation sending the

given qc structure to a qc structure with constant qc scalar curvature. A

natural conjecture is that the qc Yamabe constant of every compact locally

non-flat manifold (in conformal quaternionic contact sense) is strictly less

than the qc Yamabe constant of the sphere with its standard qc structure

and a natural tool in investigating this conjecture is the use of the qc

conformal curvature which measures the non-flatness of a qc structure.

5.2 Quaternionic contact conformal transformations

Given a qc manifold (M,H, [g],Q) and a local qc form η such that H =

Kerη then any other qc form η̄ generating the same qc structure is con-

nected with η by η̄ = µΨη where µ is a positive smooth function and

Ψ ∈ SO(3) is a smooth SO(3) matrix. In this section we study smooth

tensor invariants of a given qc structure, i.e. tensor invariants of these

transformations.

A conformal quaternionic contact transformation between two quater-

nionic contact manifold is a diffeomorphism Φ which satisfies

Φ∗η = µ Ψ · η

for some positive smooth function µ and some matrix Ψ ∈ SO(3) with

smooth functions as entries, where η = (η1, η2, η3)
t is considered as an

element of R3. The Biquard connection does not change under rotations,

i.e., the Biquard connection of Ψ · η and η coincides. Hence, studying qc

conformal transformations we may consider only transformations

Φ∗η = µ η.

We recall the formulas for the conformal change of the corresponding Bi-

quard connections from [94].

Let h be a positive smooth function on a qc manifold (M,η) and

η̄ =
1

2h
η
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be a conformal deformation of the qc structure η. We will denote the objects

related to η̄ by over-lining the same object corresponding to η. Thus,

dη̄ = − 1

2h2
dh ∧ η +

1

2h
dη, ḡ =

1

2h
g. (5.1)

The new triple {ξ̄1, ξ̄2, ξ̄3}, determined by the conditions (4.7) defining the

Reeb vector fields, is

ξ̄s = 2h ξs + Is∇h, (5.2)

where ∇h is the horizontal gradient defined by

∇h = dh(ea)ea (5.3)

using the fixed orthonormal basis e1, . . . , e4n of the horizontal space H

equipped with the metric determined by η, see (4.1). The horizontal sub-

Laplacian and the norm of the horizontal gradient are defined respectively

by

△h = trgH(∇dh) = ∇dh(eα, eα), |∇h|2 = dh(eα) dh(eα). (5.4)

The Biquard connections ∇ and ∇̄ are connected by a (1,2) tensor P ,

∇̄AB = ∇AB + P (A,B), A,B ∈ Γ(TM). (5.5)

Condition (4.11) yields

g(P (X,Y ), Z)− g(P (Y,X), Z) = −h−1
3∑
s=1

ωs(X,Y )dh(IsZ), (5.6)

while ∇̄ḡ = 0 implies

g(P (A, Y ), Z) + g(P (A,Z), Y ) = −h−1dh(A)g(Y, Z). (5.7)

Set A = X into (5.7) and combine the obtained equation with (5.6) to

determine the tensor P

2hg(P (X,Y ), Z) = −dh(X)g(Y,Z)+
3∑
s=1

dh(IsX)ωs(Y, Z)−dh(Y )g(Z,X)

−
3∑
s=1

dh(IsY )ωs(Z,X) + dh(Z)g(X,Y )−
3∑
s=1

dh(IsZ)ωs(X,Y ). (5.8)

We calculate

2hT̄ (ξ̄i, X, Y )− 2hT (ξi, X, Y )− g(P (ξ̄i, X), Y )

= −g(P (X, ξ̄i), Y ) = −ᾱj(X)dh(IkY ) + ᾱk(X)dh(IjY )

+ αj(X)dh(IkY )− αk(X)dh(IjY )−∇dh(X, IiY )

= −∇dh(X, IiY ) + h−1
[
dh(IkX)dh(IjY )− dh(IjX)dh(IkY )

]
, (5.9)
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where we applied (4.10), (4.16), (5.1)and (5.2) several times.

When we take the symmetric part of (5.9), then apply (4.20) and (5.7)

with A = ξ̄i gives

4hT̄ 0(ξ̄i, X, Y )− 4hT 0(ξi, X, Y ) + h−1dh(ξ̄i)g(X,Y )

= −∇dh(X, IiY )−∇dh(Y, IiX).

The last equality together with (4.46) and (5.2) yield

T̄ 0(X,Y )− T 0(X,Y ) +
1

2h

3∑
s=1

dh(ξs)ωs(X,Y )

=
1

4h

(
3∇dh(Y,X)−

3∑
s=1

∇dh(IsX, IsY )

)
. (5.10)

The identity d2 = 0 implies ∇dh(X,Y ) − ∇dh(Y,X) = −dh(T (X,Y )).

Applying (4.11), we have

∇dh(X,Y ) = [∇dh][sym](X,Y )−
3∑
s=1

dh(ξs)ωs(X,Y ), (5.11)

where [.][sym] denotes the symmetric part of the corresponding (0,2)-tensor.

A substitution of (5.11) in (5.10) gives the important identity [94]

T̄ 0(X,Y ) = T 0(X,Y ) + h−1 [∇dh][sym][−1](X,Y ), (5.12)

where [∇dh][sym][−1] denotes the symmetric [-1] part of ∇dh given by

[∇dh][sym][−1](X,Y )

=
1

4

(
3∇dh(X,Y )−

3∑
s=1

∇dh(IsX, IsY ) + 4

3∑
s=1

dh(ξs)ωs(X,Y )

)
.

(5.13)

Taking the skew-symmetric part of (5.9), then applying the first part of

(4.13) and (5.7) with A = ξ̄i we obtain

4hS̄(ξ̄i, X, Y )− 4hS(ξi, X, Y )

= 2g(P (ξ̄i, X), Y ) + 2dh(ξi)g(X,Y )−∇dh(X, IiY ) +∇dh(Y, IiX)

+ 2h−1
[
dh(IkX)dh(IjY )− dh(IjX)dh(IkY )

]
. (5.14)

The second equation in (4.46) together with Lemma 4.2.7 and (5.11) applied

to (5.14) yield

4hŪ(X,Y )− 4hU(X,Y ) = −2g(P (ξ̄i, IiX), Y )

+∇dh(X,Y ) +∇dh(IiX, IiY ) + 2dh(ξj)ωj(X,Y ) + 2dh(ξk)ωk(X,Y )

− 2h−1
[
dh(IjX)dh(IjY ) + dh(IkX)dh(IkY )

]
. (5.15)
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4hŪ(IjX, IjY )− 4hU(IjX, IjY ) = −2g(P (ξ̄i, IkX), IjY )

+∇dh(IjX, IjY ) +∇dh(IkX, IkY ) + 2dh(ξj)ωj(X,Y )− 2dh(ξk)ωk(X,Y )

− 2h−1
[
dh(X)dh(Y ) + dh(IiX)dh(IiY )

]
. (5.16)

Since both connections are quaternionic connections, we obtain from (4.10)

consequently that[
−ᾱj(ξ̄i) + αj(ξ̄i)

]
ωk(X,Y )−

[
−ᾱk(ξ̄i) + αk(ξ̄i)

]
ωj(X,Y )

= g(∇̄ξiIi)X,Y )− g(∇ξiIi)X,Y )

= g(P (ξ̄i, IiX), Y )− g(P (ξ̄i, X), IiY ); (5.17)

[
−ᾱi(ξ̄i) + αi(ξ̄i)

]
g(X,Y )−

[
−ᾱj(ξ̄i) + αj(ξ̄i)

]
ωk(X,Y )

= g(∇̄ξiIk)X, IjY )− g(∇ξiIk)X, IjY )

= g(P (ξ̄i, IkX), IjY ) + g(P (ξ̄i, X), IiY ). (5.18)

We calculate from (4.92) and (4.93) applying (5.1) and (5.2) that

−ᾱj(ξ̄i) + αj(ξ̄i) = 2dh(ξk); −ᾱk(ξ̄i) + αk(ξ̄i) = −2dh(ξj);

−ᾱi(ξ̄i) + αi(ξ̄i) =
1

16n(n+ 2)

(
Scal − 2hScal

)
+

1

2h
|∇h|2.

(5.19)

Summing up (5.17) and (5.18), insert the result into the sum of (5.15) and

(5.16) using Lemma 4.2.7 and (5.19), we obtain

Ū(X,Y ) = U(X,Y ) +
1

2h

[
∇dh− 2

h
dh⊗ dh

]
[3]

(X,Y )

− 1

4h

[
−ᾱi(ξ̄i) + αi(ξ̄i)

]
g(X,Y ), (5.20)

where
[
∇dh− 2

hdh⊗ dh
]
[3]

is the [3]-component given by

[
∇dh− 2

h
dh⊗ dh

]
[3]

(X,Y ) =
1

4
∇dh(X,Y ) +

1

4

3∑
s=1

∇dh(IsX, IsY )

− 1

2h

(
dh(X)dh(Y ) +

3∑
s=1

dh(IsX)dh(IsY )
)
. (5.21)

The trace of (5.20) with the help of (5.21) yields[
−ᾱi(ξ̄i) + αi(ξ̄i)

]
=

1

2n
∆h− 1

nh
|∇h|2, (5.22)
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since the tensors Ū and U are completely trace-free.

Substitute (5.22) into (5.20) to obtain [94]

Ū(X,Y ) = U(X,Y ) +
1

2h

[
∇dh− 2

h
dh⊗ dh

]
[3][0]

(X,Y ), (5.23)

where
[
∇dh− 2

hdh⊗ dh
]
[3][0]

denotes the trace-free part of the [3]-

component,[
∇dh− 2

h
dh⊗ dh

]
[3][0]

=

[
∇dh− 2

h
dh⊗ dh

]
[3]

− 1

4n

(
∆h− 2

h
|∇h|2

)
g.

Now, (5.15) and (5.23) yield the next transformation formula [94]

g(Pξ̄iX,Y ) =
1

4

[
∇dh(X, IiY )−∇dh(IiX,Y )

]
+

1

4

[
∇dh(IjX, IkY )−∇dh(IkX, IjY )

]
− 1

2h

[
dh(IkX)dh(IjY )− dh(IjX)dh(IkY )

]
− 1

2h

[
dh(IiX)dh(Y )− dh(X)dh(IiY )

]
+

1

4n

(
−△h+

2

h
|∇h|2

)
ωi(X,Y )

− dh(ξk)ωj(X,Y ) + dh(ξj)ωk(X,Y ). (5.24)

Compare (5.22) with the second line of (5.19) to get the formula connecting

the qc scalar curvatures of η̄ = 1
2hη and η [24] (see also [94])

Scal = 2hScal + 8(n+ 2)∆h− 1

h
8(n+ 2)2|∇h|2. (5.25)

Theorem 4.4.2 together with (5.12) and (5.23) lead to the next result es-

tablished in [94]

Corollary 5.2.1. The qc Einstein condition is preserved under a qc con-

formal transformation η̄ = 1
2hη if and only if the function h satisfies the

following two PDEs

3∇dh(X,Y )−
3∑
s=1

∇dh(IsX, IsY ) + 4
3∑
s=1

dh(ξs)ωs(X,Y ) = 0; (5.26)

∇dh(X,Y ) +
3∑
s=1

∇dh(IsX, IsY )− 2

h
dh(X)dh(Y )

− 2

h

3∑
s=1

dh(IsX)dh(IsY )
)
− 1

4n

(
∆h− 2

h
|∇h|2

)
g(X,Y ) = 0. (5.27)



January 28, 2011 16:41 World Scientific Book - 9in x 6in ws-book

Conformal curvature tensor 145

5.2.1 The quaternionic Cayley transform

Next we bring into consideration the quaternionic Heisenberg group G (H)

and the 3-Sasakian sphere S both of dimension 4n + 3. In Section 2.3.1

equation (2.30) we defined a Cayley transform on all groups of Heisenberg

type. Here we focus on the quaternionic Cayley transform which turns out

to be a qc conformal transformation between the standard flat qc structure

on G (H) and the standard 3-Sasakian structure on the sphere minus a

point [94].

Let us identifyG (H) with the boundary Σ of a Siegel domain in Hn×H,

see also (2.19),

Σ = {(q′, p′) ∈ Hn ×H : ℜ p′ = |q′|2},

by using the map

(q′, ω′) 7→ (q′, |q′|2 − ω′).

The standard contact form Θ̃, written as a purely imaginary quaternion

valued form, is given by (4.127). Since dp′ = q′ · dq̄′ + dq′ · q̄′ − dω′,

under the identification of G (H) with Σ we also have

Θ̃ = −1

2
dp′ + dq′ · q̄′.

Taking into account that Θ̃ is purely imaginary, the last equation can be

written also in the following form

Θ̃ =
1

4
(dp̄′ − dp′) +

1

2
dq′ · q̄′ − 1

2
q′ · dq̄′.

The Cayley transform is the map from the sphere S = {|q|2 + |p|2 = 1} ⊂
Hn × H minus a point to the quaternionic Heisenberg group Σ defined by

C : S 7→ Σ, (q′, p′) = C
(
(q, p)

)
, where

q′ = (1 + p)−1 q, p′ = (1 + p)−1 (1− p).

The inverse map is (q, p) = C−1
(
(q′, p′)

)
given by

q = 2(1 + p′)−1 q′, p = (1 + p′)−1 (1− p′).

The Cayley transform maps S minus a point to Σ since

ℜ p′ = ℜ (1 + p̄)(1− p)

|1 + p |2
= ℜ 1− |p|

|1 + p |2
=

|q|2

|1 + p |2
= |q′|2.
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Writing the Cayley transform in the form (1+p)q′ = q, (1+p)p′ = 1−p,
gives dp · q′ + (1 + p) · dq′ = dq, dp · p′ + (1 + p) · dp′ = −dp, from
where we find

dp′ = −2(1 + p)−1 · dp · (1 + p)−1

dq′ = (1 + p)−1 · [dq − dp · (1 + p)−1 · q].
(5.28)

The Cayley transform is a conformal quaternionic contact diffeomorphism

between the quaternionic Heisenberg group with its standard quaternionic

contact structure Θ̃ and the sphere minus a point with its standard qc

structure η̃, a fact which can be seen as follows. Equations (5.28) imply

the following identities

2 C∗ Θ̃ = −(1 + p̄)−1 · dp̄ · (1 + p̄)−1 + (1 + p)−1 · dp · (1 + p)−1

+ (1 + p)−1
[
dq − dp · (1 + p)−1 · q

]
· q̄ · (1 + p̄)−1

− (1 + p)−1 q ·
[
dq̄ − q̄ · (1 + p̄)−1 · dp̄

]
· (1 + p̄)−1

= (1 + p)−1
[
dp · (1 + p)−1 · (1 + p̄) − |q|2 dp · (1 + p)−1

]
(1 + p̄)−1

+ (1 + p)−1
[
−(1 + p) · (1 + p̄)−1 · dp̄ + |q|2 (1 + p)−1dp̄

]
(1 + p̄)−1

+ (1 + p)−1 [dq · q̄ − q · dq̄ ] (1 + p̄)−1 = |1 + p |−2 λ η̃ λ̄, (5.29)

where λ = |1 + p | (1 + p)−1 is a unit quaternion and η̃ is the standard

quaternionic contact form on the sphere,

η̃ = dq · q̄ + dp · p̄ − q · dq̄ − p · dp̄. (5.30)

Since |1+p| = 2|1+p′|−1 we have λ = (1+p′)|1+p′ |−1 and the equation

(5.29) can be put in the form

λ · (C−1)∗ η̃ · λ̄ =
8

|1 + p′ |2
Θ̃.

Remark 5.2.2. Notice that the standard qc contact form we consider here

is twice the 3-Sasakian form on S4n+3, which has qc scalar curvature equal

to 16n(n+2) by Theorem 4.4.3. Thus, the qc scalar curvature S̃ = S̃cal of

the standard qc structure (5.30) on S4n+3 is

S̃ =
1

2
(Q+ 2)(Q− 6) = 8n(n+ 2), (5.31)

where, as usual, Q = 4n+ 6 is the homogeneous dimension.
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5.3 qc conformal curvature

We calculate the relation between the curvature tensors R̄ and R of the Bi-

aquard connections ∇̄ and ∇ of two qc conformally equivalent qc structures

η̄ = 1
2hη.

We use the notation for the Kulkarni-Nomizu product of two (not nec-

essarily symmetric) tensors of type (0,2), for example, if L is a (0,2) tensor,

we have

(ωs ? L)(X,Y, Z, V ) := ωs(X,Z)L(Y, V ) + ωs(Y, V )L(X,Z)

− ωs(Y, Z)L(X,V )− ωs(X,V )L(Y,Z).

We also use the usual conventions

IsL (X,Y ) = g(IsLX, Y ) = −L(X, IsY ).

With a standard computation based on (5.5), (5.8), (5.24) the curvature

tensors R̄ and R are connected by [97]

2hg(R̄(X,Y )Z, V )− g(R(X,Y )Z, V ) = −(g ?M)(X,Y, Z, V )

−
3∑
s=1

(ωs ? IsM)(X,Y, Z, V ) +
1

2

∑
(i,j,k)

ωi(X,Y )
[
M(Z, IiV )−M(IiZ, V

]
+

1

2

∑
(i,j,k)

ωi(X,Y )
[
M(IjZ, IkV )−M(IkZ, IjV )

]

− g(Z, V )
[
M(X,Y )−M(Y,X)

]
+

3∑
s=1

ωs(Z, V )
[
M(X, IsY )−M(Y, IsX)

]
+

1

2n

∑
(i,j,k)

Mi

[
ωj(X,Y )ωk(Z, V )− ωk(X,Y )ωj(Z, V )

]

− 1

2n
(trM)

3∑
s=1

ωs(X,Y )ωs(Z, V ), (5.32)

where
∑

(i,j,k) denotes the cyclic sum, the (0,2) tensor M is given by

M(X,Y ) =
1

2h
∇dh(X,Y )

− 1

4h2

[
dh(X)dh(Y ) +

3∑
s=1

dh(IsX)dh(IsY ) +
1

2
g(X,Y )|dh|2

]
(5.33)
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and trM =M(ea, ea),Ms =M(ea, Isea) are its traces.

Using (5.33) and (5.11), we obtain

trM =
1

2h

(
△h− n+ 2

h
|dh|2

)
,

Ms =
1

4h

(
∇dh(ea, Isea)−∇dh(Isea, ea)

)
= −2n

h
dh(ξs).

(5.34)

Suitable traces of (5.32) imply

ρi(X, IiY )− ρi(X, IiY ) = −M(X,Y )−M(IiY, IiX)

− trM

2n
g(X,Y ) +

Mj

2n
ωj(X,Y ) +

Mk

2n
ωk(X,Y )

= −M(X,Y )−M(IiX, IiY ))− trM

2n
g(X,Y )− 1

h
dh(ξi)ωi(X,Y ), (5.35)

where we use (5.33), (5.34) and (5.11) to establish the third line.

The equations (5.35) yield

3∑
s=1

ρs(X, IsY )−
3∑
s=1

ρs(X, IsY ) = −2M(X,Y )

− 4M[3](X,Y )− 3trM

2n
g(X,Y )− 1

h

3∑
s=1

dh(ξs)ωs(X,Y )

= −2M[sym](X,Y )− 4M[3](X,Y )− 3trM

2n
g(X,Y ), (5.36)

where we apply (5.11) to obtain the last line.

Using (5.33) and the fact that the [3]-component (∇dh)[3] of ∇dh on

H is symmetric, we obtain that the [3]-component of M is symmetric,

M[3] =M[3][sym] =M[sym][3].

The two Sp(n)Sp(1)-invariant components of (5.36) are given by(
3∑
s=1

ρs(X, IsY )

)
[−1]

−

(
3∑
s=1

ρs(X, IsY )

)
[−1]

= −2M[sym][−1](X,Y ). (5.37)

(
3∑
s=1

ρs(X, IsY )

)
[3]

−

(
3∑
s=1

ρs(X, IsY )

)
[3]

= −6M[sym][3](X,Y )− 3trM

2n
g(X,Y ). (5.38)
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On the other hand (4.69) implies

3∑
s=1

ρs(X, IsY )

= − 3

8n(n+ 2)
Scal.g(X,Y )− T 0(X,Y )− 6U(X,Y ). (5.39)

Taking the trace in (5.38) and applying (5.39), we obtain

Scal

2h
− Scal = 8(n+ 2)trM. (5.40)

Now, (5.40) yields

trM.g(X,Y ) =
Scal

8n(n+ 2)
g(X,Y )− Scal

8n(n+ 2)
g(X,Y ). (5.41)

We calculate from (5.38), (5.39) and (5.41) that

M[sym][3](X,Y ) =
1

6

(
3∑
s=1

ρs(X, IsY )

)
[3]

+
Scal

32n(n+ 2)
g(X,Y )

− 1

6

(
3∑
s=1

ρs(X, IsY )

)
[3]

− Scal

32n(n+ 2)
g(X,Y )

=

[
U(X,Y ) +

Scal

32n(n+ 2)
g(X,Y )

]
−
[
U(X,Y ) +

Scal

32n(n+ 2)
g(X,Y )

]
.

(5.42)

Similarly, (5.37) together with (5.39) imply

M[sym][−1](X,Y ) =
1

2
T

0
(X,Y )− 1

2
T 0(X,Y ). (5.43)

We get from (5.42) and (5.43) that

M[sym](X,Y ) = L(X,Y )− L(X,Y ), (5.44)

where the symmetric (0,2) tensor L is given by

L(X,Y ) =
1

2
T 0(X,Y ) + U(X,Y ) +

Scal

32n(n+ 2)
g(X,Y ). (5.45)

We obtain from (5.33) and (5.11) that

M(X,Y ) =M[sym](X,Y )− 1

2h

3∑
s=1

dh(ξs)ωs(X,Y ). (5.46)
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Substitute (5.45) into (5.44) and put the result into (5.46), insert the ob-

tained equality in (5.32) and use (5.34) to obtain [97]

2hWR(X,Y, Z, V ) =WR(X,Y, Z, V ), (5.47)

where the tensor WR is given by

WR(X,Y, Z, V ) = R(X,Y, Z, V )

+ (g ? L)(X,Y, Z, V ) +

3∑
s=1

(ωs ? IsL)(X,Y, Z, V )

− 1

2

∑
(i,j,k)

ωi(X,Y )
[
L(Z, IiV )− L(IiZ, V ) + L(IjZ, IkV )− L(IkZ, IjV )

]

−
3∑
s=1

ωs(Z, V )
[
L(X, IsY )−L(IsX,Y )

]
+

1

2n
(trL)

3∑
s=1

ωs(X,Y )ωs(Z, V ).

(5.48)

Recalling the definitions (4.4) of the two Sp(n)Sp(1)-invariant parts of an

endomorphism of H, comparing (5.48) with (4.104) and applying (5.45),

we obtain the next Proposition.

Proposition 5.3.1. On a QC manifold the [−1]-part with respect to the

first two arguments of the tensor WR vanishes identically,

WR[−1](X,Y, Z, V )

=
1

4

[
3WR(X,Y, Z, V )−

3∑
s=1

WR(IsX, IsY,Z, V )
]
= 0.

The [3]-part with respect to the first two arguments of the tensor WR
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coincides with WR and has the expression

WR(X,Y, Z, V ) =WR[3](X,Y, Z, V )

=
1

4

[
WR(X,Y, Z, V ) +

3∑
s=1

WR(IsX, IsY,Z, V )
]

=
1

4

[
R(X,Y, Z, V ) +

3∑
s=1

R(IsX, IsY, Z, V )
]

− 1

2

3∑
s=1

ωs(Z, V )
[
T 0(X, IsY )− T 0(IsX,Y )

]
+

Scal

32n(n+ 2)

[
(g ? g)(X,Y, Z, V ) +

3∑
s=1

(ωs ? ωs)(X,Y, Z, V )
]

+ (g ? U)(X,Y, Z, V ) +

3∑
s=1

(ωs ? IsU)(X,Y, Z, V ). (5.49)

Definition 5.3.2. We denote with W qc the tensor WR (5.48) consid-

ered as a tensor of type (1,3) with respect to the horizontal metric on H,

g(W qc(X,Y )Z, V ) = WR(X,Y, Z, V ) and call it the quaternionic contact

conformal curvature.

In view of (5.47) we obtain the next important result discovered in [97]

Theorem 5.3.3. The tensor WR is covariant while the tensor W qc is

invariant under qc conformal transformations, i.e. if

η̄ = (2h)−1Ψη then 2hWRη̄ =WRη, W qc
η̄ =W qc

η ,

for any smooth positive function h and any SO(3)-matrix Ψ.

The properties of the qc conformal curvature established in [97] we de-

scribed in the following

Proposition 5.3.4. The tensor WR is completely trace-free, i.e.

Ric(WR) = ρs(WR) = τs(WR) = ζs(WR) = 0.

Proof. Lemma 4.2.6, Lemma (4.2.7) and (5.45) imply the following iden-

tities

T 0(ξs, IsX,Y ) =
1

2

[
L(X,Y )− L(IsX, IsY )

]
, (5.50)



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

152 Extremals for the Sobolev inequality and the qc Yamabe problem

U(X,Y ) = − 1

4n
tr L g(X,Y )

+
1

4

[
L(X,Y ) + L(I1X, I1Y ) + L(I2X, I2Y ) + L(I3X, I3Y )

]
, (5.51)

T (ξi, X, Y ) = −1

2

[
L(IiX,Y ) + L(X, IiY )

]
+ U(IiX,Y )

= −1

4
L(IiX,Y )− 3

4
L(X, IiY )− 1

4
L(IkX, IjY )

+
1

4
L(IjX, IkY )− 1

4n
(tr L) g(IiX,Y ). (5.52)

After a substitution of (5.50) and (5.51) in the first four equations of The-

orem 4.3.5 we derive

Ric(X,Y ) =
2n+ 3

2n
tr L g(X,Y ) +

8n+ 11

2
L(X,Y )

+
3

2

[
L(IiX, IiY ) + L(IjX, IjY ) + L(IkX, IkY )

]
, (5.53)

ρi(X,Y ) = L(X, IiY )− L(IiX,Y )− 1

2n
trLωi(X,Y ), (5.54)

τi(X,Y ) = − 1

n
tr Lωi(X,Y )

− n+ 2

2n

[
L(IiX,Y )− L(X, IiY ) + L(IkX, IjY )− L(IjX, IkY )

]
(5.55)

ζi(X,Y ) =
2n− 1

8n2
tr Lωi(X,Y ) +

3

8n
L(IiX,Y )

− 8n+ 3

8n
L(X, IiY ) +

1

8n

[
L(IkX, IjY )− L(IjX, IkY )

]
. (5.56)

Taking the corresponding traces in (5.48), using also (5.53)-(5.56), it is

straightforward to verify the claim.

It turns out that the qc conformal curvature is the only local obstruction

for a qc conformal flatness of a given qc structure.

Theorem 5.3.5. [97] A qc structure on a (4n + 3)-dimensional smooth

manifold is locally quaternionic contact conformal to the standard flat qc

structure on the quaternionic Heisenberg group G (H) if and only if the qc

conformal curvature vanishes, W qc = 0.
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Proof. Here we only sketch the proof and refer to [97] for a complete

proof of this theorem. In Chapter 7 we give a complete new proof of the

Cartan-Chern-Moser theorem in the CR case illustrating our approach in

a somewhat simpler setting.

Suppose W qc = 0, hence WR = 0. In order to prove Theorem 5.3.5 we

search for a conformal factor such that after a conformal transformation

using this factor the new qc structure has Biquard connection which is flat

when restricted to the common horizontal space H. After we achieve this

task we can invoke Proposition 4.3.15 and conclude that the given struc-

ture is locally qc conformal to the flat qc structure on the quaternionic

Heisenberg group G (H). With this considerations in mind, it is then suffi-

cient to find (locally) a solution h of equation (5.46) with M[sym] = −L. In
fact, a substitution of (5.46) in (5.32) and an application of the condition

W qc = 0 = WR allows us to see that the qc structure η̄ = 1
2hη has flat

Biquard connection.

Let us consider the following overdetermined system of partial differen-

tial equations with respect to an unknown function u

∇du(X,Y ) = −du(X)du(Y )

+
3∑
s=1

[
du(IsX)du(IsY )− du(ξs)ωs(X,Y )

]
+

1

2
g(X,Y )|∇u|2 − L(X,Y ),

(5.57)

∇du(X, ξi) = B(X, ξi)− L(X, Iidu) +
1

2
du(IiX)|∇u|2

− du(X)du(ξi)− du(IjX)du(ξk) + du(IkX)du(ξj), (5.58)

∇du(ξi, ξi) = −B(ξi, ξi) + B(Iidu, ξi)

+
1

4
|∇u|4 − (du(ξi))

2 + (du(ξj))
2 + (du(ξk))

2, (5.59)

∇du(ξj , ξi) = −B(ξj , ξi) + B(Iidu, ξj)

− 2du(ξi)du(ξj)−
Scal

16n(n+ 2)
du(ξk), (5.60)

∇du(ξk, ξi) = −B(ξk, ξi) + B(Iidu, ξk)

− 2du(ξi)du(ξk) +
Scal

16n(n+ 2)
du(ξj). (5.61)
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Here the tensor L is given by (5.45). The tensors B(X, ξi) and B(ξi, ξj) do
not depend on the unknown function u and are defined in terms of L and

its first and second horizontal (covariant) derivatives as follows

B(X, ξi) =
1

2(2n+ 1)
(∇eaL)(Iiea, X)

+
1

6(2n+ 1)

(
(∇eaL)(ea, IiX)−∇IiXtr L

)
,

B(ξs, ξt) =
1

4n

[
(∇eaB)(Isea, ξt) + L(ea, eb)L(Itea, Iseb)

]
.

If we make the substitution

2u = lnh, 2hdu = dh, ∇dh = 2h∇du+ 4hdu⊗ du,

in (5.33) we recognize that (5.46) transforms into (5.57). Therefore, our

goal is to show that equation (5.57) has a solution, for which it is sufficient

to verify the Ricci identities (see below). However, if equation (5.57) has

a smooth solution then (5.58)-(5.61) appear as necessary conditions, so we

considered the complete system (5.57)-(5.61) and reduced the question to

showing that this system has (locally) a smooth solution.

The integrability conditions for the above considered over-determined

system are furnished by the Ricci identity

∇2du(A,B,C)−∇2du(B,A,C)

= −R(A,B,C, du)−∇du((T (A,B), C). (5.62)

The proof of Theorem 5.3.5 could be achieved by considering all possible

cases of (5.62) and showing that the vanishing of the quaternionic contact

conformal curvature tensor W qc implies (5.62), which guaranties the exis-

tence of a local smooth solution to the system (5.57)-(5.61). We refer to

[97] for details.

We end this section with a few remarks.

First, we note that for locally 3-Sasakian manifolds a curvature invariant

under very special quaternionic contact conformal transformations, which

preserve the 3-Sasakian condition, is defined in [4]. It is shown that the van-

ishing of this invariant is equivalent to the structure being locally isometric

to the 3-Sasaki structure on the sphere. In particular, this shows that the

standard 3-Sasakian structure on the sphere is locally rigid with respect to

qc conformal transformations preserving the 3-Sasakian condition.

The second remark concerns an alternative approach to conformal flat-

ness. Following the work of Cartan and Tanaka, a qc structure can be
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considered as an example of what has become known as a parabolic ge-

ometry. The quaternionic Heisenberg group, as well as, the quaternionic

sphere, due to the Cayley transform, provide the flat models of such a ge-

ometry. It is well known that the curvature of the corresponding regular

Cartan connection is the obstruction for the local flatness. However, the

Cartan curvature is not a tensor field on the tangent bundle and it is highly

nontrivial to extract a tensor field involving the lowest order derivatives of

the structure which implies the vanishing of the obstruction. Theorem 5.3.5

suggests that a necessary and sufficient condition for the vanishing of the

Cartan curvature of a qc structure is the vanishing of the qc conformal

curvature tensor, W qc = 0. This was confirmed in [9] employing results

developed in [94] and the general theory of parabolic geometries.

Finally, Theorem 5.3.5 can be also used in a standard way to show a

Ferrand-Obata type theorem concerning the conformal quaternionic contact

automorphism group, see [98]. Such result was proved in the general context

of parabolic geometries admitting regular Cartan connection in [71].
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Chapter 6

The quaternionic contact Yamabe
problem and the Yamabe constant of

the qc spheres

6.1 Introduction

Let M be a compact quaternionic contact manifold M of real dimension

4n + 3 and homogeneous dimension Q = 4n + 6. Thus, we are given an

R3-valued contact form η = {η1, η2, η3} defining the horizontal distribution

H and fundamental two forms dη|H of the quaternionic hermitian structure

(g, I1, I2, I3) on H, (dηs)|H = 2g(Is., .) = 2ωs, s = 1, 2, 3. A natural ques-

tion is to determine the qc Yamabe constant of the conformal class [η] of η

defined as the infimum

λ(M, [η]) = inf{Υ(u) : u ∈ C∞(M), u > 0}, (6.1)

where V olη = η1 ∧ η2 ∧ η3 ∧ (ω1)
2n denotes the volume form determined

by η, see (6.9). The qc Yamabe functional of the conformal class of η is

defined for 0 < u ∈ C∞(M) by

Υ(u) =

(ˆ
M

(
4
Q+ 2

Q− 2
|∇u|2 + S u2

)
V olη

)/(ˆ
M

u2
∗
V olη

)2/2∗

, (6.2)

where V olη is the volume form (6.9), ∇ is the Biquard connection of η,

S stands for the qc scalar curvature of (M, η) and |∇u| is the length of

the horizontal gradient, cf. (5.3) and (5.4). This is the so-called qc Yamabe

constant problem. The question is closely related to the solvability of the qc

Yamabe equation (5.25). This is the so called qc Yamabe problem, which is

the problem of finding all qc structures conformal to a given structure η (of

constant qc scalar curvature) which also have constant qc scalar curvature.

Taking the conformal factor in the form η̄ = u4/(Q−2)η, Q = 4n+ 6, turns

(5.25) into the equation

Lu ≡ 4
Q+ 2

Q− 2
△u− S u = − S u2

∗−1, (6.3)

157
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where△ is the horizontal sub-Laplacian, △u = trgH (∇du), cf. (5.4), S and

S are the qc scalar curvatures correspondingly of (M, η) and (M, η̄), η̄ =

u4/(Q−2)η, and 2∗ = 2Q/(Q− 2). A natural question is to find all solutions

of the qc Yamabe equation (6.3). As usual the two fundamental problems

are related by noting that on a compact quaternionic contact manifold M

with a fixed conformal class [η] the qc Yamabe equation characterizes the

non-negative extremals of the qc Yamabe functional.

One of the goals of this chapter is the determination of λ(S4n+3, [η̃]),

where η̃ is the standard qc form (5.30) on the unit sphere S4n+3. In addi-

tion, the proof yields all qc forms in the conformal class [η̃] which achieve

λ(S4n+3). In particular, we shall determine the best constant in the L2

Folland-Stein inequality (0.4) and characterize all functions for which equal-

ity holds in the case of the quaternionic Heisenberg group.

The second goal is to solve the qc Yamabe problem for the standard

qc structure on the seven dimensional sphere and quaternionic Heisenberg

groups. We shall see that, as conjectured in [75], all solutions of the Yamabe

equations are given by those that realize the Yamabe constant of the sphere

or the best constant in the Folland-Stein inequality. In short, we shall prove

the next Theorems.

Theorem 6.1.1. [96]

a) Let G (H) = Hn × ImH be the quaternionic Heisenberg group as de-

scribed in Section 4.3.4. The best constant in the L2 Folland-Stein em-

bedding inequality (1.1), where the horizontal gradient is taken using the

vector fields (4.124) is

S2 =

[
22n+6σ4n+4

]−1/(4n+6)√
2n(n+ 1)

,

Here, σ4n+4 = 2π2n+2/(2n+1)! is the volume of the unit sphere S4n+3 ⊂
R4n+4. The non-negative functions for which (1.1) becomes an equality

when p = 2 and G = G (H) are given by the functions of the form

F = γ
[
(1 + |q|2)2 + |ω|2

]−(n+1)
, γ = const, (6.4)

and all functions obtained from F by translations (1.28) and dilations

(1.29).

b) The qc Yamabe constant of the standard qc structure of the sphere is

λ(S4n+3, [η̃]) = 16n(n+ 2) [(2n)!σ4n+4]
1/(2n+3)

. (6.5)
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The proof, which can be found in Section 6.7, relies on the old idea of center

of mass of Szegö [158] and Hersch [89]. We remind that in the Folland-Stein

inequality the integration is performed using a Haar measure, while the qc

Yamabe constant employs the natural volume form (6.9). The relation

between the two integrals on the qc Heisenberg group G (H) is given in

(6.64).

Theorem 6.1.2. [95]

a) Let η̃ = 1
2hη be a conformal deformation of the standard qc structure η̃

on the quaternionic unit sphere S7. If η has constant qc-scalar curvature,

then up to a multiplicative constant η is obtained from η̃ by a conformal

quaternionic contact automorphism. In particular, λ(S7) = 48 (4π)1/5

and this minimum value is achieved only by η̃ and its images under

conformal quaternionic contact automorphisms.

b) Let G (H) = H×ImH be the seven dimensional quaternionic Heisenberg

group. A solution of the Yamabe equation(
T 2
1 + X2

1 + Y 2
1 + Z2

1

)
u = −u3/2 (6.6)

is given by the function

ū = 210 [(1 + |q|2)2 + |ω|2]−2, (6.7)

where the left invariant vector fields are those in (4.124). Any other

non-negative entire solution of the Yamabe equation is obtained from ū

by translations (6.50) and dilations (6.51).

We note that 2∗ − 1 = (Q+ 2)/(Q− 2) = 3/2 when n = 1.

The proof of Theorem 6.1.2 is given in Section 6.6 and relies on the

divergence formula established in Theorems 6.5.1 and 6.2.5.

6.2 Some background

In this section we present key results from [94] necessary for the proof of

the main theorems.

6.2.1 The qc normal frame

The next Lemma established in [94] is an application of a standard result

in differential geometry is very useful and simplifies the calculations.
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Lemma 6.2.1. In a neighborhood of any point p ∈ M4n+3 and a qc-

orthonormal basis

{X1(p), X2(p) = I1X1(p) . . . , X4n(p) = I3X4n−3(p), ξ1(p), ξ2(p), ξ3(p)}
of the tangential space at p there exists a qc-orthonormal frame field

{X1, X2 = I1X1, . . . , X4n = I3X4n−3, ξ1, ξ2, ξ3}
such that Xa|p = Xa(p), ξs|p = ξs(p), a = 1, . . . , 4n and the connection

1-forms of the Biquard connection are all zero at the point p:

(∇XaXb)|p = (∇ξiXb)|p = (∇Xaξt)|p = (∇ξtξs)|p = 0, (6.8)

for a, b = 1, . . . , 4n, s, t, r = 1, 2, 3.

In particular,

((∇XaIs)Xb)|p = ((∇XaIs)ξt)|p = ((∇ξtIs)Xb)|p = ((∇ξtIs)ξr)|p = 0.

Proof. Since ∇ preserves the splitting H ⊕ V we can apply the standard

arguments for the existence of a normal frame with respect to a metric

connection (see e.g. [172]). We sketch the proof for completeness.

Let {X̃1, . . . , X̃4n, ξ̃1, ξ̃2, ξ̃3} be a qc-orthonormal basis around p such

that X̃a|p = Xa(p), ξ̃i|p = ξi(p). We want to find a modified frame

Xa = obaX̃b, ξi = oji ξ̃j , which satisfies the normality conditions of the

lemma.

Let ϖ be the sp(n) ⊕ sp(1)-valued connection 1-forms with respect to

{X̃1, . . . , X̃4n, ξ̃1, ξ̃2, ξ̃3},
∇X̃b = ϖc

bX̃c, ∇ξ̃s = ϖt
sξ̃t.

Let {x1, . . . , x4n+3} be a coordinate system around p such that

∂

∂xa
(p) = Xa(p),

∂

∂x4n+t
(p) = ξt(p), a = 1, . . . , 4n, t = 1, 2, 3.

One can easily check that the matrices

oba = exp

(
−

4n+3∑
c=1

ϖb
a(

∂

∂xc
)|px

c

)
∈ Sp(n),

ost = exp

(
−

4n+3∑
c=1

ϖs
t (

∂

∂xc
)|px

c

)
∈ Sp(1)

are the desired matrices making the identities (6.8) true.

Now, the last identity in the lemma is a consequence of the fact that

the choice of the orthonormal basis of V does not depend on the action of

SO(3) on V combined with (4.10).

Definition 6.2.2. We refer to the orthonormal frame constructed in

Lemma 6.2.1 as a qc-normal frame.
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6.2.2 Horizontal divergence theorem

Let (M,η) be a quaternionic contact manifold with a fixed globally defined

contact form η. For a fixed s ∈ {1, 2, 3} the form

V olη = η1 ∧ η2 ∧ η3 ∧ ω2n
s (6.9)

is a volume form and is independent of s.

We define the (horizontal) divergence of a horizontal vector field/one-

form σ ∈ Λ1 (H) by

∇∗ σ = tr|H∇σ =

4n∑
a=1

(∇eασ)(eα). (6.10)

Clearly the horizontal divergence does not depend on the basis and is an

Sp(n)Sp(1)-invariant.

For any horizontal 1-form σ ∈ Λ1 (H) we denote with σ# the corre-

sponding horizontal vector field via the horizontal metric defined with the

equality σ(X) = g(σ#, X).

It is justified to call the function ∇∗ σ divergence of σ in view of the

following Proposition.

Proposition 6.2.3. Let (M,η) be a quaternionic contact manifold of di-

mension (4n+3) and η ∧ ω2n−1
s

def
= η1 ∧ η2 ∧ η3 ∧ ω2n−1

s .

For any horizontal 1-form σ ∈ Λ1 (H) we have

d(σ#y(V olη)) = −(∇∗σ)V olη .

Therefore, if M is compact,

ˆ
M

(∇∗σ)V olη = 0.

Proof. We work in a qc-normal frame at a point p ∈ M constructed in

Lemma 6.2.1. Let ea be the horizontal 1-form corresponding to the vector

field ea, e
a(X) = g(X, ea). Since σ is horizontal, we have σ# = g(σ#, ea)ea.

Therefore, we calculate

σ#y(V olη) =
4n∑
a=1

(−1)ag(σ#, ea)η ∧ ea1 ∧ · · · ∧ êa ∧ · · · ∧ e4n,

where êa means that the 1-form ea is missing in the above wedge product.
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The exterior derivative of the above expression gives

d(σ#y(V olη)) = −
4n∑
a=1

eag(σ
#, ea)V olη

+

4n∑
a=1

3∑
s=1

g(σ#, ea)dηs(ξs, ea)V olη mod sign

+
4n∑

a=1,b=1

g(σ#, ea)de
b(eb, ea)V olη mod sign

= −(∇∗σ)V olη. (6.11)

Indeed, since the Biquard connection preserves the metric, the right hand

side of the first line can be handled as follows eag(σ
#, ea) = g(∇eaσ

#, ea)+

g(σ#,∇aaea) which evaluated at the point p gives

eag(σ
#, ea)|p = g(∇eaσ

#, ea)|p) = ((∇eaσ)ea)|p .

The second line of (6.11) is equal to zero because of the definition of the

Reeb vector fields, (4.7). The third line vanishes because of the following

sequence of identities

deb(eb, ea)|p = eb([eb, ea])|p = eb(∇ebea −∇eaeb − T (eb, ea))|p = 0

since T (eb, aa) is a vertical vector field. This proves the first formula. When

the manifold is compact, an application of the Stoke’s theorem completes

the proof.

We note that the integral formula of the above theorem was essentially

proved in [[168], Proposition 2.1].

Remark 6.2.4. From Remark 5.2.2 it follows that the volume form V olη̃
of the standard qc form (5.30) on the unit sphere is

V olη̃ = κη̃dσ, κη̃ = 22n+3(2n)! (6.12)

where dσ is the Riemannian volume form of the round unit sphere in Hn+1.

6.2.3 Conformal transformations of the quaternionic

Heisenberg group preserving the vanishing of the

torsion

Studying conformal deformations of qc structures preserving the qc-

Einstein condition, we describe explicitly all global functions on the



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

QC Yamabe problem and constant 163

quaternionic Heisenberg group sending conformally the standard flat qc

structure to another qc-Einstein structure in [94].

Theorem 6.2.5. [94] Let Θ = 1
2h Θ̃ be a conformal deformation of the

standard qc-structure Θ̃ on the quaternionic Heisenberg group G (H). If Θ

is also qc-Einstein, then up to a left translation the function h is given by

h = c
[(
1 + ν |q|2

)2
+ ν2 (x2 + y2 + z2)

]
,

where c and ν are positive constants. All functions h of this form have this

property.

Here we sketch the proof formulating only the crucial steps in a sequence

of lemmas and propositions, and refer to [94] for a complete proof.

We start with a Proposition in which we determine the vertical Hessian

of h.

Proposition 6.2.6. If h satisfies (5.26) on G (H) then we have the rela-

tions

ξ21(h) = ξ22(h) = ξ23(h) = 8µo, ξsξt(h) = 0, s ̸= t = 1, 2, 3, (6.13)

where µo > 0 is a constant. In particular,

h(q, ω) = g(q)

+ µo
[
(x + xo(q) )

2 + (y + yo(q) )
2 + (z + zo(q) )

2
]

(6.14)

for some real valued functions g, xo yo and zo on Hn. Furthermore we

have

TaZaX
2
a(h) = TaZaY

2
a (h) = 0, T 2

a ξj(h) = 0.

In view of Proposition 6.2.6, we define h = g + µo f , where

f = (x+ xo(q))
2 + (y + yo(q))

2 + (z + zo(q))
2. (6.15)

The following simple Lemma is one of the keys to integrating the system

(5.26) and (5.27).

Lemma 6.2.7. Let X and Y be two parallel horizontal vectors

a) If ωs(X,Y ) = 0 then

4XY h− 2h−1
[
dh(X) dh(Y ) +

3∑
s=1

dh(IsX) dh(IsY )
]
= λ g(X,Y ).

(6.16)
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b) If g(X,Y ) = 0 then

2XY h − h−1 { dh(X) dh(Y ) +

3∑
s=1

dh(IsX) dh(IsY ) }

= 2

3∑
s=1

{
(ξsh) ωs(X,Y )

}
. (6.17)

c) If g(X,Y ) = ωs(X,Y ) = 0 for s = 1, 2, 3 we have for any t ∈ {1, 2, 3}
that

XY (ξth) = 0,

8XY h = µo
{
(Xξtf) (Y ξtf) +

3∑
s=1

(IsX ξtf) (IsY ξtf)
}
.

(6.18)

In order to see that after a suitable translation the functions xo yo and

zo can be made equal to zero we need the following proposition.

Proposition 6.2.8. If h satisfies (5.26) and (5.27) on G (H) then we have

a) For s ∈ {1, 2, 3} and i, j, k a cyclic permutation of 1, 2, 3

Ta Tb (ξsh) = (IiTa) (IiTb) (ξsh) = 0 ∀ a, b
(IiTa) Tb (ξsh) = (IiTa) (IiTb) (ξsh) = 0, a ̸= b

(Ij Ta)Ta (ξs h) = − Ta (Ij Ta) (ξsh) = 8 δsj µo

(Ij Ta) (Ii Ta) (ξsh) = − (Ii Ta) (Ij Ta) (ξsh) = 8 δsk µo ,

(6.19)

i.e., the horizontal Hessian of a vertical derivative of h is determined

completely.

b) There is a point (qo, ωo) ∈ G (H), qo = (q1o , q
2
o , . . . , q

n
o ) ∈ Hn and

ω = ixo + jyo + kzo ∈ Im(H), such that,

ixo(q) + jyo(q) + kzo(q) = wo + 2 Im qo q̄.

So far we have proved that if h satisfies the system (5.26) and (5.27)

on G (H) then, in view of the translation invariance of the system, after a

suitable translation we have

h(q, ω) = g(q) + µo (x
2 + y2 + z2).

The goal is to show that g(q) = (b + 1 +
√
µ
o
|q|2)2. The next result

completes the proof of Theorem 6.2.5.

Proposition 6.2.9. If h satisfies the system (5.26) and (5.27) on G (H)

then after a suitable translation we have

g(q) = (b + 1 +
√
µo |q|2)2, b + 1 > 0.
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6.3 Constant qc scalar curvature and the divergence for-

mula

In this section we investigate in details qc conformal deformations of pos-

itive 3-Sasakian manifolds which lead to a qc manifolds with constant qc

scalar curvature.

We consider the following horizontal 1-forms As, A = A1 + A2 + A3

defined by

Ai(X) = ωi([ξj , ξk], X), (6.20)

which, in view of equation (4.74) can be written in the form

Ai(X) = −ρi(IjX, ξk) = ρi(IkX, ξj) = −T (ξj , ξk, IiX). (6.21)

An immediate consequence of (4.108) and (4.50) is the following

Corollary 6.3.1. On a 4n+3-dimensional qc manifold of constant qc scalar

curvature the next formulas hold

Ai(X) =
2(n+ 1)

3(2n+ 1)
∇∗U(X) +

4n+ 1

12(2n+ 1)
∇∗T 0(X)

+
1

4(2n+ 1)
(∇eaT

0)(Iiea, IiX). (6.22)

A(X) =
2(n+ 1)

2n+ 1
∇∗U(X) +

n

2n+ 1
∇∗T 0(X). (6.23)

We obtain from the contracted Bianchi identity (4.121) and (6.23) the

next result established in [[94], Theorem 4.8].

Theorem 6.3.2. [94] On a (4n+3)-dimensional qc manifold with constant

qc-scalar curvature we have the formulas

∇∗T 0 = (n+ 2)A, ∇∗U =
1− n

2
A. (6.24)

Hereafter in this section (M, g, η) will be a qc manifold with globally defined

qc structure η and constant positive qc-scalar curvature Scal. We may

assume Scal = 16n(n + 2) since we can always use a qc homothety to

arrange this constant.

Lemma 6.3.3. Let h be a positive smooth function on a qc manifold

(M, g, η) with a constant positive qc-scalar curvature Scal = 16n(n + 2)
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and η̄ = 1
2h η a conformal deformation of the qc structure η. If η̄ is a

positive 3-Sasakian structure, then we have the formulas

A1(X) = −1

2
h−2dh(X) − 1

2
h−3|∇h|2dh(X)

− 1

2
h−1

(
∇dh(I2X, ξ2) + ∇dh(I3X, ξ3)

)
+

1

2
h−2

(
dh(ξ2) dh(I2X) + dh(ξ3) dh(I3X)

)
+

1

4
h−2

(
∇dh(I2X, I2∇h) + ∇dh(I3X, I3∇h)

)
. (6.25)

The expressions for A2 and A3 can be obtained from the above formula by

a cyclic permutation of (1, 2, 3). Thus, we have also

A(X) = −3

2
h−2dh(X) − 3

2
h−3|∇h|2dh(X)− h−1

3∑
s=1

∇dh(IsX, ξs)

+ h−2
3∑
s=1

dh(ξs) dh(IsX) +
1

2
h−2

3∑
s=1

∇dh(IsX, Is∇h).

Proof. First we calculate the sp (1)-connection 1-forms of the Biquard con-

nection ∇. For a positive 3-Sasakian structure we derive from (4.134),

applying (4.92) and (4.93), that

dη̄i(ξ̄j , ξ̄k) = 2, ξ̄iydη̄i = 0, ᾱs(ξ̄t) = −2δst

and the qc-scalar curvature Scal = 16n(n+ 2).

Then (5.2), (4.92), and (4.93) yield

2dηi(ξj , ξk) = 2h−1 + h−2∥dh∥2,
αi(X) = −h−1dh(IiX), αi(ξj) = −h−1dh(ξk) = −αj(ξi),

4αi(ξi) = −4 − 2h−1 − h−2∥dh∥2.
(6.26)

From the 3-Sasakian assumption the commutators are [ξ̄i, ξ̄j ] = −2ξ̄k.

Thus, for X ∈ H taking also into account (5.2) we have

g([ξ̄1, ξ̄2], I3X) = −2 g(ξ̄3, I3X) = −2 g(2h ξ3 + I3 ∇h, I3X)

= −2 dh (X).

Therefore, using again (5.2), we obtain

− 2 dh(X) = g([ξ̄1, ξ̄2], I3X)

= g
(
[2hξ1 + I1 ∇h, 2hξ2 + I2 ∇h], I3X

)
= −4h2A3(X) + 2hg( [ξ1, I2∇h], I3X)

+ 2hg( [I1∇h, ξ2], I3X) + g( [I1 ∇h, I2 ∇h], I3X). (6.27)
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The last three terms we evaluate as follows. The first equals

g ( [ξ1, I2∇h], I3X) = g ( (∇ξ1 I2)∇h + I2 ∇ξ1 ∇h, I3X)

− g (T (ξ1, I2∇h), I3X) = −α3(ξ1) dh(I2X) + α1(ξ1) dh(X)

− ∇dh (ξ1, I1X) − g (T (ξ1, I2∇h), I3X),

where we use (4.10) and the fact that ∇ preserves the splitting H ⊕V . We

obtain for the second term that

g ( [I1∇h, ξ2], I3X) = α2(ξ2) dh(X) + α3(ξ2) dh(I1X)

− ∇dh (ξ2, I2X)− g (T (I1∇h, ξ2), I3X).

Working similarly, we obtain for the third term the equalities

g ( [I1∇h, I2∇h], I3X) = −α3(I1∇h) dh(I2X) + α1(I1∇h) dh(X)

− ∇dh (I1∇h, I1X) + α2(I2∇h) dh(X)

+ α3(I2∇h) dh(I1X) − ∇dh (I2∇h, I2X).

Next we apply (6.26) to the last three equalities, then substitute their sum

into (6.27), after which we use the commutation relations (5.11) to obtain

the following identity

4h2A3(X) = (−4h + h−1∥∇h∥2) dh(X)

− 2h
[
∇dh (I1X, ξ1) + ∇dh (I2X, ξ2)

]
−
[
∇dh (I1X, I1∇h)) + ∇dh (I2X, I2∇h)

]
+ 2

[
dh(ξ1) dh(I1X) + dh(ξ2) dh(I2X) + 2 dh(ξ3) dh(I3X)

]
+ 2h

[
T (ξ1, I1X,∇h) + T (ξ2, I2X,∇h)

]
− 2h

[
T (ξ1, I2X, I3∇h) − T (ξ2, I1X, I3∇h)

]
. (6.28)

Using (4.20), (4.51) and (4.53), we obtain that the torsion endomor-

phism of the Biquard connection is given by

T (ξs, X, Y ) = −1

4

(
T 0(IsX,Y ) + T 0(X, IsY )

)
+ U(IsX,Y ). (6.29)

The equation (6.29) together with (4.50) and (4.52) help us to represent

the last two lines in (6.28) in terms of the tensors T 0 and U as follows

T (ξ1, I1X,∇h) + T (ξ2, I2X,∇h)−T (ξ1, I2X, I3∇h) + T (ξ2, I1X, I3∇h)
= T 0(X,∇h) + T 0(I3X, I3∇h)− 8U(X,∇h),
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which allows us to rewrite (6.28) in the form

4A3(X) = (−4h−1 + h−3∥∇h∥2) dh(X)

− 2h−1
[
∇dh (I1X, ξ1) + ∇dh (I2X, ξ2)

]
+ 2h−2

[
dh(ξ1) dh(I1X) + dh(ξ2) dh(I2X) + 2 dh(ξ3) dh(I3X)

]
− h−2

[
∇dh (I1X, I1∇h) + ∇dh (I2X, I2∇h)

]
+ h−1

[
2T 0(X,∇h) + 2T 0(I3X, I3∇h)− 8U(X,∇h)

]
. (6.30)

Using (5.12) the T 0 part of the torsion in (6.28) can be expressed by h as

follows,

2 T 0(∇h,X) + 2 T 0(I3∇h, I3X)

= −2h−1
{
[∇dh][−1](∇h,X) + [∇dh][−1](I3∇h, I3X)

}
− 2h−1

3∑
s=1

{
dh(ξs)

[
g(Is∇h,X) + g(IsI3∇h, I3X)

]}
= −h−1

{
∇dh (∇h,X) + ∇dh (I3∇h, I3X)

}
+ h−1

{
∇dh (I1∇h, I1X) + ∇dh (I2∇h, I2X)

}
+ 4h−1 dh(ξ3) dh(I3X).

Invoking equation (5.11) we can put ∇h in second place in the Hessian

terms, thus, proving the formula

2 T 0(∇h,X) + 2 T 0(I3∇h, I3X) = − 4h−1 dh(ξ3) dh(I3X)

− h−1
{
∇dh (X,∇h) + ∇dh (I3X, I3∇h)

}
+ h−1

{
∇dh (I1X, I1∇h) + ∇dh (I2X, I2∇h)

}
. (6.31)
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Similarly, (5.23) and the Yamabe equation (5.25) give

8U(∇h,X) = −h−1
{
∇dh (∇h,X) +

3∑
s=1

∇dh (Is∇h, IsX)

− 2h−1∥∇h∥2 dh(X) − △h
n

dh(X) + 2h−1 ∥∇h∥2

n
dh(X)

}
= −h−1

{
∇dh (∇h,X) +

3∑
s=1

∇dh (Is∇h, IsX)
}

− h−1
{
−2h−1∥∇h∥2 dh(X) − 2n− 4nh+ (n+ 2)h−1∥∇h∥2

n
dh(X)

+ 2h−1 ∥∇h∥2

n
dh(X)

}
= −h−1

{
∇dh (X,∇h) +

3∑
s=1

∇dh (IsX, Is∇h)
}

− h−1
(
−3h−1∥∇h∥2 − 2 + 4h

)
dh(X). (6.32)

Substituting the last two formulas (6.31) and (6.32) into (6.30) gives A3

in the form of (6.25) written for A1, cf. the paragraph after (6.25).

6.4 Divergence formulas

We shall need the divergences of various vector/1-forms through the almost

complex structures, so we start with a general formula valid for any hor-

izontal vector/1-form σ. Let {e1, . . . , e4n} be an orthonormal basis of H.

The divergence of Isσ is

∇∗(Isσ) ≡ (∇ea(Isσ))(ea) = −(∇eaσ)(Isea) − σ((∇eaIs)ea),

recalling Isσ(X) = −σ(IsX).

We recall that an orthonormal frame

{e1, e2 = I1e1, e3 = I2e1, e4 = I3e1, . . . , e4n = I3e4n−3, ξ1, ξ2, ξ3}
is a qc-normal frame (at a point) if the connection 1-forms of the Biquard

connection vanish (at that point). Lemma 6.2.1 asserts that a qc-normal

frame exists at each point of a qc manifold. With respect to a qc-normal

frame the above divergence reduces to

∇∗(Isσ) = −(∇eaσ)(Isea).

Lemma 6.4.1. Suppose (M, g,Q) is a quaternionic contact manifold with

constant qc-scalar curvature. For any function h we have the following
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formulas

∇∗
( 3∑
s=1

dh(ξs)IsAs

)
=

3∑
s=1

∇dh (Isea, ξs)As(ea)

∇∗
( 3∑
s=1

dh(ξs)IsA
)

=
3∑
s=1

∇dh (Isea, ξs)A(ea).

Proof. Using the identification of the 3-dimensional vector spaces spanned

by {ξ1, ξ2, ξ3} and {I1, I2, I3} with R3, the restriction of the action of

Sp(n)Sp(1) to this spaces can be identified with the action of the group

SO(3), i.e., ξs =
∑3
t=1 Ψstξ̄t and Is =

∑3
t=1 ΨstĪt, with Ψ ∈ SO(3).

One verifies easily that the vectors

A,

3∑
s=1

dh(ξs)IsAs = −
3∑
i=1

dh(ξi)[ξj , ξk] and

3∑
s=1

dh(ξs)IsA

are Sp(n)Sp(1) invariant on H, for example Ā = (detΨ)A = A. Thus,

it is sufficient to compute their divergences in a qc-normal frame. To

avoid the introduction of new variables, in this proof, we shall assume that

{e1, . . . , e4n, ξ1, ξ2, ξ3} is a qc-normal frame.

To prove the first formula we show ∇∗(IsAs) = 0.

The formula (4.74) yields

−∇∗(I3A3) = ∇∗[ξ1, ξ2] = (∇eaρ3)(I1ea, ξ1).

On the other hand, taking the trace into (4.106) and using that the torsion

endomorphism of the Biquard connection is traceless, we calculate

0 = R(ξ1, ξ2, eb, eb) = −(∇ebρ3)(I1eb, ξ1)

− T (ξj , eb, ea)T (ξi, ea, eb) + T (ξj , ea, eb)T (ξi, eb, ea)

= −(∇ebρ3)(I1eb, ξ1).

Hence ∇∗(I3A3) = 0. The equalities ∇∗(I1A1) = ∇∗(I2A2) = 0 with

respect to a qc-normal frame can be obtained similarly. Hence, the first

formula in Lemma 6.4.1 follows.

We are left with proving the second divergence formula. For that pur-

pose it is sufficient to show ∇∗(IsA) = 0.

From the definition of A, we have

I2A = −[ξ3, ξ1] + I3[ξ3, ξ2] + I1[ξ1, ξ2]. (6.33)

Since the qc scalar curvature is constant, we calculate taking suitable

traces from (4.106) and applying (4.76) and (4.74) that
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0 = 4n(ρ1(ξ1, ξ2) + ρ3(ξ3ξ2))

= R(ξ1, ξ2, eb, I1eb)−R(ξ2, ξ3, eb, I3eb)

= (∇ebρ3)(eb, ξ1)− T (ξ2, eb, ea)T (ξ1, ea, I1eb) + T (ξ2, ea, I1eb)T (ξ1, eb, ea)

+(∇ebρ1)(I1eb, ξ2)+T (ξ3, eb, ea)T (ξ2, ea, I3eb)−T (ξ3, ea, I3eb)T (ξ2, eb, ea)

= ∇∗(I1[ξ1, ξ2] + I3[ξ3, ξ2])− T (ξ2, eb, ea)
(
T (ξ1, ea, I1eb) + T (ξ1, I1ea, eb)

)
− T (ξ2, eb, ea)

(
T (ξ3, ea, I3eb) + T (ξ3, I3ea, eb)

)
= ∇∗(I1[ξ1, ξ2] + I3[ξ3, ξ2]) (6.34)

because the terms involving the torsion in (6.34) vanish. Indeed, taking into

account that the scalar product af symmetric and skew-symmetric tensors

vanishes, using (4.20), (4.43), (4.50), (4.51) and (4.53) we calculate

T (ξ2, eb, ea)
(
T (ξ1, ea, I1eb) + T (ξ1, I1ea, eb)

)
+ T (ξ2, eb, ea)

(
T (ξ3, ea, I3eb) + T (ξ3, I3ea, eb)

)
= 2T 0(ξ2, eb, ea)

(
T 0(ξ1, I1ea, eb) + T 0(ξ3, I3ea, eb)

)
= −1

2

(
T 0(I2eb, ea) + T 0(eb, I2ea))

)1
4

[
3T 0(ea, eb) + T 0(I2ea, I2eb)

]
= −1

4

(
T 0(I2eb, ea) + T 0(eb, I2ea)

)
T 0(ea, eb) = 0

using suitable switch to the basis {I2ea : a = 1, . . . , 4n} to obtain the first

equality in the fifth line. To get the last equality we rely on the identity

T 0(I2eb, ea)T
0(eb, ea) = 0

following, for example, from the equality

T 0(I2eb, ea)T
0(eb, ea) = −T 0(eb, ea)T

0(I2eb, ea).

Combining (6.34) with ∇∗(I2A2) = 0 we conclude from (6.33) that

∇∗(I2A) = 0. Similarly, we derive ∇∗(I1A) = ∇∗(I3A) = 0 which proofs

the second formula in Lemma 6.4.1.

We shall also need the following one-forms

Ds(X) = −1

2
h−1

[
T 0(X,∇h) + T 0(IsX, Is∇h)

]
. (6.35)

For simplicity, using the musical isomorphism, we will denote with Ds the

corresponding (horizontal) vector fields, for example g(Ds, X) = Ds(X).
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We also set

D = D1 + D2 + D3 = −h−1 T 0(X,∇h), (6.36)

where we used (4.50) to obtain the second equality in (6.36).

Lemma 6.4.2. Suppose (M,η) is a quaternionic contact manifold with

constant qc-scalar curvature Scal = 16n(n + 2). Suppose η̄ = 1
2hη has

vanishing [−1]-torsion component T
0
= 0.

a) We have

D(X) =
1

4
h−2

(
3 ∇dh(X,∇h) −

3∑
s=1

∇dh(IsX, Is∇h)
)

+ h−2
3∑
s=1

dh(ξs) dh(IsX).

b) The divergence of D satisfies

∇∗D = |T 0|2 − h−1g(dh,D) − h−1(n+ 2) g(dh,A).

Proof. a) The formula for D follows immediately from (5.12).

b) We work in a qc-normal frame. Since the qc scalar curvature is

assumed to be constant we use (6.24) to find

∇∗D = −h−1 dh(ea)D(ea)

− h−1∇∗T 0(∇h) − h−1T 0(ea, eb) ∇dh(ea, eb)
= −h−1 dh(ea)D(ea) − h−1(n+ 2) dh(ea)A(ea) − g(T 0, h−1 ∇dh)

= |T 0|2 − h−1dh(ea)D(ea) − h−1(n+ 2) dh(ea)A(ea),

applying (5.12) in the last equality.

Let us also consider the following horizontal one-forms (and correspond-

ing horizontal vector fields)

Fs(X) = −h−1 T 0(X, Is∇h). (6.37)

From the definition of Ds, (6.35), we find

−Di(IiX) +Dj(IiX) +Dk(IiX)

= −h
−1

2

[
T 0(X, Ii∇h) + T 0(IiX,∇h)− T 0(IkX, Ij∇h) + T 0(IjX, Ik∇h)

]
= −h−1T 0(X, Ii∇h) = Fi(X),
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where we applied (4.50) to establish the second equality.

Thus, the forms Fs can be expressed by the forms Ds as follows

Fi(X) = −Di(IiX) + Dj(IiX) + Dk(IiX). (6.38)

Lemma 6.4.3. Suppose (M,η) is a quaternionic contact manifold with

constant qc-scalar curvature Scal = 16n(n + 2). Suppose η̄ = 1
2hη has

vanishing [−1]-torsion component, T
0
= 0. We have

∇∗
( 3∑
s=1

dh(ξs)Fs

)
=

3∑
s=1

[
∇dh (Isea, ξs)Fs(Isea)

]
+ h−1

3∑
s=1

[
dh(ξs)dh(Isea)D(ea) + (n+ 2) dh(ξs)dh(Isea)A(ea)

]
.

Proof. We note that the vector
∑3
s=1 dh(ξs)Fs is an Sp(n)Sp(1) invariant

vector. Hence, we may work with a qc-normal frame {e1, . . . , e4n, ξ1, ξ2, ξ3}.
Since the scalar curvature is assumed to be constant we can apply Theo-

rem 6.3.2, thus ∇∗T 0 = (n+2)A. Turning to the divergence, we compute

∇∗
( 3∑
s=1

dh(ξs)Fs

)
= −

3∑
s=1

h−1 dh(ξs)∇∗T 0(Is∇h)

+

3∑
s=1

[
∇dh (ea, ξs)Fs(ea)

]
+

3∑
s=1

[
h−2 dh(ξs) dh(ea)T

0(ea, Iseb) dh(eb)
]

−
3∑
s=1

[
h−1 dh(ξs)T

0(ea, Iseb) ∇dh (ea, eb)
]

=

3∑
s=1

[
∇dh (ea, ξs)Fs(ea)

]
−

3∑
s=1

h−1 dh(ξs)∇∗T 0(Is∇h)

+

3∑
s=1

[
h−1 dh(ξs) dh(Isea)D(ea)

]
=

3∑
s=1

[
∇dh (ea, ξs)Fs(ea) + h−1 dh(ξs) dh(Isea)D(ea)

]
+

3∑
s=1

h−1(n+ 2) dh(ξs) dh(Isea)A(ea), (6.39)

using the symmetry of T 0 in the next to last equality and the fact

T 0(ea, I1eb) ∇dh (ea, eb) = 0.
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The latter can be seen, for example, by first using (5.12) and the formula for

the symmetric part of ∇dh, the commutation relations (5.11), from which

we have

T 0(ea, I1eb) ∇dh (ea, eb)

= − h−1∇dh[sym][−1](ea, I1eb)
[
∇dh[sym](ea, eb)−

3∑
s=1

dh(ξs)ωs(ea, eb)
]

= − h−1∇dh[sym][−1](ea, I1eb)∇dh[sym][−1](ea, eb)

− h−1∇dh[sym][−1](ea, I1eb)∇dh[sym][3](ea, eb)

+ h−1∇dh[sym][−1](ea, I1eb)
3∑
s=1

dh(ξs)ωs(ea, eb) = 0,

using the zero traces of the [-1]-component to justify the vanishing of the

third term in the last equality. Switching to the basis {Isea : a = 1, . . . , 4n}
in the first term of the right-hand-side of (6.39) completes the proof.

6.5 The divergence theorem in dimension seven

At this point we restrict our considerations to the 7-dimensional case, i.e.

n = 1. Following is the main technical result. As mentioned in the intro-

duction, a motivation to seek a divergence formula of this type based on the

Riemannian and CR cases of the considered problem. The main difficulty

is to find a suitable vector field with non-negative divergence containing

the norm of the torsion. The fulfilment of this task was facilitated by the

results of [94], which in particular showed that similarly to the CR case,

but unlike the Riemannian case, we were not able to achieve a proof based

purely on the Bianchi identities, see [[94], Theorem 4.8].

Theorem 6.5.1. Suppose (M7, η) is a quaternionic contact structure

conformal to a positive 3-Sasakian structure (M7, η̄), η̃ = 1
2h η. If

Scalη = Scalη̃ = 16n(n+ 2), then with f given by

f =
1

2
+ h +

1

4
h−1|∇h|2,

the following identity holds

∇∗
(
fD +

3∑
s=1

dh(ξs)Fs + 4

3∑
s=1

dh(ξs)IsAs − 10

3

3∑
s=1

dh(ξs) IsA
)

= f |T 0|2 + h ⟨QV, V ⟩.
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Here, Q is a positive semi-definite matrix and V = (D1, D2, D3, A1, A2, A3)

with As, Ds defined, correspondingly, in (6.20) and (6.35).

Proof. Using the formulas for the divergences of D,
∑3
s=1 dh(ξs)Fs,∑3

s=1 dh(ξs)IsAs and
∑3
s=1 dh(ξs) IsA given correspondingly in Lemmas

6.4.2, 6.4.3 and 6.4.1 we have the identity (n = 1 here)

∇∗
(
fD +

3∑
s=1

dh(ξs)Fs + 4

3∑
s=1

dh(ξs)IsAs − 10

3

3∑
s=1

dh(ξs) IsA
)

=
(
dh(ea) − 1

4
h−2dh(ea)|∇h|2 +

1

2
h−1 ∇dh(ea,∇h)

)
D(ea)

+ f
(
|T 0|2 − h−1dh(ea)D(ea) − h−1(n+ 2) dh(ea)A(ea)

)
+

3∑
s=1

∇dh(Isea, ξs)Fs(Isea)

+ h−1
3∑
s=1

[
dh(ξs) dh(Isea)D(ea) + (n+ 2) dh(ξs) dh(Isea)A(ea)

]
+ 4

3∑
s=1

∇dh(Isea, ξs)As(ea) − 10

3

3∑
s=1

∇dh(Isea, ξs)A(ea)

=
(
dh(ea) − 1

4
h−2dh(ea)|∇h|2 +

1

2
h−1 ∇dh(ea,∇h)

) 3∑
t=1

Dt(ea)

+ f
(
|T 0|2 − h−1dh(ea)

)( 3∑
t=1

Dt(ea)
)
− fh−1(n+ 2) dh(ea)

( 3∑
t=1

At(ea)
)

+ ∇dh(I1ea, ξ1) (D1(ea) − D2(ea) − D3(ea))

+ ∇dh(I2ea, ξ2) (−D1(ea) +D2(ea) − D3(ea))

+ ∇dh(I3ea, ξ3) (−D1(ea) − D2(ea) +D3(ea))

+ h−1
( 3∑
s=1

dh(ξs) dh(Isea)
) ( 3∑

t=1

Dt(ea)
)

+ h−1(n+ 2)
( 3∑
s=1

dh(ξs) dh(Isea)
) ( 3∑

t=1

At(ea)
)

+ 4

3∑
s=1

∇dh(Isea, ξs)As(ea) − 10

3

( 3∑
s=1

∇dh(Isea, ξs)
) ( 3∑

t=1

At(ea)
)
,

(6.40)
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where the last equality uses (6.38) to express the vectors Fs by Ds, and the

expansions of the vectors A and D according to (6.20) and (6.36). Since the

dimension ofM is seven it follows U = Ū = [ ∇dh−2h−1dh⊗dh][3][0] =

0. This, together with the Yamabe equation (7.33) , which when n = 1

becomes △h = 2− 4h+ 3h−1|∇h|2, yield the formula, cf. (6.32),

∇dh (X,∇h) +

3∑
s=1

∇dh (IsX, Is∇h)

−
(
2 − 4h + 3h−1|∇h|2

)
dh(X) = 0. (6.41)

From equations (6.35) and (6.31) we have

Di(X) = h−2 dh(ξi) dh(IiX) +
1

4
h−2

[
∇dh (X,∇h) + ∇dh (IiX, Ii∇h)

− ∇dh (IjX, Ij∇h) − ∇dh (IkX, Ik∇h)
]
.

Expressing the first term in (6.41) by the rest and substituting with the

result in the above equations we come to

Di(ea) =
1

4
h−2

(
2 − 4h + 3h−1|∇h|2

)
dh(ea) + h−2 dh(ξi) dh(Iiea)

+
1

2
h−2 [− ∇dh (Ijea, Ij∇h) −∇dh (Ikea, Ik∇h)] . (6.42)

At this point, by a purely algebraic calculation, using Lemma 6.3.3 and

(6.42) we find:

22

3
A1 − 2

3
A2 − 2

3
A3 +

11

3
D1 − 1

3
D2 − 1

3
D3

= −3h−1

(
1 +

1

2
h−1dh(ea) +

1

4
h−2|∇h|2

)
dh(ea)

+ 3h−2

(
3∑
s=1

dh(ξs) dh(Isea)

)
+

2

3
h−1∇dh(I1ea, ξ1)

− 10

3
h−1∇dh(I2ea, ξ2)−

10

3
h−1∇dh(I3ea, ξ3).

Similarly,

3A1 −A2 −A3 + 2D1 =

(
−2h−1 +

1

2
h−2 + h−3|∇h|2

)
dh(ea)

− 1

2
h−2

3∑
s=1

∇dh(Isea, Is∇h) + h−1 ∇dh(I1ea, ξ1)

− h−1 ∇dh(I2ea, ξ2)− h−1 ∇dh(I3ea, ξ3) + h−2
3∑
s=1

dh(ξs) dh(Isea).
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On the other hand, the coefficient of A1(ea) in (6.40) is found to be, after

setting n = 1,

h
[
− 3

(
1 +

1

2
h−1 +

1

4
h−2|∇h|2

)
h−1 dh(ea)

+ 3h−2

(
3∑
s=1

dh(ξs) dh(Isea)

)
+

2

3
h−1∇dh(I1ea, ξ1)

− 10

3
h−1∇dh(I2ea, ξ2)−

10

3
h−1∇dh(I3ea, ξ3)

]
,

while the coefficient of D1(ea) in (6.40) is

dh(ea) − 1

4
h−2dh(ea)|∇h|2 +

1

2
h−1 ∇dh(ea,∇h)

− f h−1dh(ea) + ∇dh(I1ea, ξ1) − ∇dh(I2ea, ξ2)

− ∇dh(I3ea, ξ3)D1(ea) + h−1
( 3∑
s=1

dh(ξs) dh(Isea)
)
.

Substituting ∇dh(ea,∇h) according to (6.41), i.e.,

∇dh (ea,∇h) = −
3∑
s=1

∇dh (Isea, Is∇h) +
(
2 − 4h +3h−1|∇h|2

)
dh(ea)

and using the definition of f transforms the above formula into

dh(ea) − 1

4
h−2dh(ea)|∇h|2 −

(
1

2
+ h +

1

4
h−1|∇h|2

)
h−1dh(ea)

+
1

2
h−1

(
−

3∑
s=1

∇dh (Isea, Is∇h) +
(
2 − 4h + 3h−1|∇h|2

)
dh(ea)

)
+ ∇dh(I1ea, ξ1) − ∇dh(I2ea, ξ2)− ∇dh(I3ea, ξ3)D1(ea)

+ h−1

(
3∑
s=1

dh(ξs) dh(Isea)

)
.

Simplifying the above expression shows that the coefficient of D1(ea)

in (6.40) is

(
−2 +

1

2
h−1 + h−2|∇h|2

)
dh(ea)−

1

2
h−1

(
3∑
s=1

∇dh (Isea, Is∇h)

)
+ ∇dh(I1ea, ξ1) − ∇dh(I2ea, ξ2)− ∇dh(I3ea, ξ3)

+ h−1

(
3∑
s=1

dh(ξs) dh(Isea)

)
.
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Hence, we proved that the coefficient of D1(ea) in (6.40) is

h (3A1 −A2 −A3 + 2D1) (ea),

while those of A1(ea) is

h
(22
3
A1 − 2

3
A2 − 2

3
A3 +

11

3
D1 − 1

3
D2 − 1

3
D3

)
(ea).

A cyclic permutation gives the rest of the coefficients in (6.40). With

this, the divergence (6.40) can be written in the form

∇∗
(
fD +

3∑
s=1

dh(ξs)Fs + 4

3∑
s=1

dh(ξs)IsAs − 10

3

3∑
s=1

dh(ξs) IsA
)

= f |T 0|2 + hσ1,2,3

{
g
(
D1, 3A1 − A2 − A3 + 2D1

)
+ g

(
A1,

22

3
A1 − 2

3
A2 − 2

3
A3 +

11

3
D1 − 1

3
D2 − 1

3
D3

)}
,

where σ1,2,3 denotes the sum over all positive permutations of (1, 2, 3). Let

Q be equal to

Q :=



2 0 0
10

3
−2

3
−2

3

0 2 0 −2

3

10

3
−2

3

0 0 2 −2

3
−2

3

10

3
10

3
−2

3
−2

3

22

3
−2

3
−2

3

−2

3

10

3
−2

3
−2

3

22

3
−2

3

−2

3
−2

3

10

3
−2

3
−2

3

22

3


so that

∇∗
(
fD +

3∑
s=1

dh(ξs)Fs + 4dh(ξs) IsAs − 10

3

3∑
s=1

dh(ξs) IsA
)

= f |T 0|2 + h ⟨QV, V ⟩,

with V = (D1, D2, D3, A1, A2, A3). It is not hard to see that the eigenvalues

of Q are given by

{0, 0, 2 (2 +
√
2), 2 (2−

√
2), 10, 10},

which shows that Q is a non-negative matrix.



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

QC Yamabe problem and constant 179

6.6 The qc Yamabe problem on the qc sphere and quater-

nionic Heisenberg group in dimension seven

In this section we give the proof of Theorem 6.1.2. We start with part a).

Integrating the divergence formula of Theorem 6.5.1 it follows by Proposi-

tion 6.2.3 that the integral of the left-hand side is zero. Thus, the right-hand

side vanishes as well, which shows that the quaternionic contact structure

η has vanishing torsion endomorphism, i.e., it is also qc-Einstein according

to Theorem 4.3.5.

Next we bring into consideration the 7-dimensional quaternionic Heisen-

berg group and the quaternionic Cayley transform as described in chap-

ter 4 and 5. The quaternionic Heisenberg group of dimension seven is

G (H) = H× ImH. Let us identify the (seven dimensional) group G (H)

with the boundary Σ of a Siegel domain in H × H,Σ = {(q′, p′) ∈
H × H : ℜ p′ = |q′2}. Σ carries a natural group structure and the

map (q, ω) 7→ (q, |q|2 − ω) ∈ Σ is an isomorphism between G (H) and Σ,

see Section 5.2.1.

The standard contact form, written as a purely imaginary quaternion

valued form, on G (H) is given by 2Θ̃ = (dω − q ·dq̄ + dq · q̄), where ·
denotes the quaternion multiplication. Since dp = q ·dq̄ + dq · q̄ − dω,

under the identification ofG (H) with Σ we also have 2Θ̃ = −dp′ + 2dq′ ·
q̄′. Taking into account that Θ̃ is purely imaginary, the last equation can

be written also in the following form 4 Θ̃ = (dp̄′ − dp′) + 2dq′ ·q̄′ − 2q′ ·dq̄′.
Recall from Section 5.2.1 that the (quaternionic) Cayley transform is

the map C : S \ {(−1, 0)} 7→ Σ from the sphere S = {(q, p) ∈ H × H :

|q|2 + |p|2 = 1} ⊂ H × H minus a point to the Heisenberg group Σ =

{(q1, p1) ∈ H×H : ℜ p1 = |q1|2}, with C defined by (q1, p1) = C
(
(q, p)

)
,

q1 = (1 + p)−1 q, p1 = (1 + p)−1 (1− p). (6.43)

with an inverse (q, p) = C−1
(
(q1, p1)

)
given by

q = 2 (1 + p1)
−1 q1, p = (1− p1) (1 + p1)

−1. (6.44)

By (5.29) the Cayley transform is a conformal quaternionic contact dif-

feomorphism between the quaternionic Heisenberg group with its standard

quaternionic contact structure Θ̃ and S \ {(−1, 0)} with the standard con-

tact form on the sphere, η̃ = = dq · q̄ + dp · p̄ − q ·dq̄− p ·dp̄. Hence, up to

a constant multiplicative factor and a quaternionic contact automorphism

the forms C∗η̃ and Θ̃ are conformal to each other. It follows that the same

is true for C∗η and Θ̃. In addition, Θ̃ is qc-Einstein by definition, while η



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

180 Extremals for the Sobolev inequality and the qc Yamabe problem

and hence also C∗η are qc-Einstein as we observed at the beginning of the

proof. According to Theorem 6.2.5, up to a multiplicative constant factor,

the forms C∗η̃ and C∗η are related by a translation or dilation on the Heisen-

berg group. Hence, we conclude that up to a multiplicative constant, η is

obtained from η̃ by a conformal quaternionic contact automorphism which

proves the first claim of Theorem 6.1.2. From the conformal properties of

the Cayley transform and the existence Theorem 1.4.2 it follows that the

minimum λ(S4n+3) is achieved by a smooth 3-contact form, which due to

the Yamabe equation is of constant qc-scalar curvature. This completes

the proof of Theorem 6.1.2 a).

Next we prove part b) of Theorem 6.1.2. Let u be a positive entire

solution of the Yamabe equation(
T 2
1 + X2

1 + Y 2
1 + Z2

1

)
u = −u3/2. (6.45)

As before, let Θ̃ be the standard contact form on G (H) identified with Σ.

Using the inversion and the Kelvin transform on G (H), see Sections 2.3.2

and 2.3.3, we can see that if Θ = 1
2h Θ̃ has constant scalar curvature, then

the Cayley transform lifts the qc structure defined by Θ to a qc structure

of constant qc-scalar curvature on the sphere, which is conformal to the

standard. Indeed, let us define two contact forms Θ1 and Θ2 on Σ setting

Θ1 = u4/(Q−2)Θ̃, and Θ2 = (Ku)4/(Q−2) p̄′

|p′|
Θ̃

p′

|p′|
,

where u is as in (6.45), Ku is its Kelvin transform, see (6.48) for the exact

formula, and Q is the homogeneous dimension of the group. Notice that
p̄′

|p′| Θ̃
p′

|p′| defines the same qc structure on the Heisenberg group as Θ̃ and, in

addition, Ku is a smooth function on the whole group according to Theorem

2.3.7. Now, we shall invoke the Cayley transform in order to see that these

two contact forms define a contact form on the sphere, which is conformal

to the standard and has constant qc-scalar curvature. Let P1 = (−1, 0)

and P2 = (1, 0) be correspondingly the ’south’ and ’north’ poles of the unit

sphere S = {|q|2 + |p|2 = 1}. Let C1 and C2 be the corresponding Cayley

transforms defined, respectively, on S \ {P1} and S \ {P2}. Note that C1
was defined in (6.43), while C2 is given by (q2, p2) = C2

(
(q, p)

)
,

q2 = −(1− p)−1 q, p2 = (1− p)−1 (1 + p). (6.46)

In order that Θ1 and Θ2 define a contact form η on the sphere it is enough

to see that

Θ1(p, q) = Θ2 ◦ C2 ◦ C−1
1 (p, q), i.e., Θ1 = (C2 ◦ C−1

1 )∗Θ2. (6.47)
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A calculation shows that C2 ◦ C−1
1 : Σ → Σ is given by

q2 = −p−1
1 q1, p2 = p−1

1 ,

or, equivalently, in the model G (H)

q2 = −(|q1|2 − ω1)
−1 q1, ω2 = − ω1

|q1|4 + |ω1|2
.

Hence, σ = C2 ◦ C−1
1 is an involution on the group and we have

C1∗ ◦ C2∗ Θ =
1

|p1|2
µ̄Θµ, µ =

p1
|p1|

,

which proves the identity (6.47). Using the properties of the Kelvin trans-

form (2.37),

(Ku) (q′, p′) def
= |p′|−(Q−2)/2 u

(
σ(q′, p′)

)
, (6.48)

proven in Theorem 2.3.7, we see that u and Ku are solutions of the Yamabe

equation (6.45). This implies that the contact form η has constant qc-scalar

curvature, equal to 4(Q+2)
Q−2 .

Notice that η is conformal to the standard form η̃ and the arguments in

the preceding proof imply then that η is qc-Einstein. A small calculation

shows that this is equivalent to the fact that if we set

ū = 210 [(1 + |q|2)2 + |ω|2]−2, (6.49)

then ū satisfies the Yamabe equation (6.45) and all other nonnegative solu-

tions of (6.45) in the space D1,2 are obtained from ū by translations (1.28)

and dilations (1.29) which in this case take the form

τ(qo,ωo)ū (q, ω)
def
= ū(qo + q, ω + ωo), (6.50)

ūλ (q)
def
= λ4ū(λq, λ2ω), λ > 0. (6.51)

Thus, u which was defined in the beginning of the proof is given by equation

(6.49) up to translations and dilations.

The proof of Theorem 6.1.2 is complete.

6.7 The qc Yamabe constant on the qc sphere and the best

constant in the Folland-Stein embedding on the quater-

nionic Heisenberg group

In this section we shall prove Theorem 6.1.1. The proof relies on the re-

alization made in [30] and used more recently in [70] that the ”center of
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mass” idea of Szegö [158] and Hersch [89] can be used to find the sharp

form of (logarithmic) Hardy-Littlewood-Sobolev type inequalities on the

Heisenberg group. This method does not give all solutions of the qc Yam-

abe equation on the quaternionic contact sphere, but is enough to solve the

Yamabe constant problem.

The conformal nature of the problem we consider is key to its solution.

In this respect, even though the quaternionic contact (qc) Yamabe func-

tional is involved, the qc scalar curvature is used in the proof without much

geometric meaning. Rather, it is the conformal sub-Laplacian that plays a

central role and the qc scalar curvature appears as a constant determined

by the Cayley transform and the left-invariant sub-Laplacian on the quater-

nionic Heisenberg group. It should be possible to extend this method to

a unified approach to all Iwasawa type groups using the results (and some

further known facts) of Section 2.3.1.

The proof follows a sequence of lemmas, which we present next. We

start with the determination of (the first) an eigenvalue and corresponding

eigenfunctions of the horizontal sub-Laplacian on S4n+3. In fact, we shall

show that the restriction of every coordinate function is an eigenfunction.

Lemma 6.7.1. If ζ is any of the (real) coordinate functions in R4n+4 =

Hn ×H, then

△̃ζ = −λ1ζ, λ1 =
S̃

Q+ 2
= 2n, (6.52)

where △̃ is the horizontal sub-Laplacian (5.4) of the standard qc form η̃ on

S4n+3 and S̃ = 8n(n+ 2) is its scalar curvature, cf. (5.31).

Proof. It is enough to prove the claim for one of the coordinate functions,

say ζ = t1, since by virtue of its definition, the horizontal sub-Laplacian of

the 3-Sasakian qc structure on the sphere is rotation invariant. Notice that

ζ is quaternionic pluri-harmonic [Definition 6.7, [94]] since it is the real part

of the anti-regular function t1 + ix1 − jy1 − kz1. Hence, its restriction to

the 3-Sasakian sphere is the real part of an anti-CRF function. Therefore

by [Corollary 6.24, [94]] it follows

△ζ = 4λn

for the horizontal sub-Laplacian of the 3-Sasakian qc structure on the

sphere, where λ = ξ1(x1)− ξ2(y1)− ξ3(z1). Taking into account that the qc

structure is 3-Sasakian it follows the Reeb vector fields are obtained from

the outward pointing unit normal vector N as follows, ξ1 = iN , ξ2 = jN
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and ξ3 = kN , where for a point on the sphere we have N(q) = q ∈ Hn+1.

Therefore λ = −t1 = −ζ. Thus, for the horizontal sub-Laplacian of the

3-Sasakian qc sphere we have

△ζ = −4nζ,

where ζ is the restriction any of the coordinate functions of R4n+4 = Hn×H.

Since the qc contact form Θ̃ is twice the 3-Sasakian qc contact form on the

sphere it follows △̃ is 1/2 of the 3-Sasakian sub-Laplacian. Thus

△̃ = −2nζ,

which shows λ1 = 2n = 1
2 (Q− 6) = S̃/(Q+ 2).

Following is a key result allowing the ultimate solution of the considered

problem. The idea follows Szegö and Hersch’s center of mass method which

was used on the Heisenberg group (2.9) in [30] and later in [70] in a manner

which lead to the following lemma.

Lemma 6.7.2. For every v ∈ L1(S4n+3) with
´
S4n+3 v V olη̃ = 1 there is a

quaternionic contact conformal transformation ψ such thatˆ
S4n+3

ψ v V olη̃ = 0.

Proof. Let P ∈ S4n+3 be any point of the quaternionic sphere and N be its

antipodal point. Let us consider the local coordinate system near P defined

by the Cayley transform CN from N . As already used many times, CN is a

quaternionic contact conformal transformation between S4n+3 \N and the

quaternionic Heisenberg group, cf. (5.29). Notice that in this coordinate

system P is mapped to the identity of the group. For every r, 0 < r < 1,

let ψr,P be the qc conformal transformation of the sphere, which in the

fixed coordinate chart is given on the group by a dilation with center the

identity by a factor δr. If we select a coordinate system in R4n+4 = Hn×H
so that P = (1, 0) and N = (−1, 0) and then apply the formulas for the

Cayley transform the formula for (q∗, p∗) = ψr,P (q, p) becomes

q∗ = 2r
(
1 + r2(1 + p)−1(1− p)

)−1
(1 + p) q

p∗ =
(
1 + r2(1 + p)−1(1− p)

)−1 (
1− r2(1 + p)−1(1− p)

)
, i.e,

We can define then the map Ψ : B → B̄, where B ( B̄ ) is the open

(closed) unit ball in R4n+4, by the formula

Ψ(rP ) =

ˆ
S4n+3

ψ1−r,P v V olη̃.
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Notice that Ψ can be continuously extended to B̄ since for any point P

on the sphere, where r = 1, we have ψ1−r,P (Q) → P when r → 1. In

particular, Ψ = id on S4n+3. Since the sphere is not a homotopy retract

of the closed ball it follows that there are r and P ∈ S4n+3 such that

Ψ(rP ) = 0, i.e.,
´
S4n+3 ψ1−r,P v V olη̃ = 0. Thus, ψ = ψ1−r,P has the

required property.

In the next step we prove that there is a minimizer of the Folland-Stein

inequality which satisfies the zero center of mass condition. A number of

well known invariance properties of the Yamabe functional will be exploited.

For the rest of the chapter, given a qc form η and a function u we will denote

by ∇ηu the horizontal gradient (5.3) of u.

Lemma 6.7.3. Let v be a smooth positive function on the sphere with´
S4n+3 v

2∗ V olη̃ = 1. There is a smooth positive function u such that´
S4n+3

(
4Q+2
Q−2 |∇η̃u|2 + S̃ u2

)
V olη̃ =

´
S4n+3

(
4Q+2
Q−2 |∇η̃v|2 + S̃ v2

)
V olη̃

and
´
S4n+3 u

2∗ V olη̃ = 1. In addition,ˆ
S4n+3

P u2
∗
(P )V olη̃ = 0, P ∈ R4n+4 = Hn ×H. (6.53)

In particular, the Yamabe constant

λ(S4n+3, [η̃]) = inf
{ˆ

S4n+3

(
4
Q+ 2

Q− 2
|∇η̃v|2 + S̃ v2

)
V olη̃ :

ˆ
S4n+3

v2
∗
V olη̃ = 1, v > 0

}
(6.54)

is achieved for a positive function u with a zero center of mass, i.e., for a

function u satisfying (6.53).

Proof. Let V olη = η1 ∧ η2 ∧ η3 ∧ (ω1)
2n be the volume form associated to

the qc contact form η. Thus if η is a qc structure on the sphere which is

qc conformal to the standard qc structure η̃, η = ϕ4/(Q−2)η̃, then V olη =

ϕ2
∗
V olη̃. This allows to put equation (6.3) in the form

ϕ−1vL(ϕ−1v) V olη = vL̃(v) V olη̃.
Therefore, if we take a positive function v on the sphere

´
S4n+3 v

2∗ V olη̃ = 1

and then consider the function

u = ϕ−1(v ◦ ψ−1), (6.55)

where ψ is the qc conformal map of Lemma 6.7.2, η ≡ (ψ−1)∗η̃, and ϕ is

the corresponding conformal factor of ψ, we can see that u achieves the

claim of the Lemma.
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We shall call a function u on the sphere a well centered function when

(6.53) holds true. In the next step we show that a well centered minimizer

has to be constant.

Lemma 6.7.4. If u is a well centered local minimum of the problem (6.54),

then u ≡ const.

Proof. Let ζ be a smooth function on the sphere S4n+3 and

E(v) def=
ˆ
S4n+3

(
4
Q+ 2

Q− 2
|∇η̃v|2 + S̃ v2

)
V olη̃.

After applying the divergence formula, Proposition 6.2.3, we obtain the

formula

E(ζu) =
ˆ
S4n+3

ζ2
(
4
Q+ 2

Q− 2
|∇η̃u|2 + S̃ u2

)
V olη̃

− 4
Q+ 2

Q− 2

ˆ
S4n+3

u2ζ△̃ζ V olη̃. (6.56)

Next, we let ζ be any of the coordinate functions in Hn ×H in which case

△̃ζ = −λ1ζ according to Lemma 6.7.1. It will be useful to introduce also

the functional

N(v) =

(ˆ
S4n+3

v2
∗
V olη̃

)2/2∗

so that the Yamabe functional (6.2) can be written as Υ(v)=E(v)/N(v)

and the Yamabe constant is

λ(S4n+3, [η̃]) = inf{Υ(v) : v ∈
o

D
1,2

(S4n+3)}. (6.57)

Computing the second variation δ2Υ(u)v = d2

dt2Υ(u+ tv)|t=0
of Υ(u) we see

that the local minimum condition δ2Υ(u)v ≥ 0 implies

E(v)− (2∗ − 1)E(u)
ˆ
S4n+3

u2
∗−2v2 V olη̃ ≥ 0

for any function v such that
´
S4n+3 u

2∗−1v V olη̃ = 0. Therefore, for ζ being

any of the coordinate functions in Hn ×H we have

E(ζu)− (2∗ − 1)E(u)
ˆ
S4n+3

u2
∗
ζ2 V olη̃ ≥ 0,

which after summation over all coordinate functions taking also into ac-

count (6.56) gives

E(u)− (2∗ − 1)E(u) + 4λ1(2
∗ − 1)

ˆ
S4n+3

u2 V olη̃ ≥ 0,



January 28, 2011 16:41 World Scientific Book - 9in x 6in ws-book

186 Extremals for the Sobolev inequality and the qc Yamabe problem

which implies, recall 2∗ − 1 = (Q+ 2)/(Q− 2),

0 ≤ 4(2∗ − 1) (2∗ − 2)

ˆ
S4n+3

|∇η̃u|2 V olη̃

≤
(
4λ1(2

∗ − 1)− (2∗ − 2) S̃
) ˆ

S4n+3

u2
∗
V olη̃.

Thus, our task of showing that u is constant will be achieved once we see

that

4λ1(2
∗ − 1)− (2∗ − 2) S̃ ≤ 0, i.e, λ1 ≤ S̃/(Q+ 2). (6.58)

By Lemma 6.52 we have actually equality λ1 = S̃/(Q+ 2), which completes

the proof. It is worth observing that inequality (6.58) can be written in the

form

λ1 a ≤ (2∗ − 2) S̃,

where a is the constant in front of the (sub-)Laplacian in the conformal

(sub-)Laplacian, i.e., a = 4Q+2
Q−2 in our case.

After these preliminaries we turn to the proof of Theorem 6.1.1.

Proof of Theorem 6.1.1. Let F be a minimizer (local minimum) of the

Yamabe functional E on G (H) and g the corresponding function on the

sphere defined by

g = C∗(FΦ−1). (6.59)

By the conformality of the qc structures on the group and the sphere we

have

V olΘ = Φ2∗V olΘ̃, (6.60)

hence F 2∗V olΘ̃ = f2
∗
ϕ−2∗V olη̃. This, together with the Yamabe equation

implies that the Yamabe integral is preserved

ˆ
G (H)

|∇Θ̃F |2 V olΘ̃ =

ˆ
S4n+3

(
|∇η̃g|2 + S̃

a
g2

)
V olη̃, (6.61)

where a = 4(Q + 2)/(Q − 2). By Lemma 6.7.3 and (6.55) the function

g0 = ϕ−1(g ◦ ψ−1) will be well centered and a minimizer (local minimum)

of the Yamabe functional Υ on S4n+3. The latter claim uses also the fact

that the map v 7→ u of equation (6.55) is one-to-one and onto on the space

of smooth positive functions on the sphere. Now, from Lemma 6.7.4 we
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conclude that go = const. Looking back at the corresponding functions on

the group we see that

F0 = γ
[
(1 + |q′|2)2 + |ω′|2

]−(Q−2)/4

for some γ = const. > 0. Furthermore, the proof of Lemma 6.7.2 shows

that F0 is obtained from F by a translation (1.28) and dilation (1.29).

Correspondingly, any positive minimizer (local minimum) of problem (3.85)

is given up to dilation or translation by the function

F = γ
[
(1 + |q′|2)2 + |ω′|2

]−(Q−2)/4
, γ = const. > 0. (6.62)

Of course, translations (1.28) and dilations (1.29) do not change the value

of E . Incidentally, this shows that any local minimum of the Yamabe func-

tional Υ on the sphere or the group has to be a global one.

We turn to the determination of the best constant. Let us define the

constants

ΛΘ̃

def
= inf


´
G (H)

|∇Θ̃v|2 V olΘ̃(´
G (H)

|v|2∗ V olΘ̃
)2/2∗ : v ∈

o

D 1,2(G), v > 0


and

Λ
def
= inf


´
G (H)

|∇Θ̃v|2 dH(´
G (H)

|v|2∗ dH
)2/2∗ : v ∈

o

D 1,2(G), v > 0

 ,

where G = G (H). Clearly, ΛΘ̃ = S−2

Θ̃
, where SΘ̃ is the best constant in

the L2 Folland-Stein inequality(ˆ
G (H)

|u|2
∗
V olΘ̃

)1/2∗

≤ SΘ̃

(ˆ
G (H)

|∇Θ̃u|2 V olΘ̃

)1/2

, (6.63)

while Λ = S−2
2 is the best constant in the L2 Folland-Stein inequality (1.1)

(taken with respect to the Lebesgue measure !). Notice that we have the

relation

V olΘ̃ = κΘ̃ dH, κΘ̃ = 2−3(2n)! (6.64)

where dH is the Lebesgue measure in R4n+3, which is a Haar measure on

the group. Thus, we have

ΛΘ̃ = κ
1/(2n+3)

Θ̃
Λ. (6.65)
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Furthermore, by Lemma 6.7.4 and equations (6.61) and (6.59) with g =

const, we have

ΛΘ̃ =
1

S2
2

=

´
G

|∇Θ̃F |2 V olΘ̃[´
G
|F |2∗ V olΘ̃

]2/2∗ =

´
S4n+3

(
|∇η̃g|2 + S̃

a g
2
)
V olη̃[´

S4n+3 |g|2∗ V olη̃
]2/2∗

= 2n(n+ 1) (κη̃σ4n+4)
1/(2n+3)

= 4n(n+ 1) [(2n)!σ4n+4]
1/(2n+3)

.

Here, σ4n+4 = 2π2n+2/Γ(2n + 2) = 2π2n+2/(2n + 1)! is the volume of

the unit sphere S4n+3 ⊂ R4n+4, see (6.67) below, and we also took into

account Remark 6.2.4, which shows that V olη̃ gives 22n+3 ((2n)!)ω4n+3 for

the volume of S4n+3. Alternatively, we could have used the function (6.62)

and (3.91), which now reads
ˆ
G (H)

1

[(1 + |x|2)2 + |y|2)]Q/2
dH = π(4n+3)/2 Γ( 4n+3

2 )

Γ(4n+ 3)
, (6.66)

to compute ΛΘ̃. To compare the two values it is useful to recall some

standard formulas involving the Euler’s gamma function

Γ(n+ 1) = n!, Γ(z + n) = z(z + 1) . . . (z + n− 1)Γ(z), n ∈ N,

Γ(2z) = 22z−1 π−1/2 Γ(z) Γ

(
z +

1

2

)
– the Legendre formula,

σm+1 = 2π(m+1)/2/Γ ((m+ 1)/2) =


2(m+2)/2πm/2

(m−1)!! , m-even ,
2π(m+1)/2

(m−1
2 )!

, m-odd .

(6.67)

Using either of these approaches, it follows that

SΘ̃ =
[(2n)!σ4n+4]

−1/(4n+6)

2
√
n(n+ 1)

. (6.68)

Furthermore, from (6.65) it follows the identity

Λ = 2n(n+ 1)

(
κη̃
κΘ̃

σ4n+4

)1/(2n+3)

hence

S2 =

[
22n+6σ4n+4

]−1/(4n+6)√
2n(n+ 1)

,

which completes the proof of part a).
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b) The Yamabe constant of the sphere is calculated immediately by

taking a constant function in (6.57)

λ(S4n+3, [η̃]) = aΛΘ̃, a = 4
Q+ 2

Q− 2
= 4

n+ 2

n+ 1
. (6.69)

This completes the proof of Theorem 6.1.1.

Remark 6.7.5. The quaternionic case of the conjecture mentioned in Re-

mark 3.5.3 follows. Indeed, the above computed value of Λ shows that

Sps2 = S2 on the quaternionic Heisenberg group. Again, we should keep in

mind that (3.92) uses an orthonormal basis which turns the group into a

group of H-type. The standard basis (4.124) on G (H) is not an Iwasawa

basis, cf. also (2.10) and the paragraph above it. The two constants differ

by a multiple of 4−3 (4−k in the general case of a group of Iwasawa type

with center of dimension k) - compare (6.66) and (3.91).
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Chapter 7

CR manifolds - Cartan and
Chern-Moser tensor and theorem

7.1 Introduction

In this section, based on [99], we give a new proof of the well known

Chern-Moser theorem [45; 169] which states that a non-degenerate CR-

hypersurface in Cn+1, n > 1, is locally CR equivalent to a hyperquadric in

Cn+1 if and only if the Chern-Moser curvature vanishes. In dimension three

we define a symmetric tensor and show that its vanishing is a sufficient con-

dition a three dimensional CR-manifold to be locally CR equivalent to a

hyperquadric in C2 thus giving a new proof of the Cartan theorem [40]. Our

proof is based on the classical approach used by H.Weyl in Riemannian ge-

ometry [62]. The proof [99] is along the lines of the proof of Theorem 5.3.5

in the quaternionic contact geometry and it is instrumental to understand

the whole proof of Theorem 5.3.5 in [97].

7.2 CR-manifolds and Tanaka-Webster connection

A CRmanifold is a smooth manifoldM of real dimension 2n+1, with a fixed

n-dimensional complex subbbundle H of the complexified tangent bundle

CTM satisfying H ∩H = 0 and [H,H] ⊂ H. If we let H = ReH⊕H, the

real subbundle H is equipped with a formally integrable almost complex

structure J . We assume that M is oriented and there exists a globally

defined contact form θ such that H = Ker θ. Recall that a 1-form θ is a

contact form if the hermitian bilinear form

2g(X,Y ) = −dθ(JX, Y )

is non-degenerate. The vector field ζ dual to θ with respect to g satisfying

ζydθ = 0 is called the Reeb vector field. The almost complex structure J

191
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is formally integrable in the sense that

([JX, Y ] + [X,JY ]) ∈ H

and the Nijenhuis tensor

NJ(X,Y ) = [JX, JY ]− [X,Y ]− J [JX, Y ]− J [X, JY ] = 0.

A CR manifold (M, θ, g) with fixed contact form θ is called a pseudohermi-

tian manifold . In this case the 2-form

dθ|H := 2Ω

is called the fundamental form. Note that the contact form is determined

up to a conformal factor, i.e. θ̄ = νθ for a positive smooth function ν,

defines another pseudohermitian structure called pseudo-conformal to the

original one.

Convention 7.2.1. In this chapter we use the conventions:

a) X,Y, Z... will be a horizontal vector fields, i.e. X,Y, Z... ∈ H

b) {ϵ1, . . . , ϵn, Jϵ1, . . . , Jϵn} denotes an adapted orthonormal basis (see for

ex. [121]) of the horizontal space H.

c) The summation convention over repeated vectors from the basis

{ϵ1, . . . , ϵ2n} will be used.

The Tanaka-Webster connection [160; 169; 170] is the unique linear

connection ∇cr preserving a given pseudohermitian structure with torsion

T cr having the properties

∇crζ = ∇crJ = ∇crθ = ∇crg = 0, (7.1)

T cr(X,Y ) = dθ(X,Y )ζ = 2Ω(X,Y )ζ, T cr(ζ,X) ∈ H, (7.2)

g(T cr(ζ,X), Y ) = g(T cr(ζ, Y ), X) = −g(T cr(ζ, JX), JY ). (7.3)

It is well known that the endomorphism T cr(ζ, .) is the obstruction a

pseudohermitian manifold to be Sasakian. The symmetric endomorphism

T crζ : H −→ H is denoted by A and it is call the torsion of the pseudoher-

mitian manifold. The torsion A is completely trace-free satisfying

A(ϵi, ϵi) = A(ϵi, Jϵi) = 0, A(X,Y ) = A(Y,X) = −A(JX, JY ). (7.4)

Let Rcr be the curvature of the Tanaka-Webster connection. The pseudo-

hermitian Ricci tensor rcr, the psudohermitian scalar curvature scr and the

pseudohermitian Ricci 2-form ρcr are defined by

rcr(A,B) = R(ϵi, A,B, ϵi), scr = r(ϵi, ϵi),

ρcr(A,B) =
1

2
Rcr(A,B, ϵi, Iϵi).
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We summarize below the well known properties of the curvature Rcr of the

Tanaka-Webster connection [169; 170; 120] using real expression, see also

[60].

Rcr(X,Y, JZ, JV ) = Rcr(X,Y, Z, V ) = −Rcr(X,Y, V, Z),
Rcr(X,Y, Z, ζ) = 0,

(7.5)

1

2

[
Rcr(X,Y, Z, V )−Rcr(JX, JY, Z, V )

]
= −g(X,Z)A(Y, JV )− g(Y, V )A(X,JZ) + g(Y, Z)A(X,JV )

+ g(X,V )A(Y, JZ)− Ω(X,Z)A(Y, V )− Ω(Y, V )A(X,Z)

+ Ω(Y,Z)A(X,V ) + Ω(X,V )A(Y,Z), (7.6)

Rcr(ζ,X, Y, Z) = (∇cr
Y A)(Z,X)− (∇cr

Z A)(Y,X), (7.7)

rcr(X,Y ) = rcr(Y,X),

rcr(X,Y )− rcr(JX, JY ) = 4(n− 1)A(X, JY ),
(7.8)

2ρcr(X, JY ) = −rcr(X,Y ) − rcr(JX, JY ) = Rcr(ϵi, Jϵi, X, JY ), (7.9)

2(∇cr
ϵi r

cr)(ϵi, X) = dscr(X).

(7.10)

7.3 The Cartan-Chern-Moser theorem

In this section we give a new proof of the well known Cartan-Chern-Moser

theorem [40; 45; 169]. Our proof is based on the classical approach used

by H. Weyl in Riemannian geometry [62].

Let v be a smooth function on a pseudohermitian manifold (M, θ, g).

Let θ̄ = 1
2e

−2vθ be a pseudoconformal deformation of θ. We will denote

the objects related to θ̄ by over-lining the same object corresponding to θ.

Thus,

dθ̄ = −e−2vdv ∧ θ +
1

2
e−2vdθ, ḡ =

1

2
e−2vg. (7.11)

The new Reeb vector field ζ̄ is

ζ̄ = 2e2v ζ + 2e2v J∇crv, (7.12)
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where ∇crv is the horizontal gradient, g(∇crv,X) = dv(X). The hori-

zontal sub-Laplacian and the norm of the horizontal gradient are defined

respectively by

△v = trgH(∇crdv) = ∇crdv(ϵi, ϵi), |∇crv|2 = dv(ϵi)
2.

The connections ∇cr and ∇cr are related by a (1,2) tensor S,

∇cr
AB = ∇cr

AB + S(A,B). (7.13)

Suppose the contact structure is integrable. The conditions (7.2) and

∇crḡ = 0 determine g(S(X,Y ), Z) due to the equality

g(S(X,Y ), Z) = −dv(X)g(Y,Z) + dv(JX)Ω(Y, Z)− dv(Y )g(Z,X)

− dv(JY )Ω(Z,X) + dv(Z)g(X,Y )− dv(JZ)Ω(X,Y ). (7.14)

We obtain after some calculations using (7.12) that

Ā(X,Y )− 2e2uA(X,Y )− g(S(ζ̄, X), Y )

= −2e2v∇crdv(X, JY )− 4e2vdv(X)dv(JY ). (7.15)

From (7.15) and (7.3) we find

g(S(ζ̄, X), Y ) + g(S(ζ̄, JX)JY )

= 2e2v
[
∇crdv(X, JY )−∇crdv(JX, Y )

]
+ 4e2v

[
dv(X)dv(JY )− dv(JX)dv(Y )

]
. (7.16)

The conditions ∇crJ = ∇crJ = 0 yield g(S(ζ̄, X), Y ) = g(S(ζ̄, JX)JY ).

Substitute the latter into (7.15) and (7.16), use (7.12) and (7.14) to get

g(S(ζ,X), Y ) =
1

2

[
∇crdv(X, JY )−∇crdv(JX, Y )

]
− dv(X)dv(JY ) + dv(JX)du(Y ) + |∇crv|2Ω(X,Y ) (7.17)

and for the pseudohermitian torsion we obtain [121]

Ā(X,Y ) = 2e2v
[
A(X,Y )− dv(X)dv(JY )− dv(JX)dv(Y )

]
− e2v

[
∇crdv(X, JY ) +∇crdv(JX, Y )

]
. (7.18)

The identity d2 = 0 together with (7.2) yields

∇crdv(X,Y ) = [∇crdv][sym](X,Y )− dv(ζ)Ω(X,Y ). (7.19)
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We consider the symmetric (0,2) tensor C defined on H by the equality

C(X,Y ) = A(JX, Y )

− 1

2(n+ 2)
ρcr(X, JY )− scr

8(n+ 1)(n+ 2)
g(X,Y ) (7.20)

and define the (0,4) tensor CW on H by

g(CW (X,Y )Z, V ) = g(R(X,Y )Z, V )+g(X,Z)C(Y, V )+g(Y, V )C(X,Z)

−g(Y,Z)C(X,V )−g(X,V )C(Y,Z)−Ω(X,Z)C(Y, JV )−Ω(Y, V )C(X, JZ)

+Ω(Y, Z)C(X,JV )+Ω(X,V )C(Y, JZ)−Ω(X,Y )
[
C(Z, JV )−C(JZ, V )

]
− Ω(Z, V )

[
C(X,JY )− C(JX, Y )

]
. (7.21)

Take the corresponding traces in (7.21) keeping in mind (7.20) to verify

that the tensor CW is completely trace-free, i.e. rcr(CW ) = ρcr(CW ) = 0.

Compare (7.21) with (7.7) to obtain the following

Proposition 7.3.1. The (2,0)+(0,2)-part of the tensor CW vanishes iden-

tically,

CW (X,Y, Z, V )− CW (JX, JY, Z, V ) = 0.

The (1,1)-part of CW is precisely the Chern-Moser tensor S defined in [45]

and it is determined completely by the Ricci 2-form as follows

S(X,Y, Z, V ) = CW1,1(X,Y, Z, V )

=
1

2

[
CW (X,Y, Z, V ) + CW (JX, JY, Z, V )

]
=

1

2

[
R(X,Y, Z, V ) +R(JX, JY, Z, V )

]
− scr

4(n+ 1)(n+ 2)

[
g(X,Z)g(Y, V )− g(Y,Z)g(X,V )

+ Ω(X,Z)Ω(Y, V )− Ω(Y, Z)Ω(X,V ) + 2Ω(X,Y )Ωs(Z, V )
]

− 1

2(n+ 2)

[
g(X,Z)ρcr(Y, JV )− g(Y, Z)ρcr(X, JV )

]
− 1

2(n+ 2)

[
g(Y, V )ρcr(X, JZ)− g(X,V )ρcr(Y, JZ)

]
− 1

2(n+ 2)

[
Ω(X,Z)ρcr(Y, V )− Ω(Y,Z)ρcr(X,V )

]
− 1

2(n+ 2)

[
Ω(Y, V )ρcr(X,Z)− Ω(X,V )ρcr(Y, Z)

]
− 1

n+ 2

[
Ω(X,Y )ρcr(Z, V ) + Ω(Z, V )ρcr(X,Y )

]
. (7.22)
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For n = 1 the tensor S vanishes identically and we consider the following

(0,2) tensor defined on H by

F car(X,Y ) = (∇crdscr)(X, JY ) + (∇crdscr)(Y, JX)

+ 16((∇cr)2XϵaA)(Y, ϵa) + 16((∇cr)2Y ϵaA)(X, ϵa) + 36scrA(X,Y )

+ 48((∇cr)2ϵaJϵaA)(X,JY ) + 3g(X,Y )(∇crdscr)(ϵa, Jϵa). (7.23)

We call the tensor F car the Cartan tensor in view of Theorem 7.3.5 below.

The relevance of the tensors CW and F car become clear from the next result

and Theorem 7.3.5 below proved by Chern and Moser [45] and Cartan [40]

in a completely different way using the Cartan method of equivalences

Theorem 7.3.2. The tensor CW is a pseudohermitian invariant, i.e. if v

is a smooth function and 2θ̄ = e−2vθ, then 2e2vCWθ̄ = CWθ.

Proof. By a straightforward computations using (7.14) and (7.17), we ob-

tain the formula

2e2vg(R̄(X,Y )Z, V )− g(R(X,Y )Z, V ) = −g(Z, V )
[
N(X,Y )−N(Y,X)

]
− g(X,Z)N(Y, V )− g(Y, V )N(X,Z) + g(Y, Z)N(X,V ) + g(X,V )N(Y,Z)

+ Ω(X,Z)N(Y, JV ) + Ω(Y, V )N(X, JZ)− Ω(Y, Z)N(X,JV )

− Ω(X,V )N(Y, JZ) + Ω(X,Y )
[
N(Z, JV )−N(JZ, V )

]
+Ω(Z, V )

[
N(X, JY )−N(Y, JX)

]
, (7.24)

where the (0,2) tensor N is given by

N(X,Y ) = ∇crdv(X,Y )

+ dv(X)dv(Y )− dv(JX)dv(JY )− 1

2
g(X,Y )|∇crv|2. (7.25)

We denote trN = N(ea, ea) the trace of the tensor N . Using (7.25) and

(7.19), we obtain

trN = △v − n|dv|2,
N(X,Y )−N(JX, JY ) = N(Y,X)−N(JY, JX),

(7.26)

N(ϵi, Jϵi) = −2ndv(ζ),

N(ϵi, Jϵi)Ω(X,Y ) = n
[
N(X,Y )−N(Y,X)

]
.

(7.27)
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Taking the traces in (7.24) and using (7.25), (7.26) and (7.27) we obtain

rcr(X,Y )− rcr(X,Y ) = (n+ 1)N(X,Y ) + nN(Y,X)

+N(JX, JY ) + 2N(JY, JX) + trN g(X,Y ),

e−2vscr − 2scr = 8(n+ 1)trN.

(7.28)

Equation (7.28) together with (7.9) and (7.8) imply

rcr(X,Y )− rcr(X,Y ) + rcr(JX, JY )− rcr(JX, JY )

= −2
[
ρcr(X,JY )− ρcr(X,JY )

]
= 2(trN) g(X,Y )

+ (n+ 2)
[
N(X,Y ) +N(Y,X) +N(JX, JY ) +N(JY, JX)

]
, (7.29)

rcr(X,Y )− rcr(X,Y )− rcr(JX, JY ) + rcr(JX, JY )

= 4(n− 1)
[
A(X,JY )−A(X, JY )

]
= (n− 1)

[
N(X,Y ) +N(Y,X)−N(JX, JY )−N(JY, JX)

]
. (7.30)

The equalities (7.28), (7.29) and (7.30) yield

N[sym](X,Y )

= − 1

2(n+ 2)
ρcr(X,JY )− scr

8(n+ 1)(n+ 2)
g(X,Y ) +A(JX, Y )

−
[
− 1

2(n+ 2)
ρcr(X,JY )− scr

8(n+ 1)(n+ 2)
g(X,Y ) +A(JX, Y )

]
= C(X,Y )− C(X,Y ). (7.31)

We obtain from (7.25) and (7.19) that

N(X,Y ) = N[sym](X,Y )− dv(ζ)ω(X,Y ). (7.32)

Substituting (7.31) in (7.32), and then inserting the obtained equality in

(7.24), invoking also (7.26), completes the proof of Theorem 7.3.2.

Remark 7.3.3. If we substitute (7.25), (7.26) and (7.27) in (7.28) one

recovers the transformation formulas of the pseudo hermitian Ricci tensor

and the pseudo hermitian scalar found in [121]

scr = 2e2vscr − 8n(n+ 1)e2v|∇crv|2 + 8(n+ 1)e2v△v. (7.33)

The result due to Chern and Moser [45] follows from Theorem 7.3.2 and

Proposition 7.3.1.

Theorem 7.3.4. [45] The Chern-Moser tensor S is a pseudo-conformal

invariant.
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The rest of the section is devoted to a new proof of the next theorem due

to Chern-Moser [45] and Webster [169] in dimension bigger than three and

due to Cartan [40] in dimension three.

Theorem 7.3.5. [40; 45; 169] Let (M, θ, g) be a 2n+1-dimensional non-

degenerate pseudo-hermitian manifold.

i) [45; 169] If n > 1 then (M, θ, g) is locally pseudoconformal equivalent

to a hyperquadric in Cn+1 if and only if the Chern-Moser tensor vanishes,

S = 0;

ii) [40] If n = 1 then (M, θ, g) is locally pseudoconformal equivalent to

a hyperquadric in C2 if and only the tensor F car vanishes, F car = 0.

Proof. It is well known that a pseudohermitian manifold with flat Tanaka-

Webster connection is locally isomorphic to the (complex) Heisenberg

group. For n > 1 the vanishing of the horizontal part of the Tanaka-

Webster connection implies the vanishing of the whole curvature, as follows

from (7.8) and (7.7). If n = 1, in addition to the vanishing of the horizontal

part of the curvature one needs also the vanishing of the pseudohermitian

torsion to have zero curvature.

On the other hand, the complex Cayley transform is a pseudo-conformal

equivalence between the Heisenberg group with its flat pseudo-hermitian

structure and a hypersphere hαβ̄Z
αZ β̄ +WW̄ = 1 in Cn+1 [[45], p.223].

We shall show that the condition S = 0 is a sufficient condition a given

pseudohermitian manifold to be locally pseudoconformally flat on H pro-

vided the dimension is bigger than three. In dimension three S vanishes

identically and the sufficient condition is the vanishing of the tensor F car

which also implies the vanishing of the pseudohermitian torsion.

Suppose S = 0. Then CW = 0 due to Proposition 7.3.1. We shall

show that in this case there (locally) exists a smooth function v which

sends the pseudo-hermitian structure to the flat one by a pseudoconformal

transformation.

We consider the following system of differential equations with respect

to an unknown function v:

∇crdv(X,Y ) = −C(X,Y )− dv(X)dv(Y )

+ dv(JX)dv(JY ) +
1

2
g(X,Y )|∇crv|2 − dv(ζ)Ω(X,Y ), (7.34)

∇crdv(X, ζ) = −D(X, ζ)

− C(X,J∇crv) +
1

2
dv(JX)|∇crv|2 − dv(X)dv(ζ), (7.35)
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∇crdv(ζ, ζ) = −D(ζ, ζ) − D(J∇crv, ζ) +
1

4
|∇crv|4 − (dv(ζ))2, (7.36)

where D(X, ζ) and D(ζ, ζ) do not depend on the function v and are deter-

mined by

(∇cr
ϵiC)(Jϵi, JX) = −(2n+ 1)D(JX, ζ)

−(∇cr
X tr C) + (∇cr

ϵiC)(ϵi, X) = 3D(JX, ζ),
(7.37)

D(ζ, ζ) = − 1

2n
[(∇cr

ϵi D)(Jϵi, ζ) + C(ϵi, Jϵj)C(Jϵi, ϵj)]. (7.38)

The consistences of the first and second equality in (7.37) is precisely equiv-

alent to (7.10).

To prove Theorem 7.3.5 it is sufficient to show the existence of a local

smooth solution to (7.34) because of (7.18) and the proof of Theorem 7.3.2.

However, if equation (7.34) has a smooth solution then (7.35) and (7.36) ap-

pear as necessary conditions, so we considered the complete system (7.34)-

(7.36) and reduced the question to showing that this system has (locally)

a smooth solution.

The integrability conditions for the overdetermined system (7.34)-(7.36)

are furnished by the Ricci identities,

∇crdv(A,B,C)−∇crdv(B,A,C) =

−Rcr(A,B,C,∇crv)−∇crdv((T cr(A,B), C). (7.39)

We consider all possible cases.

Case 1:
[
Z,X, Y ∈ H

]
. The equation (7.39) on H has the following

form

∇crdv(Z,X, Y )−∇crdv(X,Z, Y )

= −Rcr(Z,X, Y,∇crv)− 2Ω(Z,X)∇crdv(ζ, Y ), (7.40)

where we have used (7.2).

When we take the covariant derivative of (7.34) along Z ∈ H, substitute

in the obtained equality (7.34) and (7.35), then anticommute the covariant

derivatives, substitute into (7.40), and use (7.21) with S = 0 = CW we see

that the integrability condition here is

(∇cr
Z C)(X,Y )− (∇cr

XC)(Z, Y )

= −Ω(Z, Y )D(X, ζ) + Ω(X,Y )D(Z, ζ)− 2Ω(Z,X)D(Y, ζ). (7.41)

Lemma 7.3.6. If the dimension of M is bigger than three and S = 0, then

(7.41) holds.
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Proof. Using (7.2), the second Bianchi identity (4.113) gives∑
(X,Y,Z)

[
(∇cr

XR
cr)(Y,Z, V,W ) + 2Ω(X,Y )Rcr(ζ, Z, V,W )

]
= 0. (7.42)

Trace in (7.42) yields

(∇cr
ϵiR

cr)(X,Y, Z, ϵi)− (∇cr
X r

cr)(Y, Z) + (∇cr
Y r

cr)(X,Z) (7.43)

−2Rcr(ζ, Y, Z, JX) + 2Rcr(ζ,X,Z, JY )− 2Ω(X,Y )rcr(ζ, Z) = 0,

(∇cr
Xρ

cr)(Y, Z) + (∇cr
Y ρ

cr)(Z,X) + (∇cr
Z ρ

cr)(X,Y ) (7.44)

+2Ω(X,Y )ρcr(ζ, Z) + 2Ω(Y, Z)ρcr(ζ,X) + 2Ω(Z,X)ρcr(ζ, Y ) = 0,

(∇cr
Xρ

cr)(Y,Z) + (∇cr
eaR

cr)(Jϵi, X, Y, Z, ) (7.45)

+2(n− 1)Rcr(ζ,X, Y, Z) = 0.

We use S = 0 and (7.20) to express rcr, ρcr and A in terms of C and tr C,

namely

ρcr(X,Y )

= (n+ 2)C(X, JY )− (n+ 2)C(JX, Y )− (tr C)Ω(X,Y ), (7.46)

rcr(X,Y ) = (2n+ 1)C(X,Y ) + 3C(JX, JY ) + (tr C)g(X,Y ), (7.47)

A(JX, Y ) =
1

2
[C(X,Y )− C(JX, JY )]. (7.48)

Inserting (7.21) and (7.7) in (7.43), and then using (7.47), (7.48) and (7.37)

we come after some standard calculations to the following identity

− 3g(Z,X)D(JY, ζ) + 3g(Z, Y )D(JX, ζ)
− (2n+ 1)Ω(X,Z)D(Y, ζ) + (2n+ 1)Ω(Y, Z)D(X, ζ)

− 2(2n+ 1)Ω(X,Y )D(Z, ζ)− 2n[(∇cr
XC)(Y,Z)− (∇cr

Y C)(X,Z)]

+ [(∇cr
JZC)(X, JY )− (∇cr

JZC)(JX, Y )]

− [(∇cr
JXC)(JY, Z)− (∇cr

JY C)(JX,Z)]

− 2[(∇cr
JXC)(Y, JZ)− (∇cr

JY C)(X,JZ)]

− 3[(∇cr
XC)(JY, JZ)− (∇cr

Y C)(JX, JZ)] = 0. (7.49)

A substitution of (7.21) and (7.7) in (7.44) together with (7.46) give

(n+ 2)[(∇cr
XC)(Y, JZ)− (∇cr

Y C)(X, JZ)]

− (n+ 2)[(∇cr
XC)(JY, Z)− (∇cr

Y C)(JX,Z)]

+ (n+ 2)[(∇cr
Z C)(X,JY )− (∇cr

Z C)(JX, Y )] + 2(n+ 2)[Ω(X,Y )D(JZ, ζ)
+ Ω(Y, Z)D(JX, ζ) + Ω(Z,X)D(JY, ζ)] = 0. (7.50)
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Taking JZ instead of Z in (7.50), and then evaluating at JX and JY ,

correspondingly, instead of X and Y into the obtained result we derive

after a subtraction of the thus achieved equalities the following identity

− [(∇cr
XC)(Y,Z)− (∇cr

Y C)(X,Z)]

− [(∇cr
XC)(JY, JZ)− (∇cr

Y C)(JX, JZ)]

+ [(∇cr
JXC)(JY, Z)− (∇cr

JY C)(JX,Z)]

− [(∇cr
JXC)(Y, JZ)− (∇cr

JY C)(X, JZ)]+

+ 2g(Y,Z)D(JX, ζ)− 2g(Z,X)D(JY, ζ)
+ 2Ω(Y,Z)D(X, ζ)− 2Ω(X,Z)D(Y, ζ) = 0. (7.51)

Now we substitute (7.21), (7.7) in (7.45) using (7.46), (7.48), then replace

Y and Z, respectively, with JY and JZ in the obtained equality and then

take the difference of both equations to obtain

(n− 1)[(∇cr
JZC)(X, JY )− (∇cr

JY C)(X, JZ)]

+ (n− 1)[(∇cr
JZC)(JX, Y )− (∇cr

JY C)(JX,Z)]

− (n− 1)[(∇cr
Z C)(X,Y )− (∇cr

Y C)(X,Z)]

+ (n− 1)[(∇cr
Z C)(JX, JY )− (∇cr

Y C)(JX, JZ)] = 0. (7.52)

Substituting X by Z, and Z by X in (7.52) and then summing the obtained

equalities and (7.51) yields

− [(∇cr
XC)(Y,Z)− (∇cr

Y C)(X,Z)]

+ [(∇cr
JXC)(JY, Z)− (∇cr

JY C)(JX,Z)]

− g(X,Z)D(JY, ζ) + g(Y, Z)D(JX, ζ)
− Ω(X,Z)D(Y, ζ) + Ω(Y, Z)D(X, ζ) = 0. (7.53)

The cyclic sum in (7.53) gives

[(∇cr
JZC)(X, JY )− (∇cr

JZC)(JX, Y )]

= [(∇cr
JXC)(JY, Z)− (∇cr

JY C)(JX,Z)]

− [(∇cr
JXC)(Y, JZ)− (∇cr

JY C)(X,JZ)]

+ 2Ω(Z,X)D(Y, ζ) + 2Ω(Y, Z)D(X, ζ) + 2Ω(X,Y )D(Z, ζ). (7.54)

Now, identity (7.41) follows from (7.49), (7.53) and (7.54).

Case 2:
[
Z,X ∈ H

]
. In this case (7.39) reads

∇crdv(Z,X, ζ)−∇crdv(X,Z, ζ) = −Rcr(Z,X, ζ,∇crv)

−∇crdv(T (Z,X), ζ) = −2Ω(Z,X)∇crdv(ζ, ζ), (7.55)
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where we used (7.2).

First we take a covariant derivative of (7.35) along Z ∈ H and then

substitute (7.34) and (7.35) in the obtained equality. Next, we anticommute

the covariant derivatives and substitute the result in (7.55) together with

the already established (7.41), (7.36), (7.20) and (7.38) to see, after some

standard calculations, that the integrability condition in this case is

(∇cr
Z D)(X, ζ)− (∇cr

XD)(Z, ζ)
= −C(Z, JC(X)) + C(X,JC(Z))− 2D(ζ, ζ)Ω(Z,X). (7.56)

Lemma 7.3.7. If the dimension of M is bigger than three and S = 0, then

(7.56) holds.

Proof. We differentiate the already proved (7.41) and then take the cor-

responding traces, using the symmetry of L, to see

((∇cr)2ea,JeaC)(Y, Z)− ((∇cr)2ea,Y C)(Jea, Z)

= (∇cr
Z D)(Y, ζ) + Ω(Y, Z)(∇cr

eaD)(Jea, ζ) + 2(∇cr
Y D)(Z, ζ), (7.57)

− ((∇cr)2ea,Y C)(Jea, Z) + ((∇cr)2ea,ZC)(Jea, Y )

= −(∇cr
Z D)(Y, ζ) + 2Ω(Y, Z)(∇cr

eaD)(Jea, ζ) + (∇cr
Y D)(Z, ζ), (7.58)

((∇cr)2Y,eaC)(Jea, Z) = −(2n+ 1)(∇cr
Y D)(Z, ζ). (7.59)

A combination of (7.57), (7.59) and (7.58) yields[
((∇cr)2Y,eaC)− ((∇cr)2ea,Y C)

]
(Jea, Z)

−
[
((∇cr)2Z,eaC)− ((∇cr)2ea,ZC)

]
(Jea, Y )

= 2n(∇cr
Z D)(Y, ζ) + Ω(Y, Z)(∇cr

eaD)(Jea, ζ)− 2n(∇cr
Y D)(Z, ζ). (7.60)

The Ricci identities, (7.2), (7.9), (7.47), (7.46) and (7.48) give[
((∇cr)2Y,eaC)− ((∇cr)2ea,Y C)

]
(Jea, Z) = 2(∇cr

ζ C)(Y,Z)

− (trC)[C(Y, JZ) + C(JY, Z)] + (2n+ 1)C(Y, JC(Z)) + C(Z, JC(Y ))

− 3C(JY,C(Z))− 3C(JZ,C(Y ))− Ω(Y, Z)C(ea, JC(Jea)). (7.61)

((∇cr)2ea,JeaC)(Y, Z) = (n+ 2)[C(JY,C(Z))− C(Y, JC(Z))]

− (n+ 2)C(Z, JC(Y )) + (n+ 2)C(JZ,C(Y ))

− 2n(∇cr
ζ C)(Y,Z) + (trC)(C(JY, Z) + C(Y, JZ)). (7.62)

The identity (7.56) follows from (7.60) and (7.61).
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Case 3:
[
X,Y ∈ H

]
. In this case (7.39) reads

∇crdv(ζ,X, Y )−∇crdv(X, ζ, Y )

= −Rcr(ζ,X, Y,∇crv)−∇crdv(T (ζ,X), Y ). (7.63)

Take the covariant derivative of (7.34) along ζ and a covariant derivative

of (7.35) along a horizontal direction, apply (7.35), (7.34), (7.36), use (7.7)

and a suitable traces of (7.34) and (7.48) to get from (7.63) with the help of

(7.48), (7.20) and the already proved (7.41) that the integrability condition

(7.63) becomes

(∇cr
XD)(Y, ζ)− (∇cr

ζ C)(X,Y ) =

C(Y, JC(X)) +A(X,C(Y )) +A(Y,C(X))− D(ζ, ζ)Ω(X,Y ). (7.64)

Clearly Case 3 implies Case 2 since (7.56) is the skew-symmetric part of

(7.64).

Lemma 7.3.8. If the dimension of M is bigger than three and S = 0, then

(7.64) holds.

Proof. Combine (7.57), (7.59), (7.58) and the already proved (7.56) to

obtain

((∇cr)2ea,JeaC)(Y, Z) +
[
((∇cr)2Y,eaC)− ((∇cr)2ea,Y C)

]
(Jea, Z)

= −2(n− 1)(∇cr
Y D)(Z, ζ) + 2Ω(Y, Z)D(ζ, ζ) + C(Y, JC(Z))

− C(Z, JC(Y )) + Ω(Y,Z)(∇cr
eaD)(Jea, ζ). (7.65)

Now, (7.61), (7.62) and (7.65) imply (7.64).

Case 4:
[
X ∈ H

]
. In this case (7.39) has the form

∇crdv(X, ζ, ζ)−∇crdv(ζ,X, ζ) =

−Rcr(X, ζ, ζ,∇crv) +∇crdv(T (ζ,X), ζ) = A(X, ϵi)∇crdv(ϵi, ζ). (7.66)

We take the covariant derivative of (7.35) along ζ and a covariant derivative

of (7.36) along a horizontal direction, then use (7.34) and the already proved

(7.64). An application of (7.35) shows that (7.66) is equivalent to

(∇cr
ζ D)(X, ζ)− (∇cr

XD)(ζ, ζ)− 2D(ϵi, ζ)C(X,Jϵi)
+A(X, ϵi)D(ϵi, ζ) = 0. (7.67)

Lemma 7.3.9. If the dimension of M is bigger than three and S = 0, then

(7.67) holds.



January 11, 2011 16:53 World Scientific Book - 9in x 6in ws-book

204 Extremals for the Sobolev inequality and the qc Yamabe problem

Proof. First we differentiate the already proven (7.56), (7.64), and the first

equality in (7.37). Then we take the corresponding traces use the symmetry

of C, A and (7.37) to obtain

((∇cr)2ea,JeaD)(Y, ζ) = (n+ 2)[C(JY, eb)− C(Y, Jeb)]D(eb, ζ)
− (trC)D(JY, ζ)− 2n(∇ζD)(Y, ζ); (7.68)

((∇cr)2eb,JebD)(Y, ζ)− ((∇cr)2eb,ζC)(Jeb, Y )

= −(2n+ 1)D(ea, ζ)[C(Y, Jea) +A(Y, ea)] + (∇cr
Y D)(ζ, ζ)

+ [(∇cr
eb
C)(Y, Jea) + (∇cr

eb
A)(Y, ea)]C(Jeb, ea)

+ (∇cr
eb
A)(Jeb, ea)C(Y, ea) +A(Jeb, ea)(∇cr

eb
C)(Y, ea) (7.69)

((∇cr)2ζ,ebC)(Jeb, Y ) = −(2n+ 1)(∇cr
ζ D)(Y, ζ). (7.70)

The Ricci identities, equations (7.7), (7.3), (7.4) and the symmetry of C

imply

((∇cr)2ζ,ebC)(Jeb, Y )− ((∇cr)2eb,ζC)(Jeb, Y )

= −(∇cr
Jeb

A)(eb, ea)C(Y, ea) +A(eb, Jea)(∇cr
eaC)(eb, Y )

+ [(∇cr
eaA)(eb, Y )− (∇cr

Y A)(eb, ea)]C(ea, Jeb). (7.71)

A small calculation taking into account (7.68), (7.69), (7.70), (7.71) and

using (7.48) yields

(∇cr
ζ D)(Y, ζ)− (∇cr

Y D)(ζ, ζ)− 3[C(Y, Jea) +A(Y, ea)]D(ea, ζ)
= −(trC)D(JY, ζ) + (∇cr

eb
C)(Y, Jea)C(Jeb, ea)

+ [(∇cr
eb
A)(Y, ea)− (∇cr

eaA)(Y, eb) + (∇cr
Y A)(eb, ea)]C(Jeb, ea). (7.72)

Now, an application of the already proven (7.41) together with (7.48) to

(7.72) yields the proof of (7.67).

The proof of Theorem 7.3.5 i) is complete.

7.3.1 The three dimensional case

If the dimension is equal to 3 then it is easy to check that S = 0 and

the integrability conditions (7.41) and (7.56) are trivially satisfied. Thus,

the existence of a smooth solution depends only on the validity of (7.64)

since the proof of Lemma 7.3.9 shows that (7.67) follows from (7.64) also

in dimension three. The next Lemma 7.3.10 implies Theorem 7.3.5 ii).

Lemma 7.3.10. If n = 1 and F car = 0 then (7.64) holds.
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Proof. Suppose n = 1. Then identity (7.8) with n = 1 and (7.9) imply

rcr(X,Y ) = −ρcr(X, JY ) = scr

2 g(X,Y ) which inserted into (7.20) yields

C(X,Y ) =
scr

16
g(X,Y ) +A(X, JY ). (7.73)

Apply (7.73) to (7.62) to get

2(∇cr
ζ C)(X,Y ) = −((∇cr)2eaJeaC)(X,Y )− scr.A(X,Y ). (7.74)

The skew symmetric part of (7.64) is satisfied because n = 1. Now, (7.59),

(7.74) and (7.73) give that the symmetric part of (7.64) is equivalent to

F car(X,Y ) = 0.

The proof of Theorem 7.3.5 is complete.

Let us remark that the vanishing of F car is equivalent to the vanishing

of the Cartan curvature, cf. [Theorem 12.3, [161]]. As a consequence, we

obtain [99]

Corollary 7.3.11. A 3-dimensional Sasakian manifold (M, θ, g, ζ) is lo-

cally pseudoconformally equivalent to the three dimensional Heisenberg

group if and only if its Riemannian scalar curvature Scalg satisfies

(∇gd(Scalg))(X,JY ) + (∇gd(Scalg))(Y, JX) = 0, (7.75)

where ∇g is the Levi-Civita connection of g.

Proof. It is well known that a pseudohermitian structure is Sasakian, i.e.

its Riemannian cone is Kähler, exactly when the Webster torsion vanishes,

A = 0. In particular, the Bianchi identities imply ζ(scr) = 0. Then the

terms in the second and third lines of (7.23) vanish in view of (7.19). On

the other hand, for a Sasaki manifold, we have ∇cr
XY = ∇g

XY + g(JX, Y )ζ

and the Riemannian scalar curvature and the scalar curvature of the Web-

ster connection differ by an additive constant depending on the dimension,

2scr = Scalg+2n (see e.g. [60]). Now, (7.75) becomes equivalent to (7.23).

Hence, (M, θ) is locally pseudoconformally flat.
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